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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
51 ]. This is test number [ 75 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 13.3.1 (August 16, 2023) on windows 10.
2. Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
3. Maple 2023.1 (July, 12, 2023) on windows 10.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

5. FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

6. Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
7. Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (51) | 0.00 (0)
Maple 98.04 (50 ) | 1.96 (1)
Mathematica | 92.16 (47 ) | 7.84 (4)
Fricas 60.78 (31) | 39.22 (20)
Giac 39.22 (20) | 60.78 (31)
Maxima | 31.37 (16) | 68.63 (35 )
Mupad | 25.49 (13) | 74.51 ( 38)
Sympy 7.84 (4) | 92.16 (47)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maple 52.941 37.255 7.843 1.961

Mathematica 47.059 13.725 31.373 7.843
Giac 33.333 5.882 0.000 60.784

Fricas 27.451 33.333 0.000 39.216

Maxima, 21.569 7.843 1.961 68.627
Mupad 0.000 25.490 0.000 74.510
Sympy 0.000 7.843 0.000 92.157

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).
The third is due to an exception generated, indicated as F(-2). This most likely indicates

an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Maple 100.00 0.00 0.00
Mathematica | 4 100.00 0.00 0.00
Fricas 20 40.00 60.00 0.00
Giac 31 67.74 25.81 6.45
Maxima, 35 97.14 0.00 2.86
Mupad 38 0.00 100.00 0.00
Sympy 47 89.36 10.64 0.00

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Sympy 0.24

Maxima 0.24

Rubi 0.25

Giac 0.37

Maple 2.14

Fricas 2.62
Mathematica 7.78

Mupad 13.99

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Giac 124.85 1.35 114.50 1.30
Maxima 142.81 1.98 121.50 1.56
Rubi 146.39 1.01 121.00 1.00
Sympy 273.50 3.08 273.00 3.16
Fricas 952.00 7.60 240.00 3.31
Mathematica | 1794.38 8.26 203.00 1.57
Mupad 2002.92 12.16 163.00 2.21
Maple 7015.90 22.79 225.00 1.86

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to

solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {26,512 53 54, 55,56, 57 53 12,5, 16}

Maple
Maxima Verification phase not currently implemented.

Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system
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independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

Rubi . . . . . e 22]
Mma . . . . . e e e e 22]
Maple . . . . . e e e 23]
Fricas . . . . . . . e 23]
Maxima . . . . . . . o e e e e e e e e e e e e e
GIaC . . o e e
Mupad . . . . . . e e 24
SYMDY . .« o o e e e e e e 24
Rubi

A grade { [1)2,5,14 5,6} 7, 5D 10} 1,12 [3) T4 516, 7[5 [0}, 20, 21} 22, 23, 24, 25, 26, 27

28,29, 30} 31} 2 (33, 4 (351 36, 7, 8 39} 40, 1, 42 43,44, 5,46, /7, 48, 19, 60} B }

B grade { }

C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [12)B) )6, 7 0L TT) 25 67 05,9 20, 21) 22 27 25, 0L 45 9 6 )
B grade {[,05263BTE8 }

C grade { [[3|[14, 23,2425 26, 29} 30} BT, 3435 36, 0| AT} A2, ) }

F normal fail {[43}44[47[51]}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple
A gr'c;de {1 23} 4} 54 64 7 [} 9% [T [L.T} [12 [13} 14, [16}, 17, [£8} [19} [20} 2T} 23} [24} 29} [30} B9 40} 4T

B grade { [1522,[25}26,27[28 [32} 33} 34} 35,36} B7} B8} [43} |44} [45} |47, A} [50] }
C grade {[31}[42,46l[48] }
F normal fail {[5]]}

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[T}2}[3, 4[5} [6} 12} [15} 16} [17, [T, [T% 22, 27 }

B grade {[7]8}[9}[10},[L1}[13}[14}[23} 24} 25} 26} 28} 35} 36} 37} 3839 }
C grade { }

F normal fail {[20}[21}[31}[32}[33[34,[45}51] }

P (1) timedout fail { 203001} 2 3 5, 7 119,50

F(-2) exception fail { }

Maxima

A grade {[1}[2,[3}[4} 5} 6} 7} [10 [T 1} [20}21) }
B grade {R[9}[16[17}
C grade {22}

F normal fail { [[2\[T3, 4[5S, 19,23, 24,5 26) 27,28, 29} 30,51, 52 53,54, 55 36,57, 58
[0, 1) 43, 3 AL 45,6, 7 A5 B9, B0, 1

F(-1) timedout fail { }
F(-2) exception fail {[39]}

N
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Giac

A grade {[1,21[3,4}[5,[7[9}[10}[12}[13} 14} 19} 20} 21} 23, 24} [39] }

B grade {[8[1}

C grade { }

P normal fail {16,260, 0, BT} 2 5 525 2 3, 5 6 S, 50, BT
F(-1) timedout fail {[15][17[18][25,[27,35}[37}[38| }

F(-2) exception fail {[22,[2§}

Mupad

A grade {}

B grade { [1}[2}[3,4,[5}[6} 7} 8} % [L0} 11} [£6} /39 }
C grade { }

F normal fail { }

F(-1) timedout fail | F T3S 17181077, 75,747 2 7 05 25 E0 .63
53|55, 35,7 B8 0 1] 12 43, ] ] 46 7] i 49,0

F(-2) exception fail { }

N

I
3
E

Sympy
A grade { }

B grade {[[2[84}

C grade { }

F normal il { B8 AT 41T 15 7819 2020, 73/737 77,7 P8 25 3

!
=

[B1}[32}[33}[34}[35}[36}[37 [38, }40} |41} |42, [43} |44} 45}, (46} 47}, (48} 49

F(-1) timedout fail {[9}[10}[11}[39}/51] }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 121 121 7 79 147 91 415 113 256
N.S. 1 1.00 0.64  0.65 1.21 0.75 3.43 0.93 2.12
time (sec) N/A 0.137 0.295 1.326 0.193 0.268 0.374 0.439 14.083

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 96 96 57 57 123 7 301 7 212
N.S. 1 1.00 059  0.59 1.28 0.80 3.14  0.80 2.21
time (sec) N/A 0.108 0.127 1.057 0.201 0.274 0.260 0.381 14.235

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 77 7 47 46 100 63 245 59 250
N.S. 1 1.00 0.61 0.60 1.30 0.82 3.18 0.77 3.25

time (sec) N/A 0.080 0.111 0.789 0.199 0.267 0.179 0.367 14.057
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 43 44 7 46 133 59 125
N.S. 1 1.00 0.83 0.85 1.48 0.88 2.56 1.13 2.40
time (sec) N/A 0.045 0.584 0.604 0.198  0.263 0.127 0.595 14.523
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 61 45 73 75 0 105 88
N.S. 1 1.00 0.97 0.71 1.16 1.19 0.00 1.67 1.40
time (sec) N/A 0.070 0.136 0.463 0.201 0.271  0.000 0.331 12.674
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 53 97 61 69 99 0 129 110
N.S. 1 1.00 1.83 1.15 1.30 1.87 0.00 2.43 2.08
time (sec) N/A 0.093 0.080 0.529 0.198  0.277 0.000 0.322 12.173
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 95 73 105 138 0 116 163
N.S. 1 1.00 1.48 1.14 1.64 2.16 0.00 1.81 2.55
time (sec) N/A 0.087 0.627 0.776 0.200 0.283 0.000 0.318 12.172
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 61 172 95 120 137 0 139 132
N.S. 1 1.00 2.82 1.56 1.97 2.25 0.00 2.28 2.16
time (sec) N/A 0.124 0.197 0.916 0.197 0.277 0.000 0.312 11.687
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 179 109 165 166 0 140 133
N.S. 1 1.00 2.08 1.27 1.92 1.93 0.00 1.63 1.55
time (sec) N/A 0.126 0.225 1.070 0.201 0.260 0.000 0.403 11.530
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 105 204 123 187 201 0 174 244
N.S. 1 1.00 1.94 1.17 1.78 1.91 0.00 1.66 2.32
time (sec) N/A 0.117 0.109 1.242 0.201 0.268 0.000 0.331 12.003
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 130 130 204 125 232 240 0 242 340
N.S. 1 1.00  1.57 0.96 1.78 1.85 0.00 1.86 2.62
time (sec) N/A 0.148 0.125 1.327 0.204 0.267 0.000 0.383 12.226
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 165 69 78 0 155 0 99 0
N.S. 1 1.29 0.54 0.61 0.00 1.21 0.00 0.77 0.00
time (sec) N/A 0.248 1.746 1.108 0.000  0.255 0.000 0.354 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 46 78 0 202 0 110 0
N.S. 1 1.00 0.67 1.13 0.00 2.93 0.00 1.59 0.00
time (sec) N/A 0.229 1.700 0.513 0.000  0.278 0.000 0.344 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 120 74 124 0 328 0 141 0
N.S. 1 1.00 0.62 1.03 0.00 2.73 0.00 1.18 0.00
time (sec) N/A 0.325 0.323 0.391 0.000  0.288 0.000 0.350 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A F F(-1) F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 103 103 91 754 0 442 0 0 0
N.S. 1 1.00 0.88 7.32 0.00 4.29 0.00 0.00 0.00
time (sec) N/A 0.317 2.595 3.211 0.000  0.410 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 40 37 309 41 0 0 52
N.S. 1 1.00 0.93 0.86 7.19 0.95 0.00 0.00 1.21
time (sec) N/A 0.138 0.548 2.859 0.312 0.273 0.000 0.000 13.129
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F F(-1) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 114 114 133 158 270 385 0 0 0
N.S. 1 1.00 1.17 1.39 2.37 3.38 0.00 0.00 0.00
time (sec) N/A 0.339 0.219 3.342 0.320 0.360 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F F(-1) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 118 132 130 0 391 0 0 0
N.S. 1 1.00 1.12 1.10 0.00 3.31 0.00 0.00 0.00
time (sec) N/A 0.339 0.182 3.396 0.000  0.372 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 62 68 0 202 0 57 0
N.S. 1 1.00 1.35 1.48 0.00 4.39 0.00 1.24 0.00
time (sec) N/A 0.125 0.072 1.565 0.000  0.380 0.000 0.336  0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 102 64 100 59 0 0 1 0
N.S. 1 1.00 0.63 0.98 0.58 0.00 0.00 0.01 0.00
time (sec) N/A 0.328 1.255 1.226 0.297  0.000 0.000 0.338 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A F F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 100 100 61 100 59 0 0 112 0
N.S. 1 1.00 0.61 1.00 0.59 0.00 0.00 1.12 0.00
time (sec) N/A 0.332 0.774 1.243 0.296  0.000 0.000 0.338 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B C A F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 63 91 190 193 0 0 0
N.S. 1 1.00 1.37 1.98 4.13 4.20 0.00 0.00 0.00
time (sec) N/A 0.144 0.1056 1.793 0.402  0.328 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 105 105 746 120 0 781 0 143 0
N.S. 1 1.00 7.10 1.14 0.00 7.44 0.00 1.36 0.00
time (sec) N/A 0.211 6.013 0.582 0.000  0.581 0.000 0.343 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 165 654 206 0 1044 0 189 0
N.S. 1 1.00 3.96 1.25 0.00 6.33 0.00 1.15 0.00
time (sec) N/A 0.331 3.366  0.590 0.000 1.513 0.000 0.396 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F F(-1) F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 149 149 662 935 0 3273 0 0 0
N.S. 1 1.00 4.44 6.28 0.00 21.97  0.00 0.00 0.00
time (sec) N/A 0.349 3.395 3.638 0.000 1.475 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 83 83 436 505 0 1303 0 0 0
N.S. 1 1.00 5.25 6.08 0.00 15.70  0.00 0.00 0.00
time (sec) N/A 0.148 2.711 3.166 0.000  0.887 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F A F F(-1) F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 166 166 280 589 0 3048 0 0 0
N.S. 1 1.00 1.69 3.55 0.00 18.36  0.00 0.00 0.00
time (sec) N/A 0.358 5.903 3.142 0.000 1.330  0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F(-2) F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 168 168 289 580 0 3175 0 0 0
N.S. 1 1.00 1.72 3.45 0.00 1890  0.00 0.00 0.00
time (sec) N/A 0.360 8.216  3.490 0.000 1.576  0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 238 238 452 593 0 0 0 0 0
N.S. 1 1.00  1.90 2.49 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.350 19.055 1.324 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 246 246 462 587 0 0 0 0 0
N.S. 1 1.00 1.88 2.39 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.331 5.986 1.252 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 267 267 13199 9956 0 0 0 0 0
N.S. 1 1.00 49.43 37.29 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.338 32.783 2.604 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 116 116 3415 3007 0 0 0 0 0
N.S. 1 1.00 29.44 25.92 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.136 28.982 2.158 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 252 252 4464 3057 0 0 0 0 0
N.S. 1 1.00 17.71 12.13 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.348 28.851 2.485 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 256 256 1667 3938 0 0 0 0 0
N.S. 1 1.00 6.51 15.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.363 19.746 2.612 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F F(-1) F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 123 123 567 5066 0 3539 0 0 0
N.S. 1 1.00 4.61 41.19 0.00 28.77  0.00 0.00 0.00
time (sec) N/A 0.322 2.899 0.841 0.000 1.018 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 61 61 367 203 0 1044 0 0 0
N.S. 1 1.00 6.02 3.33 0.00 1711 0.00 0.00 0.00
time (sec) N/A 0.126 1.836 2.044 0.000  0.456 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F(-1) F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 140 140 665 326 0 2791 0 0 0
N.S. 1 1.00 4.75 2.33 0.00 19.94  0.00 0.00 0.00
time (sec) N/A 0.334 10.589 1.805 0.000  0.611 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F B F F(-1) F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 140 140 885 347 0 3005 0 0 0
N.S. 1 1.00 6.32 2.48 0.00 2146  0.00 0.00 0.00
time (sec) N/A 0.317 14.913 1.648 0.000  0.711 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 181 181 178 244 0 2837 0 292 23933
N.S. 1 1.00 0.98 1.35 0.00 15.67  0.00 1.61 132.23
time (sec) N/A 0.345 1.321 2.033 0.000 65.065 0.000 0.441 27.413
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 154 179 190 0 0 0 0 0
N.S. 1 1.00 1.16 1.23 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.327 30.020 1.286 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 146 146 203 254 0 0 0 0 0
N.S. 1 1.00 1.39 1.74 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.325 29.589 1.148 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 254 254 23019 5478 0 0 0 0 0
N.S. 1 1.00 90.63 21.57 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.350 31.903 2.660 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F B F F(-1) F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 250 250 0 2884 0 0 0 0 0
N.S. 1 1.00 0.00 11.54 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.358 0.000 2.502 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F B F F(-1) F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 114 114 0 2583 0 0 0 0 0
N.S. 1 1.00 0.00 22.66 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.149 0.000 2.800 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 246 246 5612 3343 0 0 0 0 0
N.S. 1 1.00 22.81 13.59 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.383 31.093 2.860 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F F(-1) F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD
size 254 254 23019 5489 0 0 0 0 0
N.S. 1 1.00 90.63 21.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.338 32.295 2.691 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F B F F(-1) F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD
size 114 114 0 2590 0 0 0 0 0
N.S. 1 1.00 0.00 22.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.137 0.000 2.925 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 391 391 274 242134 0 0 0 0 0
N.S. 1 1.00 0.70 619.27 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.371 0.192 7.630 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 198 198 197 28726 0 0 0 0 0
N.S. 1 1.00 0.99 145.08 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.137 0.112 7.148 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 398 398 374 24290 0 0 0 0 0
N.S. 1 1.00 094 61.03 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.402 1.618 7.125 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-1) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 157 157 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.196 0.000 0.000 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

number of rules
integrand size

is, the harder the integral is to solve. In this test file, problem number [29] had the largest
ratio of [.272699999999999998]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 13 4 1.00 32 0.125
2 A 11 4 1.00 32 0.125
3 A 10 5 1.00 30 0.167
u A 4 4 1.00 24 0.167
5! A 6 5 1.00 30 0.167
6 A 8 7 1.00 32 0.219
7 A 7 5 1.00 32 0.156
3 A 6 6 1.00 32 0.188
9 A 11 5 1.00 32 0.156
10 A 11 4 1.00 32 0.125
11 A 13 4 1.00 32 0.125
12 A 5 ) 1.29 34 0.147
13 A ) 5 1.00 34 0.147
14 A 8 7 1.00 34 0.206
15 A 6 6 1.00 40 0.150
16 A 3 3 1.00 40 0.075
17 A 6 6 1.00 40 0.150
18 A 6 6 1.00 40 0.150
19 A 2 2 1.00 36 0.056
20 A 6 6 1.00 36 0.167
21 A 6 6 1.00 36 0.167
22 A 3 3 1.00 36 0.083
23 A ) 4 1.00 33 0.121
24] A 8 6 1.00 33 0.182
Continued on next page
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number of

number of

normalized

) o integrand ber of rul
# | grade sheps widie | antidertvative | e tegrand leaf size
25 A ) 4 1.00 39 0.103
26 A 2 2 1.00 39 0.051
27 A ) 4 1.00 39 0.103
28 A ) 4 1.00 39 0.103
29 A 9 9 1.00 33 0.273
30 A 9 9 1.00 33 0.273
31 A 3 3 1.00 39 0.077
32 A 1 1 1.00 39 0.026
33 A 3 3 1.00 39 0.077
34 A 3 3 1.00 39 0.077
35 A ) ) 1.00 35 0.143
36 A 2 2 1.00 35 0.057
37} A ) ) 1.00 35 0.143
38 A ) ) 1.00 35 0.143
39| A 8 ) 1.00 33 0.152
40 A ) 3 1.00 33 0.091
41 A 5 3 1.00 33 0.091
42 A 3 3 1.00 39 0.077
43 A 3 3 1.00 39 0.077
44 A 1 1 1.00 39 0.026
45 A 3 3 1.00 39 0.077
46 A 3 3 1.00 39 0.077
AT A 1 1 1.00 39 0.026
48 A 3 3 1.00 35 0.086
49 A 1 1 1.00 35 0.029
50 A 3 3 1.00 35 0.086
51 A 4 4 1.00 38 0.105
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CHAPTER 3

LISTING OF INTEGRALS

31  [sin®(e+ fz)(a+asin(e+ fz))?(c—csin(e+ fz))dz . . .. ... ... ...
32  [sin®(e+ fz)(a+asin(e+ fz))*(c—csin(e+ fz))dz . . . .. .. ... ...
3.3  [sin(e+ fz)(a+asin(e+ fz))*(c—csin(fe+ fz))dz . . . . ... ... ...
34  [(a+asin(e+ fz))?*(c—csin(fe+ fz))dz . . . ... ...

3.5 [ csc(e + fz)(a+asin(e+ fz))?(c — csin(e + fz))dz . ... ... ... ...
36  [csc®’(e+ fz)(a+asin(e + fz))*(c—csin(e+ fz))dz . . . ... ... ...
3.7  [escP(e+ fz)(a+asin(e + fz))?(c—csin(e+ fz))dz . . . . ... ...
38  [csc*(e+ fz)(a+asin(e+ fz))*(c—ecsin(e+ fz))dz . . . ... ... ...
39  [esc®(e+ fz)(a+asin(e+ fz))*(c—ecsin(e+ fz))dz . . .. ... ... ..
310  [esc®(e+ fz)(a+ asin(e+ fz))*(c—ecsin(e+ fz))dz . . .. .. ... ...
311  [esc’(e+ fz)(a+ asin(e + fz))*(c—csin(e + fz))dz . . . . ... .. ...
3.12  [sin%(c+dz)(a+ asin(c+dz))¥%(c — csin(c+dz))dz . . . . . .. ... ..

o1y [t
csc(e+fz)

3.14 f \/a-l—.a sin(e—i—f:c)(c—c.sin(e—i—fm)) dz

315 [ Vel do

316 [ \/gsin(e+\.;m)(c—70sin(e+fx)) dx . . .
gsin(e+fx)

BAT [ e S

3.18 L dr . . . . ..o

Vgsin(e+fz)+\/a+asin(e+fz)(c—csin(e+fz))

3.19  [csc(e+ fz)y/a+asin(e+ fz)y/c—csin(e+ fr)dz . ... ... .....
320 [ St ereBiess) dy
3.91 f csc(e+fz)+/c—csin(e+fx) dx

Va+asin(e+fz)

csc(e+fx)
3.22 f Vata sin(e—i—fz)%c—csin(e—l—fz) dz
3.93 f csc(e+fz)/a+asin(e+fzx) dx

crdsin(etfz) BT s v e e e




3.24
3.25
3.26

3.27
3.28

3.29
3.30
3.31
3.32
3.33
3.34
3.35
3.36
3.37
3.38
3.39
3.40
3.41
3.42
3.43
3.44
3.45
3.46
3.47

3.48
3.49

3.50
3.51

csc(e+fx)
f Va+asin(e+fz)(ct+dsin(e+fz)) dz
f \/gsin(e+fz)\/a+asin(e+fz) dx

crdsin(etfz) BT s s e e e

f v/ a+asin(e+ fz) dx
\/gsin(e+fz)(ct+dsin(e+fx))
v/ gsin(e+fz) dx

f Va+tasin(e+fz)(ct+d siln(e+fx))

\gsin(e+fz)\/a+asin(e+fz)(c+dsin(e+fz)) dz

f csc(e+fzr)\/a+b sin§e+fz) dx

ct+csin(e+fz

f csc(e+fx) dz
Va+bsin(e+fz)(ctcesin(e+fz))
f \/gsin(e+fz)\/a+bsin(e+fz) dx

cresin(erfz) BT o v e

f v/ a+bsin(e+fx) dx
Vgsin(e+fz)(ct+csin(e+fz))
v/ gsin(e+fz) dz

f Va+bsin(e+fx)(cte siln(e—i-fw))

V/gsin(e+fz)\/a+bsin(e+fz)(c+csin(e+fz))

f csc(e+fz)+/a+asin(e+fx) dx
\/ctdsin(e+fz)

f csc(e+fz)\/ct+dsin(e+fx) dx
\/a—i—a sin(e+fz)

f csc(e+fz) dz

Va+tasin(e+fz)\/ctdsin(e+fz)
f sin?(e+fx) dz
(a+bsin(e+fz))2(ct+dsin(e+fz))

f csc(e+fz)/ct+dsin(e+fz) dx

atbsin(edfz) | QT - - e

csc(e+fz)

Ik G rban(et o) et I T de . . ...

f \/gsin(e+fz)\/a+bsin(e+fz) dx

crdsin(erfz)  OF s s e e

v/a+bsin(e+fx) dx

G R

v/ gsin(e+fz) dx

f \a+bsin(e+fz)(c+d siln(e-i—fa:))

Vgsin(e+fz)/a+bsin(e+fz)(c+dsin(e+fz))
f \/gsin(e+fz)\/c+dsin(e+fzx) dx

atbsin(etfz) BT e e e

v/ gsin(e+fz)

f (a+bsin(e+fz))+/c+dsin(e+fz)

[esc(e+ fx)y/a+bsin(e + fz)\/c+dsin(e+ fx)dz . ... ... ... ...

f csc(e+fz)/a+bsin(e+fx) dx
\/ctdsin(e+fzx)
f csc(e+fz) dz
\a+tbsin(e+fz)/ct+dsin(e+fz)

[(a+ asin(e + fz))™(A + Bsin(e + fz))P(c — csin(e + fz))" dz

dr . . . . .

de . . ... ... ...
[esc(e+ fx)y/a+ asin(e + fz)\/c+dsin(e+ fx)dz . ... .........
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3.1 [ sind(e + fz)(a+asin(e + fz))*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . e 4Tl
Rubi [A] (verified) . . . . . . . . 41l
Mathematica [A] (verified) . . . . . . . . ... L 43
Maple [A] (verified) . . . . . . . . . . 43
Fricas [A] (verification not implemented) . . . . . . .. .. ... ... ... .. ... 44
Sympy [B] (verification not implemented) . . . .. ... ... ... ... ... ... 5]
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 5]
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 46
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 46

Optimal result

Integrand size = 32, antiderivative size = 121

/Sin3(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dzx
1, a’ccos®(e + fx) N a’ccos’(e + fz)  a’ccos(e + fx)sin(e + fx)

T 160 3f 5F 16f
a’ccos(e + fz)sin®(e + fz) = a’ccos(e + fx)sin®(e + fz)
- 24f + 6/

[Out] 1/16%a~2*c*xx-1/3*a"2%cxcos (fxx+e) ~3/f+1/5%a~2*c*xcos (f*xx+e) ~5/f-1/16%a~2*c*c
os(fxx+e)*xsin(f*xx+e) /f-1/24*%a~2*c*cos (f*x+e) *sin(f*x+e) ~3/f+1/6*a " 2*xc*xcos (f
*x+e) *sin (fxx+e) ~5/f

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.00,
number of steps used = 13, number of rules used = 4, dumber of rules _ 4 195 Ryjes used

’ integrand size
= {3045, 2713, 2715, 8}

/Sin3(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dx

_a’ccos’(e+ fr) a’ccos’(e+ fx)  a’csin’(e+ fz)cos(e+ fx)
- 5f B 3f 6f

a’csin®(e + fx)cos(e + fr) a’csin(e + fr)cos(e+ fz) 1 ,
- 24f - 16f Tt

[In] Int[Sin[e + f*x]"3%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]
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[Out] (a"2*xc*x)/16 - (a~2*c*Cos[e + f*x]~3)/(3*%f) + (a~2*c*Cos[e + f*xx]~5)/(5xf)

- (a~2%c*xCos[e + f*x]*Sin[e + fx*xx])/(16%f) - (a~2xc*Cos[e + f*xx]*Sin[e + fx*
x]73)/(24xf) + (a~2*cxCos[e + f*xx]*Sin[e + f*x]~5)/(6x*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
nd[(l - XAQ)A((n - 1)/2)3 X], X]s X, COS[C + d*X]], X] /; FreeQ[{C, d}’ X]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3045

Int[sinl(e_.) + (f_.)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[nl]

Rubi steps
integral = / (a’csin®(e + fz) + a’csin’(e + fz) — a’csin®(e + fz) — a’csin®(e + fz)) dz

= (a’) /Sins(e + fz) dz + (a’c) /sin4(e + fz)dz
— (a®c) /sin5(e + fz) dz — (a’c) /sinG(e + fz)dz
_ a’ccos(e + fx)sin®(e+ fx) = a’ccos(e+ fz)sin’(e + fx)
- if " 6f
+ }1(3a20) /Sin2(6 + fz)dx — %(5(120) /sin4(e + fz)dx
(a®c) Subst( [ (1 — ?) dz, z, cos(e + fx))

f
N (a*c) Subst( [ (1 — 2z% + z*) dz, z, cos(e + fz))

f
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__d’ccos’(e+ fx) | da’ccos’(e+ fx)  3a’ccos(e + fz)sin(e + fz)

37 5/ s
_a’ccos(e + fx)sin’(e + fx) N a’ccos(e + fx)sin®(e + fz)

24 f 6f
+ %(3@%) /1 dr — é(5a20) /sin2(e + fz)dx

3 ,  d’ccos’(e+ fx)  d’ccos’(e+ fx) a’ccos(e+ fx)sin(e + fx)

B 3f 5f 16f
a’ccos(e + fz)sin®*(e + fr) a®ccos(e + fx)sin’(e + fr) 1
- 24f + of —E(E)azc)/ldx
1, a’ccos®(e+ fz) a’ccos’(e+ fr) a’ccos(e+ fz)sin(e + fz)
“ 160 3f 5F - 16f
_a’ccos(e + fx)sin’(e + fx)  a’ccos(e + fx)sin’(e + fx)
24 f * 6f

Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.64

/sin3(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

_ a®c(60e + 60fz — 120 cos(e + fx) — 20 cos(3(e + fx)) + 12 cos(5(e + fz)) — 15sin(2(e + fz)) — 15sin(
= 960/

[In] Integrate[Sin[e + f*x]~3%(a + a*Sin[e + f*x])~2x(c - c*Sinl[e + fx*x]),x]
[Out] (a~2xc*x(60*xe + 60*f*x - 120*%Cos[e + fxx] - 20*%Cos[3*(e + f*x)] + 12*%Cos[5*(
e + fxx)] - 15%Sin[2*(e + f*x)] - 15+Sin[4*x(e + f*x)] + 5*%Sin[6*(e + f*x)])

)/ (960%f)

Maple [A] (verified)

Time = 1.33 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.65
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method result
parallelrisch _a?c(—60fz+120 cos(fz+e)—5 sin(6fz+6€)—12 cos(5 fz+5€)+15 sin(4fz+4e)+20 cos(3fz+3€)+15 sin(2 fr+2e)+12¢
960 f
risch a?cx _ a’ccos(fr+e) + a®csin(6 fz+6e) + a’ccos(5fz+5e)  a’csin(4fz+4e)  aZccos(3fz+3e)  aZcsin
16 8f 1927 80f 64f 48f (
.3 ) 2
(Sin5(fm+e)+5(sm (4fz+5)) + 15 s1n(8fx+e)> cos(fz+e) a2c <%+sin4(fm+e)+w> cos(fz+e
5f | 5
—a’c| — 6 +i6 +16 [+ 5
derivativedivides 7
in3 x+e . 4 in2 x+e
(sins(fw+e)+5(s (4f + )) + 15 sm(sfz+e)> cos(fz+e) a2c<%+sin4(fz+e)+w> cos(fz+e
5fx | 5
—a%c| — 6 +46 T16 |+ 5
default 7
(sin3(f:c+e)+m2fm> cos(fxz+e)
2. — 3fz | 3e .
a~c 1 +75 t3% a?c §+51n4(fz+e)+
parts . a?c(2+sin?(fz+e)) cos(fz+e) + +
3f
_ 4azc+a2ca: _8a2c(tan6(%+%)) _ 8a2c(tan2 (%—4—%)) _4azc(tan8 (%-{—%)) _ azctan(%-ﬁ—%) _ 17a2c(tan3 (%-ﬁ-%)) 4
norman 15f 16 3f 5f 7 87 2f

[In] int(sin(f*x+e) 3*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_RETURNVERBOS
E)

[Out] -1/960%a~2xc* (-60*f*x+120*cos (f*xx+e)-5*sin(6*xf*xx+6%e)-12%cos (5xf*x+5%e)+15%
sin(4*f*xx+4*e)+20*%cos (3xfxx+3*e)+15*sin (2% f*x+2%e)+128) /f

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.75

/sin3(e + fx)(a + asin(e + fr))*(c — csin(e + fz)) dz

_ 48a’ccos (fx + e)’ —80a’ccos (fz + )’ + 15a%cfz + 5 (8a’ccos (fz +€)® — 14a’ccos (fz +e)’ + 3a?
N 240 f

[In] integrate(sin(f*x+e) 3*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/240%(48xa~2xcxcos(f*xx + e€)~5 - 80%a~2xcxcos(f*x + e€)~3 + 15%xa~2%cxfxx + 5
*(8%a~2kckxcos(f*xx + e)”5 - 14*%a~2*ckcos(f*x + e)~3 + 3*a~2xckcos(f*x + e))*
sin(f*xx + e))/f
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 415 vs. 2(110) = 220.

Time = 0.37 (sec) , antiderivative size = 415, normalized size of antiderivative = 3.43

/sin3(e + fx)(a + asin(e + f))*(c — csin(e + fz)) dz

__5a%cxsin® (e+fr)  15a%czsin? (e+fz) cos? (e+fx) + 3aZczsin? (e+fx)  15a%czsin? (e+fz) cos* (e+fz) + 3aZ%cz sin? (e+fz) c
16 16 8 16 4

z(asin (e) + a)? (—csin (e) + ¢) sin? (e)

[In] integrate(sin(f*x+e)**3*(at+a*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Piecewise((-5*a*x*2*c*x*sin(e + f*xx)**6/16 - 15*a**2*c*x*sin(e + f*xx)**4d*cos
(e + f*x)*%2/16 + 33*kax*k2xcxx*sin(e + f*x)**4/8 - 16kax*x2xcxx*sin(e + f*x)**
2xcos(e + f*x)*x4/16 + 3*a*xx2xckx*sin(e + f*xx)**2*cos(e + f*x)*x2/4 — Skaxx
2xcxx*xcos(e + fxx)**6/16 + 3*ax*kx2*c*x*cos(e + f*x)**x4/8 + 1l1xaxx2xc*sin(e +
f*x)*x5xcos(e + fxx)/(16%f) + ax*2*c*sin(e + f*x)**xdxcos(e + fxx)/f + S*ax
*2*xc*sin(e + f*x)**3xcos(e + f*x)**3/(6*f) - Hkaxkx2xcxsin(e + f*x)**3*cos(e
+ f*x)/(8*%f) + 4d*xax*2xc*sin(e + f*x)*x2*xcos(e + f*xx)**3/(3*f) - a*x*2*xc*sin
(e + f*x)**2%cos(e + f*x)/f + Bxaxx2xcxsin(e + f*x)*cos(e + fxx)*x5/(16%f)
- 3xaxx2kc*sin(e + f*x)*cos(e + f*x)**x3/(8xf) + 8*axx2xckcos(e + fxx)**5/(1
5xf) - 2kxaxx2xckxcos(e + f*xx)**3/(3xf), Ne(f, 0)), (x*(a*xsin(e) + a)**2x(-cx*
sin(e) + c)*sin(e)**3, True))

Maxima [A] (verification not implemented)

none

Time = 0.19 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.21

/sin3(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx
_ 64 (3 cos (fz +€)® — 10 cos (fz +e)* + 15 cos (fz + €))a’c + 320 (cos (fz + €)® — 3 cos (fz + €))a’c -

[In] integrate(sin(f*x+e) 3% (ataxsin(f*x+e)) "2x(c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/960*(64*(3*cos(f*x + e)~5 - 10xcos(f*x + e)~3 + 15xcos(f*x + e))*a~2*c +
320*(cos(f*x + e)~3 - 3*cos(f*x + e))*a"2xc - 5+ (4xsin(2*f*x + 2*e)”3 + 60x*

fxx + 60*%e + 9*sin(4*fxx + 4*xe) - 48*sin(2xf*x + 2%e))*a”2xc + 30*(12xf*x +

12%e + sin(4*fxx + 4xe) - 8*sin(2*f*xx + 2%e))*a"2xc)/f
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Giac [A] (verification not implemented)

none

Time = 0.44 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.93

/Sin3(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz

B ia2cx a’ccos (5 fr +5e) a’ccos(3fr+3e) a’ccos(fr+e)
16 80 f A8 f 8f
a’csin (6 fzr +6e) a’csin(4fr+4e) d’csin(2fr+2e)

192 f 64 f 64 f

[In] integrate(sin(f*x+e) 3*(ata*sin(f*x+e)) 2+ (c-cksin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/16%a"2%c*x + 1/80%a~2%c*cos(5xf*x + 5xe)/f - 1/48%a”~2%c*xcos(3*f*x + 3xe)/
f - 1/8%a"2*%cxcos(fxx + e)/f + 1/192%a"2%c*xsin(6xf*x + 6xe)/f — 1/64%a"2%cx*
sin(4xf*xx + 4xe)/f - 1/64*%a"2%cxsin(2*xf*xx + 2xe)/f

Mupad [B] (verification not implemented)

Time = 14.08 (sec) , antiderivative size = 256, normalized size of antiderivative = 2.12

/sin3(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

a’c (156 — 30tan(§ + %) — 384tan(§ + %)2 — 170tan(§ + %)3 + 1140tan(§ + %)5 — 640tan(§ + -

[In] int(sin(e + f*x)~3%(a + a*sin(e + f*x))~ 2%(c - c*sin(e + f*x)),x)

[Out] (a"2*c*(15%e - 30*tan(e/2 + (f*x)/2) - 384x*tan(e/2 + (£f*x)/2)"2 - 170*tan(e
/2 + (f*x)/2)"3 + 1140*tan(e/2 + (£f*x)/2)°5 - 640*tan(e/2 + (f*x)/2)°6 - 11
40*tan(e/2 + (£f*x)/2)°7 - 960*tan(e/2 + (fxx)/2)"8 + 170*xtan(e/2 + (f*x)/2)

9 + 30*tan(e/2 + (£f*x)/2)711 + 15xfxx + 90*tan(e/2 + (f*x)/2) " 2*%(e + f*xx)

+ 226xtan(e/2 + (f*x)/2)"4*(e + f*x) + 300*xtan(e/2 + (£f*x)/2)"6*%(e + f*xx) +
225xtan(e/2 + (f*x)/2)"8*(e + f*x) + 90*tan(e/2 + (f*x)/2)"10*(e + f*x) +
15xtan(e/2 + (f*x)/2)"12%(e + f*x) - 64))/(240%f*(tan(e/2 + (f*x)/2)"2 + 1)

~6)
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3.2 [ sin*(e + fz)(a +asin(e + fz))*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . e a7
Rubi [A] (verified) . . . . . . . 47
Mathematica [A] (verified) . . . . . . . . . . . 49
Maple [A] (verified) . . . . . . . . . . 49
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .. 50
Sympy [B] (verification not implemented) . . .. .. ... ... ... ... .. ... b1l
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. GBIl
Giac [A] (verification not implemented) . . . . . ... ... .. Lo oL 52
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 52

Optimal result

Integrand size = 32, antiderivative size = 96

/Sin2(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dzx

1, a’ccos’(e + fx) N a’ccos’(e + fx)

Tt 3f 5f
a’ccos(e + fz)sin(e + fz) a’ccos(e + fx)sind(e + fx)
- Y + if

[Out] 1/8*a”2*cxx-1/3%a~2%c*cos(f*xx+e) ~3/f+1/5*%a"2%cxcos(f*x+e) ~5/f-1/8*a"2*c*cos
(fxx+e) *sin(fxx+e) /f+1/4xa"2*c*cos (fxx+e) *sin(f*xx+e) ~3/f

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.00, number
of steps used = 11, number of rules used = 4, umber of rules _ () 195 Ryjog yged = {3045,

' integrand size
2715, 8, 2713}

/sinz(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

_a’ccos’(e+ fr) a’ccos’(e+ fx)  a’csin’(e+ fz)cos(e+ fx)
- 5f B 3f Af
_ d’csin(e + fx)cos(e+ fz) 1,

8f +§acx

[In] Int[Sin[e + f*x] 2%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]



48

[Out] (a~2*xc*x)/8 - (a~2*c*Cos[e + f*x]~3)/(3*%f) + (a~2*c*Cos[e + f*xx]~5)/(5xf) -
(a~2xcxCos[e + f*x]*Sinl[e + f*xx])/(8*xf) + (a~2*c*Cos[e + f*x]*Sin[e + f*xx]
~3)/(4xf)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, xI
& IGtQL(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3045

Int[sinl(e_.) + (f_)*(x_)]1 (n_.)*((a_) + (b_.)*sin[(e_.) + (f_)*(x_)])"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x]"n*(a + b*sin[e + f*x]) m*(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps
integral = / (a’csin®(e + fz) + a’csin®(e + fz) — a’csin’(e + fz) — a’csin’(e + fz)) dz

= (a’c) /sin2(e + fz)dz + (a’c) /sin3(e+ fz)dz
— (a®c) /sin4(e + fz)dz — (a*c) /sin5(e-l— fz)dz

_ a’ccos(e+ fx)sin(e+ fx) = a’ccos(e+ fx)sin®(e+ fr) 1
= _ 2 + if +§(a20)/1dx
(a*c) Subst( [ (1 — 2?) dz,z, cos(e + fx))

f

- }1(3a20) /sin2(e + fx)dz —

N (a®c) Subst( [ (1 — 222 + z*) dz,z,cos(e + fz))
f
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1, a’ccos®(e+ fz) a’ccos’(e+ fr) a’*ccos(e+ fz)sin(e + fz)
2t 3f 5f B 8f
2 _|_ 3 + 1
48 ccos(e fZJ)Csm (e+ fz) §(3a20) / | de
1, a’ccos®(e + fx) a’ccos®(e+ fx)
= ga Ccxr — 3f + 5f
a’ccos(e + fx)sin(e + fz) = a’ccos(e + fr)sin3(e + fx)
B 8f - af

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.59

/sin2(e + fx)(a + asin(e + fx))*(c — csin(e + fz)) dz

_ a?c(60e + 60fx — 60 cos(e + fx) — 10cos(3(e + fx)) + 6 cos(5(e + fz)) — 15sin(4(e + fz)))
N 480 f

[In] Integrate[Sin[e + f*x]~2x(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a~2*c*(60%xe + 60*f*x - 60*Cos[e + f*xx] - 10%Cos[3*(e + f*x)] + 6*Cos[5*(e
+ fxx)] - 15%Sin[4x(e + fxx)]))/(480%f)

Maple [A] (verified)

Time = 1.06 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.59
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method result
parallelrisch __a%c(—60fz+60 cos(fz+e)—6 cos(5fm-|;15860)1—c{-15 sin(4fz+4e)+10 cos(3fz+3e)+64)
isch a?cx _ a’ccos(fr+e) + a?ccos(5fz+5e)  aZcsin(4fz+4e)  aZccos(3fz+3e)
IS¢ 8 8f 80f 32f 48f
. 4(sin? (fz+e) .
“C(%+““4“x+”+‘L“?“‘) costere) [ (smd(are+ 2R Y cos(rare) o\ a2e(ateind(rat
5 —ate| = 1 L LN D —
derivativedivides 7
4(sin? (fz+e))
2 8 4 ( .
o °<é+5m Uerot =g Jeoslfote) [ (and(rore)+ 2U=ED Y cos(ore) o\ 2o (zein? (ot
5 —ate| - 1 L e N
default 7

<sin3(fz+e)+w> cos(fz+e)
4

. azc b
arts a20<— (ot )2 (ot M’%"’%) _ a’c(2+sin®(fzte)) cos(fzte) <
p 7 37 7

fz

2 2 4a2c(tan6(%£+%>) 4a2c(tan4(I2£+%>)_4a26(tan2(%+%)) a?ctan f7z+%)+3a2c(tan3(7 %)) 3

4
B 1%fc+ascz_ Fi + 3f 3f B af 2F -

norman

[In] int(sin(f*x+e) 2% (a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] -1/480%a"2xc*(-60*f*xx+60*cos (f*xx+e)-6%cos (5*xf*xx+5%e)+15*xsin (4*f*xx+4%e)+10%c
0s (3xf*x+3%e)+64) /f

Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.80

/sinz(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

_ 24a’ccos(fz+ e)’ — 40 a’ccos (fz +€)® + 15 a%cfz — 15 (2a’ccos (fz + €)® — a®ccos (fz + €)) sin (fz
B 120 f

[In] integrate(sin(f*x+e) 2*(at+axsin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/120%(24*xa~2%c*xcos(f*x + )5 - 40*%a~2*ckxcos(f*x + e)~3 + 15%a~2*ckxfxx - 1
5% (2%a~2%cxcos(fxx + e€)~3 - a~2xckcos(f*x + e))*sin(fxx + e))/f
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 301 vs. 2(87) = 174.

Time = 0.26 (sec) , antiderivative size = 301, normalized size of antiderivative = 3.14

/sinQ(e + fx)(a + asin(e + f))*(c — csin(e + fz)) dz

_3a%czsin? (e+fr)  3aZczsin? (e+fx)cos? (e+fx) + a®czsin? (e+fz)  3a’cxcost (e+fz) + a’cx cos? (e+fx) + a’csin? (e+f:
_ 8 4 2 8 2 7

z(asin (e) + a)? (—csin (e) + ¢) sin? (e)

[In] integrate(sin(f*x+e)**2x(ata*sin(f*x+e))**2*%(c-c*xsin(f*x+e)) ,x)

[Out] Piecewise((-3*a*x*2*c*x*sin(e + f*x)**x4/8 - 3xaxx2kxckx*sin(e + f*x)**x2xcos(e
+ Fxx)**2/4 + axx2xckx*sin(e + F£*xx)**2/2 — 3xaxx2xckx*cos(e + f*x)**4/8 +
a*x*x2xcxxkcos(e + f*xx)**2/2 + ax*2*c*sin(e + f*x)*x4dxcos(e + fxx)/f + S*xax*x2
xcxsin(e + fxx)**3*cos(e + f*xx)/(8+f) + 4*a**2*cxsin(e + f*x)**x2xcos(e + fx*

x) **3/(3*f) - a**x2xcxsin(e + f*xx)**2*cos(e + f*xx)/f + 3*xax*k2*c*sin(e + f*x)
xcos(e + f*x)**3/(8%f) - ax*x2xckxsin(e + f*x)*cos(e + f*xx)/(2*f) + 8ka**2*c*

cos(e + f*x)*xx5/(16%f) - 2xax*2*c*cos(e + f*x)*x3/(3*f), Ne(f, 0)), (x*x(axs

in(e) + a)**2x(-c*sin(e) + c)*sin(e)**2, True))

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.28

/sinQ(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

32 (3 cos(fz +e)® — 10 cos (fz +€)’ + 15 cos (fz + €) )ac + 160 (cos (fz + €)* — 3 cos (fz + €))a’c -
B 480 f

[In] integrate(sin(f*x+e) ~2*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/480%(32*(3*cos(f*x + e)”5 - 10*cos(f*x + e)~3 + 16*cos(f*x + e))*a"2xc +
160* (cos(f*x + e)~3 — 3*cos(f*x + e))*a™2*c — 156%x(12*fxx + 12%e + sin(4*xf*x

+ 4xe) — 8*sin(2xf*xx + 2%e))*a~2xc + 120*(2xf*x + 2%xe — sin(2*f*xx + 2*e))*
a~2xc)/f
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Giac [A] (verification not implemented)
none

Time = 0.38 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.80

/sinQ(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

B lan a’ccos (5 fx +5e) a’ccos (3 fr+3e)
-8 80 f 48 f

a’ccos(fr+e) a’csin(4fzr+4e)
B 8f B 32f

[In] integrate(sin(f*x+e) 2*(ata*sin(f*x+e)) 2+ (c-cksin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/8*%a"2%cxx + 1/80%a"2xc*xcos(5xf*x + bxe)/f - 1/48%a"2%cxcos(3xfxx + 3*xe)/f
- 1/8*a"2*xcxcos(fxx + e)/f - 1/32*%a"2xc*sin(4*f*xx + 4xe)/f

Mupad [B] (verification not implemented)

Time = 14.24 (sec) , antiderivative size = 212, normalized size of antiderivative = 2.21

/sinQ(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dzx

ac (15e —30tan(S + £2) — 160 tan (g + £2)° + 180tan (g + £2)° + 160 tan (< + £2)" — 480 tan (& + £

[In] int(sin(e + f*x) 2x(a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)),x)

[Out] (a"2*c*x(15%e - 30*tan(e/2 + (f*x)/2) - 160*tan(e/2 + (f*x)/2)"2 + 180*tan(e
/2 + (£xx)/2)"3 + 160*tan(e/2 + (£f*x)/2)~4 - 480*tan(e/2 + (f*x)/2)°6 - 180
xtan(e/2 + (f*x)/2)°7 + 30xtan(e/2 + (£f*x)/2)"9 + 15xfxx + 75xtan(e/2 + (fx*
x)/2)"2x(e + f*x) + 150*tan(e/2 + (f*x)/2)"4x(e + f*x) + 150*tan(e/2 + (f*x
)/2)"6%(e + f*xx) + T5xtan(e/2 + (f*x)/2)"8*(e + f*x) + 15xtan(e/2 + (f*x)/2
)"10x(e + f*x) - 32))/(120xf*(tan(e/2 + (£f*x)/2)"2 + 1)°5)
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3.3 [ sin(e + fz)(a + asin(e + fz))*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . e H3l
Rubi [A] (verified) . . . . . . . . 53
Mathematica [A] (verified) . . . . . . . . . ... L k%
Maple [A] (verified) . . . . . . ... L 5%
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 56
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. 56
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 57
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L bYi
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 57

Optimal result

Integrand size = 30, antiderivative size = 77

/sin(e + fx)(a + asin(e + f))*(c — csin(e + fz)) dz
_ lazcx _a’ccos’(e+ fz) a’ccos(e + fx)sin(e + fx) N a’ccos(e + fz)sin3(e + fx)

8 3f 8f af

[Out] 1/8*a~2xcxx-1/3*a"2*c*cos(f*x+e) ~3/f-1/8*a~2*c*cos(f*x+e)*sin(f*xx+e)/f+1/4x%
a~2xc*cos (f*x+e)*sin(f*xx+e) ~3/f

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number
of steps used = 10, number of rules used = 5, Bumber of rules _ (, 167 Ryles used = {3045,

' integrand size
2718, 2715, 8, 2713}

/sin(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz
__a’ccos’(e + fx) N a’csin®(e + fx) cos(e + fx) da’csin(e + fz) cos(e + fz) N la%x

3f 4f 8f 8

[In] Int[Sin[e + f*x]*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (a~2*xc*x)/8 - (a~2*c*Cos[e + f*x]~3)/(3xf) - (a~2*c*Cos[e + f*x]*Sin[e + fx*
x])/(8xf) + (a~2xcxCos[e + f*x]*Sin[e + f*xx]~3)/(4*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((a - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*x((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
({c, d}, x]

Rule 3045

Int[sinl(e_.) + (f_)*(x_)]1 (n_.)*((a_) + (b_.)*sin[(e_.) + (£_)*(x_)])"(m
_)x((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x] n*(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[n]

Rubi steps
integral = / (a’csin(e + fz) + a’csin®(e + fz) — a’csin®(e + fz) — a’csin*(e + fz)) dz
= (a%c) /sin(e+ fz)dz + (a’c) /sin2(e + fz)dz

— (a®c) /sin3(e + fz) dz — (a’c) /sin4(e + fz)dz

__a’ccos(e+ fx) da’ccos(e+ fx)sin(e + fx) N a’ccos(e + fx)sin®(e + fz)

f 2f Af
2 2

+%(a2c) /1dx—}l(3azc) /sin2(6+fa:) dz+ (a%) Subst (] (1 xf) dz, z,cos(e + /)
1, a’ccos®(e + fx) a’ccos(e + fz)sin(e + fx)
= 5a’cT - 37 - 3

2 + in3 + 1

49 ccos(e f:})csm (e+fz) §(3a2c)/1dz

_ 1a2cz— a’ccos’(e + fz) a’ccos(e + fx)sin(e + fx) N a’ccos(e + fx)sin®*(e + fz)

8 3f 8f 4f



Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.61

/sin(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dx

a’c(12e + 12fx — 24 cos(e + fz) — 8 cos(3(e + fz)) — 3sin(4(e + fz)))
96 f

95

[In] Integrate[Sin[e + f*x]*(a + axSin[e + f*x])~2x(c - c*Sin[e + f*x]),x]

[Out] (a"2%cx(12%e + 12xfxx - 24%Cos[e + f*x] - 8*Cos[3*(e + f*xx)] - 3*Sin[4*(e +

fxx)]))/(96%f)

Maple [A] (verified)

Time = 0.79 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.60

method result

parallelrisch _a*c(—12fz+24 cos(fz+e)+3 s;)ig](c4fm+4e)+8 cos(3fz+3e)+32)
. 2 a?ccos(fz+e) a’csin(4fz+4e) a®ccos(3fz+3e)

risch i if - 32f - 12f

(Sing (fz+€)+L£m+e)) cos(fz+e) 0,2‘:(2-i-sin2 (_fz+e)) cos(fz+e)
3f 3
: (— : o +ae

fzte)sin(fz+
—a2¢c - (_ cos(fz e)2sm( z+e) +L:
derivativedivides 7
. 3 3sin(fz+e) .
e (_ (sm (fm+e)+*274 ) cos(fx+e) +3f8m+38€> +a2c(2+s1n2(fw;—e)) cos(fz+e) +a,26<— cos(fz+e)2sin(fw+e) +%
default 7
9 (sin3(fm+e)+
(fa+e)sin(fa+e) | fz | e , e
arts __a®ccos(fz+e) + a20<_ = 3 +7$+§> + a?c(2+sin®(fzte)) cos(fate)
P f 7 3f
_ 2a20 n (120(1) _ 2a2c(tan2 (sz+g)) _ 2azc(tan4 (me-Q—g)) _ 2a2c(tan6 (%-ﬁ-%)) _ azctan i}-}—%) 4 7a2c(tan3(
norman 8L 8 2t ! af

<1+t

[In] int(sin(f*x+e)*(at+a*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x,method=_RETURNVERBOSE)
[Out] -1/96%a~2xc* (-12xf*x+24*xcos (fxx+e)+3*xsin(4xfxx+4*xe)+8*cos (3xf*x+3*e)+32)/f
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Fricas [A] (verification not implemented)
none

Time = 0.27 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.82

/sin(e + fz)(a + asin(e + fz))?(c — csin(e + fz)) dz

8a2ccos (fz +e)* —3acfr + 3 (2a%ccos (fz +€)® — a’ccos (fr +e)) sin (fz + e)
T 24 f

[In] integrate(sin(fx*x+e)*(a+axsin(f*x+e)) "2x(c-c*sin(f*x+e)),x, algorithm="fric
as")

[Out] -1/24%(8%a~2*ckxcos(f*x + e)~3 — 3*a~2xckf*xx + 3% (2*xa~2*cxcos(f*xx + €)~3 - a
~2%cxcos(f*xx + e))*sin(f*x + e))/f

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(70) = 140.

Time = 0.18 (sec) , antiderivative size = 245, normalized size of antiderivative = 3.18

/sin(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

_ 3a?czsin? (e4fx) _ 3a?cx sin? (e+fx) cos? (e+fx) + a’cxsin? (e+fx) _ 3a?cz cos? (e4fx) + a’cx cos? (e+fx) + 5a2csin® (e4fx
_ 8 1 2 8 2 87

z(asin () + a)? (—csin (e) + ¢) sin (e)

[In] integrate(sin(f*x+e)*(ataxsin(f*xx+e))**2x(c-cxsin(f*x+e)),x)

[Out] Piecewise((-3*a**2*c*x*sin(e + f*xx)**4/8 - 3*a**2*ckx*sin(e + fxx)**x2xcos(e
+ f*x)**2/4 + a*x*x2xcxx*ksin(e + f*xx)**2/2 - 3*xa*x*2*ckx*xcos(e + f*x)**x4/8 +
ax*x2xcxxkcos (e + f*xx)**2/2 + bSxax*2*cxsin(e + f*x)**x3xcos(e + fxx)/(8*f) +
a**2*xcksin(e + f*xx)**x2xcos(e + f*x)/f + 3*axx2xcxsin(e + f*x)*cos(e + f*x)x*
*x3/(8xf) - ax*2xcxsin(e + fxx)*cos(e + f*xx)/(2%f) + 2%a*x2xc*xcos(e + f*x)*x*
3/(3xf) - ax*2xcxcos(e + f*x)/f, Ne(f, 0)), (x*(axsin(e) + a)**x2x(-c*sin(e)

+ c)*sin(e), True))
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Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.30

/sin(e + fz)(a + asin(e + fz))*(c — csin(e + fx))dz =

32 (cos(f:v+e)3 — 3 cos(fr+e€))a’c+3(12 fz +12e+sin (4 fr + 4e) — 8 sin (2 fz + 2¢€))a’c — 2
96 f

[In] integrate(sin(f*x+e)*(ata*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="maxi
mau)

[Out] -1/96%(32x(cos(f*xx + e€)~3 - 3*xcos(f*x + e))*a"2%xc + 3*x(12xf*x + 12%e + sin(
4xfxx + 4xe) - 8*sin(2*f*x + 2%e))*a"2xc - 24x(2xf*x + 2%e - sin(2kf*x + 2%
e))*a~2%c + 96%a~2xcxcos(f*x + e))/f

Giac [A] (verification not implemented)

nomne

Time = 0.37 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.77

/sin(e + fx)(a + asin(e + fz))*(c — csin(e + fz)) dz

1 ex a’ccos (3 fr+3e) a’ccos(fr+e) a’csin(4fr+4e)

8 12f 4f 32f

[In] integrate(sin(f*x+e)*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="giac
n)

[Out] 1/8*%a"2%cxx - 1/12%a"2xc*cos(3*xf*xx + 3*e)/f - 1/4xa"2xcxcos(fxx + e)/f - 1/
32%a"~2*xcksin(4xfxx + 4xe)/f

Mupad [B] (verification not implemented)
Time = 14.06 (sec) , antiderivative size = 250, normalized size of antiderivative = 3.25

a’cx

/sin(e + fz)(a + asin(e + fz))*(c — csin(e + fx))dz = 5

2 _ 6 _
tan(% n %) <a2c(32+3fx) _ azc(12e-;112fx 16)) +tan(§ n %) <a20(3eﬁ+3fz) _ a2c(12e—;‘112fw 48)) 1t

[In] int(sin(e + f*x)*(a + a*sin(e + f*x)) 2x(c - c*sin(e + f*x)),x)



o8

[Out] (a™2%c*x)/8 - (tan(e/2 + (£f*x)/2)"2*((a"2*c*(3xe + 3xf*x))/6 - (a~2*c*(12%e
+ 12xfxx - 16))/24) + tan(e/2 + (f*x)/2)76x((a"2*c*(3*xe + 3*f*x))/6 - (a~2
xcx(12%e + 12xf*xx - 48))/24) + tan(e/2 + (f*x)/2)"4x((a~2*cx(3*e + 3*f*x))/

4 - (a"2*cx(18xe + 18*f*x - 48))/24) + (a"2*cxtan(e/2 + (£*x)/2))/4 - (7T*a”
2xcktan(e/2 + (f*x)/2)73)/4 + (7*a~2*c*xtan(e/2 + (f*x)/2)75)/4 - (a~2*c*tan

(e/2 + (£xx)/2)°7)/4 + (a~2*c*(3*xe + 3*f*x))/24 - (a"2%c*(3xe + 3*f*x - 16)
)/24)/(f*(tan(e/2 + (£*x)/2)"2 + 1)74)
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3.4 [(a+ asin(e + fz))*(c — csin(e + fz)) dz

Optimal result . . . . . . . . . . . e Hol
Rubi [A] (verified) . . . . . . . . . 59
Mathematica [A] (verified) . . . . . . .. ... Lo 60
Maple [A] (verified) . . . . . . ... 611
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 61]
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 62
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 62
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 621
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 63

Optimal result

Integrand size = 24, antiderivative size = 52

_a’ccos’(e + fx)

/(a + asin(e + fz))*(c — csin(e + fz))dz = 1anx

5 37
a’ccos(e + fx)sin(e + fr)
+ 27

[Out] 1/2*a~2%cxx-1/3*%a~2*c*xcos (f*xx+e) ~3/f+1/2%a~2*c*cos (f*x+e)*sin(f*x+e)/f

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ 167 , Rules used = {2815,

’ integrand size
2748, 2715, 8}

_a*ccos’(e + fx)
3f
2 .
L8 csin(e + f;} cos(e + fz) N %azcx

/(a + asin(e + fz))*(c — csin(e + fz)) dz =

[In] Int[(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]

[Out] (a"2*xc*x)/2 - (a~2*c*Cos[e + f*x]~3)/(3*f) + (a~2*c*Cos[e + f*x]*Sin[e + fx*
x])/(2*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715



60

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2748

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x
_)1), x_Symbol] :> Simp[(-b)*((g*Cosl[e + f*x])~(p + 1)/(f*xgx(p + 1))), x] +
Dist[a, Int[(gxCosl[e + f*x])7p, x], x] /; FreeQ[{a, b, e, f, g, p}, x] &&
(IntegerQ[2*p] || NeQ[a"2 - b~2, 0])

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)])"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sinfe + f*x])~(n - m), x], x] /; FreeQ[{a, b, ¢, d, e, £, n}, x] && EqQ[b
xc + a*d, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 01) || LtQ[0, n, m] || LtQ[m, n, 01))

Rubi steps

integral = (ac) /cos2(e + fz)(a+ asin(e + fz)) dz

=_a2ccos‘;(;+f.’r) n (a20)/0082(e+fx)dm

_a’ccos’(e + fz)  a’ccos(e+ fx)sin(e+ fz) 1 (a%) / 1 ds

= 3f 2f T3

_ la%x _a’ccos’(e + fx) N a’ccos(e + fx)sin(e + fx)

2 3f 2f

Mathematica [A] (verified)

Time = 0.58 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

/(a + asin(e + fz))?(c — csin(e + fz)) dzx

_ _a’c(3cos(e + fz) + cos(3(e + fx)) — 3(2fz +sin(2(e + fx))))
12f

[In] Integrate[(a + a*Sin[e + f*x])~2%(c - c*Sinf[e + f*x]),x]

[Out] -1/12x(a~2*c*(3*%Cos[e + f*x] + Cos[3*(e + fxx)] - 3*%(2*f*x + Sin[2*(e + fx*xx
Y1) /£
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Maple [A] (verified)

Time = 0.60 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.85

method result
parallelrisch _ etz ticonfoe)teossftie)dan(afst2e)+4)
. a?cx a’ccos(fzr+e) a’ccos(3fz+3e) a’csin(2fz+2e)
risch 5 — 17 — 127 + if
' ' o a2c(2+sin2(fz;r5)) cos(fz+e) —a20<— cos(fz+e)2sin(fz+e) +f7w+§) —azccos(fz—l—e)—i-an(f:c—i-e)
derivativedivides 7
2 2
a c(2+sm (fm?:w)) cos(fz+e) _a2c<_ cos(fm+e)2sin(fz+e) +f7z+§) —azccos(fx+e)+a2c(fw+e)
default 7
2 a2c(—coslfzte) sin(fote) | fo 4 e a?c(2+sin?(fz+e)) cos(fz+e
parts a2er — & ccos}fz+e) _ ( 2f 2 2) + ( (f 2 )) cos(f )
a2ctan(‘f2—z+%) _ 20‘2C azcw _ 2a2c(tan4 (%-{—%)) _ 112c(ta115 (%4—%)) +3a2cz(tan2 (%4—%)) +3a2cz(tan4(f72+%)) 4
norman s 3f T 2 i i - 3
(1+¢an2(é§-kg>)

[In] int((ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_RETURNVERBOSE)
[Out] -1/12%a~2%c* (-6*xf*xx+3*cos (f*x+e)+cos (3xf*x+3*e)-3*xsin(2*xf*x+2xe)+4) /f

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.88

/(a +asin(e + fz))*(c — csin(e + fx)) dz

_ 2d’ccos (fz +e)® — 3a%cfz — 3a’ccos (fz + e)sin (fz + €)
6 f

[In] integrate((at+a*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="fricas")

[Out] -1/6*%(2%a~2*c*cos(f*x + e)~3 — 3*a~2xc*f*xx — 3*a~2xckcos(f*x + e)*sin(f*x +

e))/f
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 133 vs. 2(46) = 92.

Time = 0.13 (sec) , antiderivative size = 133, normalized size of antiderivative = 2.56

/(a + asin(e + fz))*(c — csin(e + fz)) dz

a2¢

a?cz sin? (e+fx) a?cz cos? (e+fx) 2 a?csin? (e+fx) cos (e+fz) a’csin (e+fz) cos (e+fx) 2a2ccos® (e+fz)

z(asin () + a)? (—csin (e) + ¢)

[In] integrate((at+a*sin(f*x+e))**2*(c-c*sin(f*x+e)),x)

[Out] Piecewise((-ax*2kc*x*sin(e + f*x)**x2/2 — a**2xcxx*xcos(e + Fxx)**x2/2 + ax*x2x
ckx + ax*k2xc*sin(e + f*x)**x2%cos(e + f*xx)/f + ax*2xc*sin(e + f*x)*cos(e + f
*x)/(2%f) + 2%ax*x2xckcos(e + fxx)**3/(3xf) - a*x*2*xcxcos(e + f*xx)/f, Ne(f, O

)), (xx(a*sin(e) + a)**2*x(-c*sin(e) + c), True))

Maxima [A] (verification not implemented)

nomne

Time = 0.20 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.48

/(a + asin(e + fz))*(c — csin(e + fz)) dzx =

4 (cos (fz+e)® —3 cos(fr+e))ac+3(2 fx+2e—sin(2 fz +2¢))a’c — 12 (fz + e)a’c + 12 a’cco
12 f

[In] integrate((ata*sin(f*x+e)) 2*(c-cxsin(f*x+e)),x, algorithm="maxima")

[Out] -1/12%(4*x(cos(f*x + e€)~3 - 3*xcos(f*x + e))*a~2%c + 3*(2xfxx + 2%e - sin(2x*f
*X + 2%e))*a”"2%c - 12%(fxx + e)*a”2xc + 12xa”~2xcxcos(f*x + e))/f

Giac [A] (verification not implemented)

none

Time = 0.59 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.13

[+ asinte + 0o esine + ) do = 3 atep — TSI 223
a’ccos(fr+e€) a’csin(2fx+2e)
- 4 f 4f

[In] integrate((a+a*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="giac")

[Out] 1/2%a"2%cxx - 1/12%a"2xc*cos(3*f*xx + 3*e)/f - 1/4xa"2xcxcos(fxx + e)/f + 1/
4xa~2xcxsin (2xf*xx + 2%e)/f
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Mupad [B] (verification not implemented)

Time = 14.52 (sec) , antiderivative size = 125, normalized size of antiderivative = 2.40

a’cx

/(a + asin(e + fz))*(c — csin(e + fz)) dz = 5

+ %)4 <3a20(2e+fa:) _ a2c(96-|—69fx—12)> . a%tan(g

a2c

+%)+M+a2ctan(§+%)5——

tan(g
- 3
f (tan (¢+ %)2 + 1)

[In] int((a + a*sin(e + f*x))~2%(c - c*sin(e + f*x)),x)

[Out] (a~2*xc*x)/2 - (tan(e/2 + (£f*x)/2) " 4x((3*a~2*xcx(e + f*x))/2 - (a~2xc*x(9*e +
Oxfxx — 12))/6) - a~2xc*tan(e/2 + (f*x)/2) + (a~2xcx(e + f*x))/2 + a~2*c*ta
n(e/2 + (£f*x)/2)°5 - (a~2*%c*(3xe + 3xfxx - 4))/6)/(f*(tan(e/2 + (f*x)/2)"2

+ 1)73)
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3.5 [ csc(e + fx)(a + asin(e + fz))*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . e 64}
Rubi [A] (verified) . . . . . . . . 64
Mathematica [A] (verified) . . . . . . . . . .. 661
Maple [A] (verified) . . . . . . ... L 66
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 66
Sympy [F] . . o 67
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 67
Giac [A] (verification not implemented) . . . . . . ... ... .. L. 68}
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 63

Optimal result

Integrand size = 30, antiderivative size = 63

/csc(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz

2 2 2 :
_ lazcx _ a’carctanh(cos(e + fz)) 49 ccos(e + fx) L8 ccos(e + fx)sin(e + fx)

2 f f 2f

[Out] 1/2*a~2xcxx-a~2*c*arctanh(cos(f*xx+e))/f+a~2xc*cos (f*x+e)/f+1/2*%a~2xcxcos (f*
x+e)*sin(f*x+e)/f

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5, Bumber of rules _ , 167 Ryjes used = {3045,

’ integrand size
3855, 2718, 2715, 8}

/csc(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx
_ _ a’carctanh(cos(e + fz)) a’ccos(e + fz)  d’csin(e + fx)cos(e + fx) N 1(120:1,‘

f f 2f 2

[In] Int[Cscl[e + f*x]*(a + a*xSin[e + f*x]) 2*(c - c*Sin[e + f*x]),x]

[Out] (a~2*xc*x)/2 - (a~2*c*ArcTanh[Cos[e + fxx]])/f + (a~2*c*Cos[e + f*x])/f + (a
~2xcxCos[e + fxx]*Sin[e + f*xx])/(2xf)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])"(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
({c, d}, x]

Rule 3045

Int[sinl(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_)*(x_)])"(m
_)*((A_) + (B_.)xsin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
integral = / (a’c+ a’ccesc(e + fz) — a’csin(e + fz) — a’csin®(e + fx)) d

= a’cz + (a’c) /csc(e+ fz)dz — (a’c) /sin(e+ fz)dz — (a’c) /Sin2(e-|— fzx)dx

_ e a’carctanh(cos(e + fx)) a’ccos(e + fx)
T f f
2 + in(e + 1,
48 ccos(e f;;) sin(e + fz) §<a ) /ld:c
_ lazczc _ d’carctanh(cos(e + f7)) N a’ccos(e + fx) N a’ccos(e + fz)sin(e + fx)

2 f f 2f
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.97

/csc(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dzx

a’c(—2e+ 2fz + 4 cos(e + fx) — 4log (cos (2(e + fx))) +4log (sin (3 (e + fz))) + sin(2(e + fz)))
Af

[In] Integrate[Cscle + f*x]*(a + axSin[e + f*x])~2x(c - c*Sin[e + f*x]),x]

[Out] (a™2%c*(-2%e + 2%f*x + 4xCos[e + f*x] - 4*Log[Cos[(e + f*x)/2]] + 4*Log[Sin
[(e + £*xx)/2]] + Sin[2x(e + £*xx)]))/(4%f)

Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.71

method result
. a20<2f:1:+4 cos(fz+e)+41n (tan(%+%> > +sin(2fac+2e)+4>

parallelrisch v
derivativedivid —a%(—mjinu”e)—i—f{—k%)+a,2ccos(f:c+e)+a2c(fz+e)+a2t:ln(csc(fz+e)—cot(fz+e))

erivativedividaes 7
default —GQC(— %;m(fw + f{—i—%) +a2ccos(fz+e)+a?c(fz+e)+acln(csc(fz+e)—cot(fr+e))

erau 7
risch a’cx + a2cel(frte) + a?ce~ilfzte) aQCln(ei(fm+e)+1) azcln(ei(fz+e)_1) a2csin(2fz+2e)

2 2f 2f ! ! 4f
a2ctan(%+%) 4 azcx _ 2a20(tan2 (%+%)) _ 2a2c(tan6 (%4—%)) _ 4020(tan4 (%-ﬁ-%)) _ a2c(tan5 (%4—%)) " 3a2cz(tan2
norman £ 2 £ £ i - < 2
(l-i-tan2 (74-%))

[In] int(csc(f*x+e)*(at+a*sin(f*x+e)) "2x(c-c*sin(f*x+e)),x,method=_RETURNVERBOSE)
[Out] 1/4xa~2%cx(2*f*xx+4*cos(fxx+e)+4xIn(tan(1/2xfxx+1/2*%e))+sin(2*xf*xx+2%e)+4)/f

Fricas [A] (verification not implemented)
nomne

Time = 0.27 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.19

/csc(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dx

_d’cfx +a’ccos (fz 4 e)sin (fz + e) +2a’ccos (fz + ) — a*clog (5 cos (fr +e) + 3) + a’clog (—3 cos
- X




67

[In] integrate(csc(f*x+e)*(at+a*sin(f*x+e)) " 2x(c-c*sin(f*x+e)),x, algorithm="fric
as")

[Out] 1/2x(a~2xcxfxx + a~2*c*cos(f*x + e)*sin(fxx + e) + 2*a~2%c*xcos(f*x + e) - a
~2%c*xlog(1l/2*cos(f*x + e) + 1/2) + a~2*cxlog(-1/2*cos(f*x + e) + 1/2))/f

Sympy [F]

/csc(e + fx)(a + asin(e + fr))*(c — csin(e + fz)) dz
= —a20</ (—sin (e + fz)csc(e+ fz)) dz + /sin2 (e + fr)csc(e+ fr)dx
+ /sin3 (e + fx)csc(e+ fx) dx+/(— csc(e+ fz)) dx)

[In] integrate(csc(f*x+e)*(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -a**2*xc*x(Integral(-sin(e + fxx)*csc(e + f*x), x) + Integral(sin(e + f*x)**2
xcsc(e + f*xx), x) + Integral(sin(e + f*x)**3*csc(e + f*x), x) + Integral(-c
sc(e + £*x), x))

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.16

/csc(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz =

_(2fz+2e—sin(2 fr +2¢e))a’c — 4 (fz + e)a’c — da’ccos (fr + e) + 4 a’clog (cot (fz + e) + csc (f
4f

[In] integrate(csc(f*x+e)*(ata*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="maxi
mau)

[Out] -1/4%*((2%f*x + 2%e - sin(2xfxx + 2%e))*a"2xc - 4x(f*x + e)*a™2%c - 4*a~2%cx
cos(f*x + e) + 4*xa~2xcxlog(cot(f*x + e) + csc(f*x + e)))/f
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Giac [A] (verification not implemented)
none

Time = 0.33 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.67

/csc(e + fz)(a + asin(e + fz))?(c — csin(e + fz)) dz

2 (azctan(% fm—i—% 6)3—2 a2ctan(% f:c—i—% e)z—azctan(% fz—i—% e) -2 azc)

(fz + e)ac+2a2clog (|tan (3 fz + 3 e)|) — (3 sor 3 o)’

2f

[In] integrate(csc(f*x+e)*(at+a*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="giac

ll)

[Out] 1/2%x((fxx + e)*a”2xc + 2xa~2xcxlog(abs(tan(1/2xf*x + 1/2%e))) - 2*(a”"2*c*ta
n(1/2%fxx + 1/2%e)~3 - 2*%a~2xc*tan(1/2*xf*x + 1/2%e)"2 - a~2*cxtan(1/2*xf*xx +
1/2xe) - 2xa~2xc)/(tan(1/2*xf*x + 1/2%e)"2 + 1)°2)/f

Mupad [B] (verification not implemented)

Time = 12.67 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.40

/csc(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

+ ) ) + sin(2ez-2fw) + atan (\/5 (cos(%—i—sz)-iﬂ sin(%-ﬁ-%)) ) >

fe
2
+132)

a’c (cos (e+ fzr)+1n (:;E

Nl | Nl

f

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x),x)

[Out] (a~2*c*(cos(e + fxx) + log(sin(e/2 + (f*x)/2)/cos(e/2 + (f*x)/2)) + sin(2xe
+ 2xfx*x) /4 + atan((567(1/2)*(cos(e/2 + (£f*x)/2) + 2xsin(e/2 + (£*x)/2)))/(5
xcos(e/2 + atan(1/2) + (£f*x)/2)))))/f
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3.6 [ csc?(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . . e 69]
Rubi [A] (verified) . . . . . . . . . 69
Mathematica [A] (verified) . . . . . . .. ... L L [Tl
Maple [A] (verified) . . . . . . . .. [Tl
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 72
Sympy [F] . . o 72
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 73]
Giac [B] (verification not implemented) . . . . . . . . ... .. ... ... 73
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... re!

Optimal result

Integrand size = 32, antiderivative size = 53

/cscz(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

— der a’carctanh(cos(e + fx)) N a’ccos(e + fx) a’ccot(e+ fr)
- f o

[Out] -a~2*c*x-a~2*c*arctanh(cos(f*xx+e))/f+a~2%cxcos (f*x+e)/f-a~2*c*xcot (f*x+e)/f

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 7 number of rules _ 0.219, Rules used = {3029,

’ integrand size
2789, 2672, 327, 212, 3554, 8}

/csc2(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dx

__ a’carctanh(cos(e + fz)) a’ccos(e + fx) d’ccot(e+ fx) =,
= 7 + 7 7 + a*(—c)x

[In] Int[Cscle + f*x] 2x(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] -(a"2*c*x) - (a"2xc*ArcTanh[Cos[e + f*x]])/f + (a"2*c*Cos[e + fxx])/f - (a~
2xcxCot [e + fxx])/f

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcn*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2672

Int[((a_.)*sin[(e_.) + (£_)*(x_)1)"(m_.)*tanl(e_.) + (£_)*x(x_)]1"(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Dist[ff/f, Subst[Int[(
ffxx)"(m + n)/(a"2 - ££72*%x"2)"((n + 1)/2), x], x, a*x(Sin[e + fxx]/ff)], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 2789

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((g_.)*tan[(e_.) + (£_.)*(
x_)1)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(g*Tan[e + f*x])“p, (a + bxSi
nle + f*x])°m, x], x] /; FreeQ[{a, b, e, f, g, p}, x] && EqQ[a~2 - b~2, 0]
&& IGtQ[m, O]

Rule 3029

Int[sinl(e_.) + (f_.)*(x_)]1 " (p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1)"(m_
O*x((c) + (d_.)*sinl(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
Int[Tan[e + f*x] px(a + b*Sin[e + f*x])~(m - n), x], x] /; FreeQ[{a, b, c,
d, e, £, m}, x] && EqQ[bxc + axd, 0] && EqQ[a"2 - b~2, 0] && EqQ[p + 2*n,
0] && IntegerQ[n]

Rule 3554
Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d

*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps

integral = (ac)/cotQ(e + fz)(a+ asin(e + fx)) dx
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= (a0) [ (acos(e-+ fa)cotle + fa) + acot?(e + 1)) da

= (a’c) /cos(e-l— fz) cot(e + fz)dz + (a’c) /cot2(e + fz)dz

a2c) Subst( [ £ dz, z, cos(e + fz
-z

- _GQCCOt(fe L2 (a’c) /1dx — ;
= —dlcxt a’ccos(e + fz) B a’ccot(e + fz) B (a*c) Subst( [ = dz, z, cos(e + fz))
= —a2cr — C‘20&1’0}5&“}1(}303(6 + fx)) N a2ccos(fe +fz) a2ccot(fe + fx)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.83

/cch(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dx

a’ccos(e) cos(fz)  a*ccot(e+ fx)

= —a’cx + i 7
_ @elog(eos (51 %)) | aclog (sin (5+%)) _ aesin(e)sin(/x)
f f f

[In] Integratel[Cscle + f*x]~2+(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] -(a~2xc*x) + (a~2*c*Cos[e]*Cos[f*x])/f - (a~2*c*Cot[e + f*x])/f - (a~2xcxLo
glCos[e/2 + (f*x)/2]]1)/f + (a"2*c*Log[Sin[e/2 + (£f*x)/2]]1)/f - (a~2*c*Sin[e

1xSin[f*x])/f

Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.15
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method result
derivativedivides a?ccos(fz+e)—ac(fz+e)+a’cln(csc(fr+e)—cot(fr+e))—accot(fzte)
f
default a?ccos(fz+e)—ac(fz+e)+a’cln(csc(fr+e)—cot(fr+e))—accot(fzte)
. a2c<—2fx—2+2ln<tan<%+%))+2 cos(fx+e)+2tan<%+%)—sec(%—l—%) csc(%—l—%))
parallelrisch 57
. 9 a2cet(fzte) a2ce—il(fz+e) _ 2%iac _ azcln(ei<fw+e)+1) azcln(e“fw"'e)—l)

risch a‘cr + =5 + 57 F@UaraT) 7 + 7

azc(tanﬁ (%«k%)) _ﬁ_ 2a2c(tan3(%£+%)) _ 2a2a(tan7(f7z+e)) _4a26(tan5 (%+%)) _ azc(tan2 f%«l»%)) +a26(tan8
norman ! 2 ! ! ! ! :

tan(%+g> (1+tan2 (fQ—’”

[In] int(csc(f*x+e) 2% (at+a*sin(fxx+e)) 2% (c-c*sin(f*x+e)),x,method=_RETURNVERBOS
E)

[Out] 1/f*x(a"2*c*xcos(fxx+e)-a~2*ck(fxx+e)+a~2*xcx1ln(csc(f*x+e)—cot (fxx+e))—-a~2*c*c
ot (fxx+e))

Fricas [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.87

/CSC2(€ + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz =

a’clog (5 cos (fz + €) + 3) sin (fz + e) — a’clog (—3 cos (fz + €) + 3) sin (fz + e) + 2a*ccos (fz +
h 2 fsin(fzr+e)

[In] integrate(csc(f*x+e) 2*(at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/2%(a"2*c*log(1l/2*cos(f*x + e) + 1/2)*sin(f*x + e) - a~2xcxlog(-1/2*cos(f
*x + e) + 1/2)*sin(f*x + e) + 2%a"2*c*cos(f*x + e) + 2k(a™2xcxf*x - a~2%c*c
os(f*x + e))*sin(f*x + e))/(f*sin(f*x + e))

Sympy [F]
/0802(6 + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

= —azc(/ (—sin (e + fz)csc® (e + fx)) dr + /sin2 (e + fx)csc® (e + fz)dx
+ /sin3 (e + fx)csc® (e + fx) dx + / (—csc? (e + fx)) dsc)
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[In] integrate(csc(f*x+e)**2x(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x)**2, x) + Integral(sin(e + f*x)
x*2kcsc(e + f*x)*x2, x) + Integral(sin(e + f*xx)**3*csc(e + f*x)**2, x) + In
tegral(-csc(e + f*x)**2, x))

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.30

/csc2(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dzr =
2a’%c

2(fz + e)a’c + a’c(log (cos (fz +€) + 1) — log (cos (fz + ) — 1)) — 2a’ccos (fz +e) + 7755
2f

[In] integrate(csc(f*x+e) 2*(at+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/2%(2%(f*x + e)*a"2*%c + a~2*kc*(log(cos(f*x + e) + 1) - log(cos(f*x + e) -
1)) - 2%a”2xc*xcos(f*x + e) + 2¥a"2xc/tan(f*x + e))/f

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(53) = 106.

Time = 0.32 (sec) , antiderivative size = 129, normalized size of antiderivative = 2.43

/csc2(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dzx =

2a2ctan(% fw—i—% e)3+3a20tan(% fz—i—%

tan(% fz+% e)3+te

6 (fz + e)a’c — 6a’clog (|tan (} fz + 1 e)|) —3a’ctan (1 fz + e) +
6 f

[In] integrate(csc(f*x+e) 2*(at+a*sin(f*x+e)) "2*(c-c*sin(f*x+e)),x, algorithm="gi
acll)

[Out] -1/6%(6*(f*xx + e)*a”2*c - 6%a~2*cxlog(abs(tan(1/2xf*x + 1/2%e))) - 3*a~2*c*
tan(1/2%f*x + 1/2%e) + (2xa~2kcxtan(1/2xfxx + 1/2%e)”3 + 3*a~2kcxtan(1/2*xfx*

X + 1/2xe)”2 - 10*a~2xcktan(1/2xf*xx + 1/2xe) + 3*a~2xc)/(tan(1/2*xf*xx + 1/2%

e)~3 + tan(1/2xfxx + 1/2%e)))/f
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Mupad [B] (verification not implemented)

Time = 12.17 (sec) , antiderivative size = 110, normalized size of antiderivative = 2.08

/cscz(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx
)

2o <2 stan (x/i (cos(g+42 ) —sin(5+42)) ) o (sin( +4£) ))
B cos(5+42)
B f
a’c <cos (e+ fz)— —Sin(%;’zfx)>
fsin(e+ fx)

(M

N
Nl

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~2,x)

[Out] (a"2*c*x(2xatan((2~(1/2)*(cos(e/2 + (f*x)/2) - sin(e/2 + (£*x)/2)))/(2xcos(e
/2 - pi/4 + (£xx)/2))) + log(sin(e/2 + (f*x)/2)/cos(e/2 + (£*x)/2))))/f - (
a~2xcx(cos(e + f*xx) - sin(2*e + 2*f*x)/2))/(f*sin(e + f*x))
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3.7 [ cesc*(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . . 751
Rubi [A] (verified) . . . . . . . . 75
Mathematica [A] (verified) . . . . . . . . . . .. rdrd
Maple [A] (verified) . . . . . . ... e
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 78
Sympy [F] . . o [78
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 78
Giac [A] (verification not implemented) . . . . . . . .. ... ... 79
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 79

Optimal result

Integrand size = 32, antiderivative size = 64

/csc3(e + fz)(a + asin(e + fr))*(c — csin(e + fz)) dz

— der+ a’carctanh(cos(e + fz))  a’ccot(e + fz) a’ccot(e + fx)csc(e + fx)
a 2f f 2f

[Out] -a~2*xc*x+1/2*a~2*c*arctanh(cos(f*xx+e))/f-a~2xcxcot (f*x+e)/f-1/2*%a"2xc*xcot (f
*x+e) *csc(fxx+e) /f

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00, number
of steps used = 7, number of rules used = 5, Bumber of rules _ , 156 Ryjes used = {3045,

’ integrand size
3855, 3852, 8, 3853}

/csc3(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx
_ d’carctanh(cos(e + fz))  d’ccot(e+ fx) a’ccot(e + fzx)csce + fx)
2f f 2f
[In] Int[Cscle + f*x]~3%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]

[Out] -(a~2xc*x) + (a~2*c*ArcTanh[Cos[e + fxx]])/(2*f) - (a~2%c*Cotl[e + fxx])/f -
(a~2*c*Cot[e + f*x]*Cscle + f*x])/(2*f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

+ a*(—c)z
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Rule 3045

Int[sin[(e_.) + (£_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_Ox((A_.) + (B_.)*xsin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[nl]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQl[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps
integral = / (—a’c — a’cesc(e + fz) + a’cesc®(e + fx) + a’cesc® (e + fx)) da

= —a’cz — (a’c) /csc(e+fx) dz+ (a’c) /CSCz(e-l-f.’L') dz+ (a’c) /csc3(e+fx) dzx

a’carctanh(cos(e + fz))  a’ccot(e + fz) csc(e + fx)
f 2f
(a%) /csc(e t fo)de - (a%c) Subst(fld;,x,cot(e + fz))
— dlent a’carctanh(cos(e + fz)) a’ccot(e + fz) a’ccot(e + fx)csc(e + fx)
- 2f f 2f

N

= —a“cr +

N[ =

+




(s

Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.48

/csc3(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz =

_a2c(86 +8fz +4cot (3(e+ fz)) + csc? (2(e + fz)) — 4log (cos (1(e + fz))) + 4log (sin (1(e + fz)
8f

[In] Integrate[Cscle + f*x]~"3*(a + axSin[e + fx*x])~2x(c - c*Sin[e + f*x]),x]
[Out] -1/8%(a"2*c*x(8%e + 8*f*x + 4*Cot[(e + f*x)/2] + Cscl[(e + f*x)/2]72 - 4xLogl
Cos[(e + f*x)/2]] + 4xLog[Sin[(e + f*x)/2]] - Sec[(e + f*x)/2]72 - 4*Tan[(e

+ £*x)/2]1))/f

Maple [A] (verified)

Time = 0.78 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.14

method result

a?c(tan?(£24+2)—(cot2 (L2 +¢))—8fz+4tan( £Z+<)—4In(tan(£2+£) ) —4cot( L2 +¢
S X ) B ) e 2 e e 2 e )

. . L. —azc(fa:+e)—aQCln(csc(fa:-l-e)—cot(fa:+e))—azccot(f:z+e)+azc<— Csc(fw+e)2C°t(fw+e) + ln(csc(fw+e)2_wt(fz+e)) )

derivativedivides 7

—a?c(fr+e)—a?cln(csc(fr+e)—cot(fr+e))—a’c cot(fw+e)+a20<— csc(fz+e)2c°t(fz+e) + ln(csc(fz+e)2_c°t(fz+e)) )
default 7

2 3i(fxte) 4 qi(fz+e) __9ia2i(fz+e) ; 2 i(fz+e) 2 i(fzte)__

. ) aZc(e +e 2ie +21) a’cln(e +1) _a cln(e 1)
risch a“cx + (@G 1) + 57 57

azc(tan7(%+%)) ﬁ 3a2c(tan2(%+%)) 7a2c(tan6(%+%)) 11a2c(tan4(%+%)) a2ctan(%+%) a2c(tan3
norman f 8f 4f 8f 8f 2f

tar

[In] int(csc(f*x+e) 3x(a+ta*sin(f*x+e)) "2+ (c-cxsin(f*x+e)) ,x,method=_RETURNVERBOS
E)

[Out] 1/8*a~2xcx(tan(1/2*f*x+1/2%e) "2-cot (1/2xf*x+1/2%e) "2-8*f*x+4*xtan(1/2xf*x+1/
2xe)-4x1n(tan(1/2*xf*x+1/2%e) ) -4*cot (1/2*xf*x+1/2*%e)) /f
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(60) = 120.

Time = 0.28 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.16

/csc3(e + fz)(a + asin(e + fz))*(c — csin(e + fz))dz =

da’cfxcos (fr +e)® — da’cfr — da’ccos (f + e)sin (fz + e) — 2a%ccos (fr +e) — (a’ccos (fz +e)
B 4 (fcos(fz +e)’ -

[In] integrate(csc(f*x+e) 3% (a+a*sin(f*x+e)) 2% (c-cksin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/4x%(4xa~2*ckfxxxcos(f*x + e)”2 - 4*a~2kcxfxx — 4*a~2xcxcos(f*x + e)*sin(f
*X + e) - 2%a”~2xcxcos(f*x + e) - (a"2xcxcos(f*x + e)~2 - a~2*c)*log(1l/2*cos

(fxx + e) + 1/2) + (a"2*c*cos(f*x + e)”2 - a"2xc)*log(-1/2*cos(f*x + e) + 1
/2))/(fxcos(f*x + )72 - f)

Sympy [F]

/csc3(e + fz)(a + asin(e + fx))?*(c — csin(e + fz)) dz
= —azc(/ (—sin (e + fz)csc® (e + fx)) dr + /sin2 (e + fx)csc® (e + fz)dx
+ /sin3 (e + fx)csc® (e + fx) dx + / (—csc® (e + fx)) da:)

[In] integrate(csc(f*x+e)**3*(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -a**2*c*x(Integral(-sin(e + f*x)*csc(e + f*x)**3, x) + Integral(sin(e + f*x)
*x*x2%csc(e + f*x)**3, x) + Integral(sin(e + f*x)**3*csc(e + f*x)**3, x) + In
tegral(-csc(e + f*x)**3, x))

Maxima [A] (verification not implemented)

nomne

Time = 0.20 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.64

/csc3(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dx =

4(fzr +e)a’c— a%(i&?—ﬁ?% —log (cos (fz +€) + 1) + log (cos (fz + ) — 1)) — 2 a?c(log (cos (fx -

_ 7
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[In] integrate(csc(f*x+e) 3*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/4%(4x(f*x + e)*a~2*%c - a~2*kc*x(2xcos(fxx + e)/(cos(f*x + e)”2 - 1) - log(
cos(f*x + e) + 1) + log(cos(f*x + e) - 1)) - 2*xa~2*xcx(log(cos(f*x + e) + 1)
- log(cos(f*x + e) - 1)) + 4*xa"2xc/tan(f*x + e))/f

Giac [A] (verification not implemented)

none

Time = 0.32 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.81

/csc3(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dz

2 1
6a ctan(§

a’ctan (3 fz + %6)2 —8(fz + €)a’c — 4a’clog (|tan (5 fz + 1e)|) + 4a’ctan (1 fx + Je) +
= 57

[In] integrate(csc(f*x+e) 3*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/8*(a"2*c*tan(1/2%f*xx + 1/2%e)”2 - 8*(f*x + e)*a”2%c - 4*a~2*cx*log(abs(tan
(1/2%f*xx + 1/2%e))) + 4xa~2xcxtan(1/2*xf*x + 1/2%e) + (6%a~2xcxtan(1l/2*xf*x +
1/2%e) "2 - 4*xa~2xcxtan(1/2*f*xx + 1/2%e) - a~2%c)/tan(1/2*xfxx + 1/2%e)"2)/f

Mupad [B] (verification not implemented)

Time = 12.17 (sec) , antiderivative size = 163, normalized size of antiderivative = 2.55

/csc3(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dx

sin(g+L2 2 cos( g+24% ) +sin( g+42
o ctan( + %) a’cln <W> 2a20atan(co5(g(+f; 22 sinE§+f;;>
B 2f 2 f f
@ coot( +1F) _ ateoot(5+5F)"  aPetan(s + )
- 2 f N 8 f * 8 f

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x)~3,x)

[Out] (a™2*cxtan(e/2 + (fxx)/2))/(2xf) - (a"2xc*log(sin(e/2 + (f*x)/2)/cos(e/2 +
(fxx)/2)))/(2%f) - (2*xa~2xcxatan((2*xcos(e/2 + (f*x)/2) + sin(e/2 + (f*x)/2)
)/(cos(e/2 + (f*x)/2) - 2*xsin(e/2 + (f*x)/2))))/f - (a~2xcxcot(e/2 + (f*x)/
2))/(2xf) - (a~2xcxcot(e/2 + (f*x)/2)72)/(8*f) + (a~2*c*tan(e/2 + (f*x)/2)~

2) /(8%f)
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3.8 [ csct(e+ fx)(a+asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . . . e (0]
Rubi [A] (verified) . . . . . . . . . . R0
Mathematica [B] (verified) . . . . . . . . . .. .. ]2
Maple [A] (verified) . . . . . . . . .. 82
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... . ...... R3
Sympy [F] . . o 34
Maxima [B] (verification not implemented) . . . . . . . . ... .. Lo L. R4
Giac [B] (verification not implemented) . . . . . . . .. ... ... L. kX!
Mupad [B] (verification not implemented) . . . ... ... .. .. ... ....... ]5)

Optimal result

Integrand size = 32, antiderivative size = 61

/CSC4(€ + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dzx

_ a’carctanh(cos(e + fr)) a’ccot’(e+ fz) a’ccot(e+ fr)csc(e+ fx)
- 2f B 3f B 2f

[Out] 1/2*a"2%cxarctanh(cos(f*x+e))/f-1/3%a"2xcxcot (fxx+e) ~3/f-1/2*%a~2*c*xcot (f*x+
e)xcsc(f*xx+e)/f

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 198 Ryjles used = {3029,

’ integrand size
2785, 2687, 30, 2691, 3855}

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

_ d’carctanh(cos(e + fz))  d’ccot’(e+ fz) aPccot(e + fx)csc(e + fx)
N 2f 3f 2f

[In] Int[Csc[e + f*x] 4*(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]

[Out] (a~2*c*ArcTanh[Cos[e + f*x]])/(2xf) - (a~2xc*Cot[e + f*x]~3)/(3*f) - (a~2*c
xCot [e + f*xx]*Cscl[e + f*x])/(2*f)

Rule 30
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Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2687

Int[sec[(e_.) + (£_.)*(x_ )] " (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !'(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 2691

Int[((a_.)*sec[(e_.) + (£_.)*(x_)]1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[b*(axSec[e + f*x]) m*((b*Tan[e + f*x])~(n - 1)/(f*(m
+n-1))), x] - Dist[b™2%((n - 1)/(m + n - 1)), Int[(axSec[e + f*x]) m*(b
*Tan[e + f*x])~(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] && IntegersQ[2*m, 2xn]

Rule 2785

Int[((g_.)*tan[(e_.) + (£_.)*(x_)]1)"(p_.)/((a_) + (b_.)*sin[(e_.) + (£f_.)*(
x_)]), x_Symbol] :> Dist[1/a, Int[Secle + f*x] 2*x(g*Tanl[e + f*x])~p, x], x]
- Dist[1/(b*g), Int[Sec[e + f*x]*(g*Tan[e + f*x])~(p + 1), x], x] /; FreeQ
[{a, b, e, f, g, p}, x] && EqQ[a~2 - b2, 0] && NeQ[p, -1]

Rule 3029

Int[sinl(e_.) + (f_.)*(x_)]1 " (p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)])"(m_
D*x((c ) + (d_.)*sinl(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
Int[Tan[e + f*x] px(a + b*Sinf[e + f*x])"(m - n), x], x] /; FreeQ[{a, b, c,
d, e, f, m}, x] && EqQ[b*c + axd, 0] && EqQ[a"2 - b~2, 0] && EqQ[p + 2%*n,
0] && IntegerQ([n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

. cot*(e + fx
integral = (a202) / c— csi(n(e j‘ sz) &

= (a’c) /cotz(e + fz) csc(e + fz) dz + (a’c) /C0t2(€+ fz)csc®(e + fx)dz
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_ _a’ccot(e + f;;) csc(e+ fz) %(a%) /csc(e—l— f2) da
(a®c) Subst( [ 22 dz, z, — cot(e + fz))
" 7
__a’carctanh(cos(e + fz)) a’ccot’(e+ fx) a’ccot(e+ fz)cscle + fx)
- 2f B 3f B 2f

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 172 vs. 2(61) = 122.

Time = 0.20 (sec) , antiderivative size = 172, normalized size of antiderivative = 2.82

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

)
_ a20<C0t (3(e+ fz)) _ esc? (3(e+ fz)) _ cot (2(e+ fz)) csc? (3(e + fz))

6f 8f 24f
log (cos (3(e + fz))) _log (sin (i(e + fz))) N sec® (1(e + fz)) _ tan (3(e+ fz))
2f 2f 8f 6f
N sec’ (L(e+ fz)) tan (3(e + fa:)))
24f

[In] Integrate[Cscle + f*x]~4*(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] a~2*xcx(Cot[(e + fxx)/2]/(6%f) - Cscl[(e + £*xx)/2]172/(8%f) - (Cotl[(e + f*x)/2
1xCsc[(e + £*x)/2]172)/(24xf) + Logl[Cos[(e + £f*x)/2]11/(2*f) - Logl[Sin[(e + £
*x)/2]1/(2x£) + Sec[(e + fxx)/2]72/(8*f) - Tan[(e + f*x)/2]/(6%f) + (Sec[(e

+ f*xx)/2]72+Tan[(e + f*x)/2])/(24%f))

Maple [A] (verified)

Time = 0.92 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.56
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method result

a20<tan3 <%+%)—(cot3 <%+%))+3<tan2 (%+%>>—3(cot2 <%+%))—3tan<%+%)—121n<tan<%+%))+3c

parallelrisch 547

r+e t(fz+e In xz+e)—cot(fzr+e Cf
—aQCln(csc(fz+e)—cot(fz+e))+a20cot(fm+e)+azc(— ose(f );0 (fzte) | In(osc(f )2 cot(f ))>+a2c<—§—(

derivativedivides 7

te) cot(fzte) | 1 +e)—cot(fz+ b
—azcln(csc(fx—i—e)—cot(fx+e))+azccot(fx+e)+a20(—Csc(fm e);o (fate) | In(esc(fa 5)2 cot(fz e)))+a2c<_§_(

default 7

azc(Gie4i(fz+e)+3e5i(fx+e)+2i—3ei(fz+e)) + aQCln(ei(f“”+e)+1) a2cln(ei(fx+e)—1)

I'lSCh 3f(e2’(fm+e)—1)3 2f

2 3a20(tan3(é}+%)) 7a2c(tan7<%+%)) 11a2c(tan5(%+§)) azctan(%+%) azc(tan4(é}+%)) a2c(tar
_ _ _ 3 _

_24f if 8f 8F f

8f

norman

tan(%-}-% 3(1+tan2 (%4-%))

3

[In] int(csc(f*x+e) 4*(at+a*sin(fxx+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS

E)

[Out] 1/24%a~2%c*(tan(1/2*xf*xx+1/2%e) “3-cot (1/2%f*x+1/2%e) "3+3*xtan(1/2xf*xx+1/2%e) "~
2-3%cot (1/2*%f*xx+1/2%e) “2-3xtan(1/2xf*xx+1/2%e)-12*1n(tan(1/2*f*xx+1/2%e) ) +3*c

ot (1/2%f*xx+1/2%e)) /£

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(55) = 110.

Time = 0.28 (sec) , antiderivative size = 137, normalized size of antiderivative = 2.25

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

_4a’ccos(fz +e€)’ + 6a’ccos (fr + e)sin (fz + €) + 3 (a’ccos (fr + €)? — a’c) log (3 cos (fz +€) + 3)

12 (fcos (fx +e)® — f) sin (f

[In] integrate(csc(f*x+e) “4*(a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr

icas")

[Out] 1/12%(4*a~2xcxcos(f*x + e)~3 + 6*a~2xckcos(f*x + e)*sin(f*x + e) + 3*(a™2*c
xcos(f*x + e)”2 - a”2*c)*log(1l/2xcos(f*x + e) + 1/2)*sin(f*x + e) - 3*(a~2x%
ckcos(fxx + e)72 - a"2xc)*log(-1/2xcos(f*x + e) + 1/2)*sin(f*x + e))/((f*co

s(fxx + €)72 - f)xsin(f*x + e))
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Sympy [F]

csct(e + fz)(a + asin(e + fx))?(c — csin(e + fz)) dz
/
= —a’c (/ (—sin (e + fz)csc* (e + fz)) dr + /Sin2 (e + fz)csct (e + fz)dx
+ /Sin3 (e + fz)csc* (e + fz)dx + / (—csc* (e + fz)) d:v)

[In] integrate(csc(f*x+e)**4*(at+ta*sin(f*xx+e))**2*(c-c*sin(f*x+e)),x)

[Out] -ax*2xcx(Integral(-sin(e + f*x)*csc(e + f*x)**4, x) + Integral(sin(e + f*x)
x*2kcsc(e + f*x)*x4, x) + Integral(sin(e + f*xx)**3*csc(e + f*x)**4, x) + In
tegral(-csc(e + f*x)*x4, x))

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 120 vs. 2(55) = 110.

Time = 0.20 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.97

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

3azc<£;;—ﬁg"% —log (cos (fr +e€) + 1) + log (cos (fx +e) — 1)) + 6 a*c(log (cos (fz +€) + 1) — log (c

- 12f

[In] integrate(csc(f*x+e) 4*(ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/12%(3*a”~2*c*(2*cos(f*x + e)/(cos(f*x + e)”2 - 1) - log(cos(f*x + e) + 1)
+ log(cos(f*x + e) - 1)) + 6*%a~2*c*(log(cos(f*xx + e) + 1) - log(cos(f*x + e

) - 1)) + 12%a"2xc/tan(f*x + e) - 4*(3*xtan(f*x + e)”~2 + 1)*a"2xc/tan(f*x +
e)~3)/f

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 139 vs. 2(55) = 110.

Time = 0.31 (sec) , antiderivative size = 139, normalized size of antiderivative = 2.28

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

a’ctan (3 fz + 1 6)3 + 3d’ctan (3 fz + %6)2 —12a%clog (|tan (3 fz + 1 ¢e)|) —3a’ctan (3 fx + Se) +
- 24 f
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[In] integrate(csc(f*x+e) 4*(ataxsin(f*x+e)) 2+ (c-cksin(f*x+e)),x, algorithm="gi

ac")

[Out] 1/24x(a"2xc*tan(1/2*f*xx + 1/2%e)”3 + 3*a~2xcxtan(1/2*f*xx + 1/2%e)”2 - 12%a"~
2*¢cxlog(abs(tan(1/2*%f*x + 1/2%e))) - 3xa~2*c*tan(1/2*f*x + 1/2%e) + (22xa”2
xcktan(1/2xfxx + 1/2%e)”3 + 3*%a~2*ckxtan(1/2xfxx + 1/2%e)”2 - 3*a~2*cxtan(1l/
2xfxx + 1/2%e) - a~2xc)/tan(1/2*xf*x + 1/2%e)~3)/f

Mupad [B] (verification not implemented)

Time = 11.69 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.16

/csc4(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

_ azctan(g + %)2 B azctan(g + %)

8 f 8 f
cot (2 + £2)° (—ca2 tan (g + £2)* + ca?tan (S + £2) + %)
_ 57
a%tan(%—i—%x)g ac In (tan($ + £2))
24 f 2 f

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x)~4,x)

[Out] (a~2xcxtan(e/2 + (£f*x)/2)"2)/(8xf) - (a~2xcxtan(e/2 + (£f*x)/2))/(8*f) - (co
t(e/2 + (f*x)/2)"3*%((a"2%c)/3 + a~2xcxtan(e/2 + (f*x)/2) - a~2*cxtan(e/2 +
(£*x)/2)°2))/(8%f) + (a~2*xc*xtan(e/2 + (£f*x)/2)"3)/(24xf) - (a~2xc*log(tan(e

/2 + (£xx)/2)))/(2%£f)
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3.9 [ esc®(e+ fx)(a+ asin(e+ fx))?*(c — csin(e +
fz))dz

Optimal result . . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . . . 36
Mathematica [B] (verified) . . . . . . . . . .. .. ]Y
Maple [A] (verified) . . . . . . . . .. 89
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ....... R9
Sympy [F(-1)] . . o o 90
Maxima [B] (verification not implemented) . . . . . . . ... ... ... . ... 90
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo Lo L. 90
Mupad [B] (verification not implemented) . . . . ... .. ... .. ... ....... OT]

Optimal result

Integrand size = 32, antiderivative size = 86

/csc5(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

__a’carctanh(cos(e + fz)) a’ccot’(e + fz)
- 8f 3
N a’ccot(e + fz)csc(e + fx)  a’ceot(e + fx) csc’(e + fx)
8f Af

[Out] 1/8*a"2*cxarctanh(cos(f*xx+e))/f-1/3%a"~2xc*xcot (f*x+e) ~3/f+1/8%a " 2xc*xcot (f*x+
e)*csc(f*xx+e) /f-1/4%a~2*c*cot (fxx+e) *csc(f*xx+e) ~3/f

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.00, number
of steps used = 11, number of rules used = 5, umber of rules _ () 156 Ryjeg yged = {3045,

' integrand size
3852, 8, 3853, 3855}

/csc5(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

__a’carctanh(cos(e + fzr)) a’ccot’(e + fx)
- 8f 3
_ a’ceot(e + fx) csc’(e + fx) N a’ccot(e + fz)csc(e + fx)
Af 8f

[In] Int[Csc[e + f*x] 5%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]



87

[Out] (a~2xcxArcTanh[Cos[e + f*x]])/(8%f) - (a~2*c*xCot[e + f*x]~3)/(3*f) + (a~2*c
*Cot [e + f*x]*Cscle + fxx])/(8+f) - (a~2%c*Cot[e + fxx]*Cscl[e + f*x]~3)/(4x*
f)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3045

Int[sin[(e_.) + (f_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi
nle + f*x]"n*(a + b*sin[e + f*x]) m*(A + Bxsin[e + fx*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ[n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2*x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
integral = / (—a’cesc®(e+ fz) — a’cesc®(e+ fz) + a’cesc?(e+ fr) + a’cesc’ (e + fx)) da

= —((azc) /cscz(e—l-f:c) dx) — (a®c) /csc3(e+f:c) dx

+ (a’c) /csc4(e + fz)dz + (a’c) [ csc®(e+ fz)dzx
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_a’ccot(e + fz)csc(e+ fr)  aPccot(e + fz)csc(e + fx)
B 2f B 4f

- %(a%) /csc(e + fx)dz + }1(3a20) /csc3(e + fz)dx
(a%c) Subst( [ 1dz,z,cot(e + fz)) (a®c)Subst([ (1+ 2?) dz,z,cot(e + fz))

f B f

__a’carctanh(cos(e + fz)) a’ccot?(e+ fxr) | a’ccot(e+ fz)csc(e + fx)
= of - 3f + 8f

2 3

_ decotfe + f:}CSC (et /o) + %(3a26) /csc(e + fz)dx

__a’carctanh(cos(e + fz)) a’ccot’(e + fx)
- 8f B 3f

a’ccot(e + fx)csc(e + fr) a’ccot(e + fx)csc3(e + fx)

8f B Af

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 179 vs. 2(86) = 172.

Time = 0.22 (sec) , antiderivative size = 179, normalized size of antiderivative = 2.08

/csc5(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx
_ d’ccot(e + fz) a’cese® (3(e+ fz)) _ a’cesc’ (3(e+ fz))

3f 32f 64f
_a’ceot(e + fx) csc?(e + fx) N a’clog (cos (3(e + fz)))
3f 8f
a’clog (sin (3(e + fz))) a*csec® (3(e+ fz))  a’csec* (3(e + fz))
B 8f - 32f + 64f

[In] Integrate[Csc[e + f*x]~5*x(a + a*Sin[e + f*x])~2x(c - c*Sinl[e + fx*x]),x]

[Out] (a"2*c*Cot[e + f*x])/(3*f) + (a~2xcxCsc[(e + f*xx)/2]72)/(32xf) - (a~2*xc*Csc
[(e + £xx)/2]74)/(64*xf) - (a~2*c*Cot[e + f*x]*Cscl[e + f*x]~2)/(3*f) + (a~2*
c*Log[Cos[(e + £*x)/2]]1)/(8xf) - (a"2xcxLog[Sin[(e + f*x)/2]1]1)/(8*f) - (a~2
xc*xSec[(e + fxx)/2]72)/(32xf) + (a~2xc*Sec[(e + f*x)/2]74)/(64%f)
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Maple [A] (verified)

Time = 1.07 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.27

method result
pa,ra]_lelrisch a2c(—3 (tan8 (%-{-%)) -8 (tan7 (%—i—%) ) +241In (tan(%—l—%)) (tan4 <%+§) +24 (tan5 (%-l—%) ) —24 (tan3 (f“
- 4
192 tan(£2+5)
a2ccot(fz +e)_a20(_ csc(fwte) cot(frte) | In(eac(fate)—cot(frte)) ) taZe <_ 2 _W) cot(fo-+e)+aZe < <_
derivativedivides 7
2
a2coot(fz +e)_a2c(_ sc(fate) cot(fare) | In(csc(fo+e)—cot(fate)) ) a2 <_ 2 _((f*))> cot(fo-te)+aZe < (_
default
isch a?c(3e7ilfzte) 101 edilfate) _944e0i(fate) 101 e3i(fote) yogieti(fote) 4 3 eilfate) _gie2i(fote) 1 8;) n a?cln (e’
T1SC 12f (e2i(fz+e)_]_)4 8
a2c a2c(tan8(f7z+%)) 3a20(tan4(1;+%)) 5a20(tan6(%+%)) azctan(%-ﬁ—%) 3a2c(tan2(f7z+%)) azc(tanE
norman —64f 8f — 32f — 32f — 24f — 64f +
4
tan<%+%) (1+tan2 (%4

[In] int(csc(f*x+e) 5x(a+a*sin(f*x+e)) " 2*(c-cxsin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] -1/192%a"2xc*(-3xtan(1/2*xf*x+1/2%e) "8-8*tan(1/2*xf*xx+1/2%e) ~7+24*1n(tan(1/2x%
fxx+1/2%e) ) *tan(1/2%f*xx+1/2%e) ~4+24xtan (1/2*xf*x+1/2%e) ~5-24xtan(1/2xf*x+1/2
*e) "3+8*tan (1/2xf*x+1/2%e)+3) /f/tan(1/2xf*xx+1/2%e) "4

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 166 vs. 2(78) = 156.

Time = 0.26 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.93

/csc5(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dx =

16 a®ccos (fz + €)’sin (fz + €) + 6 accos (fz +e)® + 6accos (fz +e) — 3 (accos (fz +e)* — 242
48 (f cos (f

[In] integrate(csc(f*x+e) 5% (a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/48%(16*a~2*xc*kcos(f*xx + e)~3*sin(f*x + e) + 6%a~2xckcos(f*xx + e)~3 + 6%a”
2xckxcos(f*x + e) - 3x(a”2*kcxcos(f*x + e)”4 - 2¥a~2xc*cos(f*x + e)”2 + a"2%c
)xlog(1/2*cos(f*x + e) + 1/2) + 3*x(a~2*xc*cos(f*x + e)"4 - 2xa~2*c*cos(f*x +

e)”2 + a"2xc)*log(-1/2xcos(f*x + e) + 1/2))/(f*cos(f*x + e)~4 - 2xfxcos(f*
X +e)2+ f)



90

Sympy [F(-1)]

Timed out.

/csc5(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dz = Timed out

[In] integrate(csc(f*x+e)**5x(ataxsin(f*x+e))**2*x(c-c*sin(f*x+e)) ,x)

[Out] Timed out

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 165 vs. 2(78) = 156.

Time = 0.20 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.92

/csc5(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dz

9 (2 (3 cos(fz+e)3—5 cos(fx-{-e))
3a‘c 1 2
cos(fz+e)*—2 cos(fz+e)“+1

3o cos(f2-+€) 1)+ 3o e (2 +€) 1)) — 12ae( 2ot

48 f

[In] integrate(csc(f*x+e) “5*(ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/48%(3*a~2*xc*x(2*(3*cos(f*x + e)~3 - bxcos(f*x + e))/(cos(f*x + e)"4 - 2*co
s(f*x + )72 + 1) - 3xlog(cos(f*x + e) + 1) + 3xlog(cos(f*xx + e) - 1)) - 12
*xa~2%c* (2*xcos(f*x + e)/(cos(f*x + e)72 - 1) - log(cos(f*x + e) + 1) + log(c
os(f*x + e) - 1)) + 48*%a"2xc/tan(f*x + e) - 16x(3xtan(f*x + e)"2 + 1)*a~2xc
/tan(f*x + e)~3)/f

Giac [A] (verification not implemented)

nomne

Time = 0.40 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.63
/0805(6 + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

3a’ctan (3 fz + 6)4 + 8a’ctan (5 fz + 3 6)3 —24a’clog ([tan (1 fz + 1 e)|) —24a’ctan (1 fz + Se)
192 f

[In] integrate(csc(f*x+e) 5*(ata*sin(f*x+e)) "2*(c-c*ksin(f*x+e)),x, algorithm="gi
acll)

[Out] 1/192%(3*a~2xcxtan(1/2*xfxx + 1/2%e)~4 + 8*a~2xcxtan(1/2*fxx + 1/2%e)"3 - 24
*xa~2xcxlog(abs(tan(1/2xf*x + 1/2%e))) - 24*%a~2*ckxtan(1l/2*xf*x + 1/2%e) + (50
xa~2xcktan (1/2xfxx + 1/2xe) "4 + 24*a~2xcktan(1/2xfxx + 1/2%e) "3 - 8*a~2xcx*t
an(1/2xf*xx + 1/2xe) — 3*a~2xc)/tan(1/2*fxx + 1/2%e)~4)/f
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Mupad [B] (verification not implemented)

Time = 11.53 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.55

/csc5(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dx

_ a’ctan(% + %)3 B a®ctan(§ + £°)

24 f 8f
ca?tan(g+LZ
cor(5 + )" (~2eatran(s + 5)° + )y o)
- 16
aZCtan(§+f7x)4 ac In (tan($ + £2))
64 f 87

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)))/sin(e + f*x)~5,x)

[Out] (a~2xcxtan(e/2 + (£f*x)/2)73)/(24xf) - (a~2xcxtan(e/2 + (£f*x)/2))/(8xf) - (c
ot(e/2 + (£f*x)/2)"4x((a"2*c)/4 + (2*a~2xcxtan(e/2 + (f*x)/2))/3 - 2*a"2*c*t
an(e/2 + (£*x)/2)73))/(16%f) + (a~2*cxtan(e/2 + (f*x)/2)"4)/(64xf) - (a~2*c

*log(tan(e/2 + (£*x)/2)))/(8%f)
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3.10 [ esc®(e+ fz)(a+asin(e+ fz))*(c—csin(e+
fx))dz

Optimal result . . . . . . . . . . . . e e 92]
Rubi [A] (verified) . . . . . . . . 92i
Mathematica [A] (verified) . . . . . . . . ... L 94
Maple [A] (verified) . . . . . . . . . 94
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 95
Sympy [F(-1)] . . o o 96!
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 961
Giac [A] (verification not implemented) . . . . . . . . ... ... L. 96
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 97

Optimal result

Integrand size = 32, antiderivative size = 105

/csc6(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dx

_a’carctanh(cos(e + fz)) a’ccot’(e+ fx) a’ccot’(e+ fx)
- 8f 3 5f
N a’ccot(e + fx) csc(e + fx)  a’ceot(e + fx) csc’(e + fx)
8f Af

[Out] 1/8*a"2*cx*arctanh(cos(f*x+e))/f-1/3%a"2xcxcot (fxx+e) ~3/f-1/5%a~2*c*cot (f*x+
e)"5/f+1/8*a"2*xcxcot (fxx+e) *xcsc (f*xx+e) /f-1/4*a"2xc*cot (f*x+e) *csc (f*xx+e) "3/
f

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.00,
number of steps used = 11, number of rules used = 4, umber of rules _ 4 195 Ryjjes used

' integrand size
= {3045, 3853, 3855, 3852}

/cscﬁ(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz

_a’carctanh(cos(e + fz)) a’ccot’(e+ fx) a’ccot}(e+ fx)
- 8f - 5f 3
_ d’ccot(e + fx) csc’(e + fx) N a’ccot(e + fz)csc(e + fx)
Af 8f

[In] Int[Csc[e + f*x]“6%(a + a*Sin[e + f*x])~2%(c - c*Sin[e + f*x]),x]
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[Out] (a~2xcxArcTanh[Cos[e + f*x]])/(8%f) - (a~2*c*Cot[e + f*x]~3)/(3*f) - (a~2*c

*Cot [e + f*x]~5)/(6%f) + (a~2*c*Cot[e + f*xx]*Cscle + fxx])/(8+f) - (a~2*cx*C
ot[e + f*x]*Cscle + f*xx]~3)/(4xf)

Rule 3045

Int[sin[(e_.) + (£_)*(x_)]1 " (m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]), x_Symbol] :> Int[ExpandTrig[si
n[e + f*xx] n*(a + bxsin[e + f*x]) m*(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ
[m] && IntegerQ([n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

integral = / (—a’cesc®(e+ fz) —a’cesct(e + fx) + a’cesc®(e + fr) + a’cesc®(e+ fx)) dx

— —((a2c) /csc3(e + fx) dx) — (a’c) /csc4(e + fx)dx
+ (a’c) /csc5(e + fz)dz + (a’c) /CSC6(6 + fx)dzx
_ a*ccot(e + fx)csc(e + fx)  a’ccot(e + fx)csc®(e + fx)
2f 4f
— %(a%) /csc(e + fz)dz + }1(36120) /csc3(e + fz)dx

N (a®c) Subst( [ (1 + 2?) dz, z, cot(e + fz))

f
(a*c) Subst( [ (1 + 2z* + z*) dz, z, cot(e + fz))

f
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_ a’carctanh(cos(e + fx))  a’ccot®(e + fx)

2f 3f
a’ccot’(e + fr) a’ccot(e+ fx)csc(e + fx)
B 5f + 8f
2 3
_ a’ccot(e + f:J)ccsc (e+ fzx) N %(3@20) /csc(e + fa)du
_ d’carctanh(cos(e + fz)) d’ccot’(e+ fz) d’ccot’(e+ fx)
B 8f 3f 5f
a’ccot(e + fx)csc(e + fz)  a*ccot(e + fz)cescd(e + fz)
8f B Af

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.94

/0806(6 + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

_ 2a%ccot(e + fx) N a*cesc? (3(e+ fx)) B a*cesct (1(e+ fx))
15f 32f 64f
a’ccot(e + fz)csc’(e+ fx)  a’ccot(e + fz)csct(e + fz)
15f N 5f
a’clog (cos (3(e + fz))) a’clog (sin (3(e + fz)))
8f - 8f
a’csec® (3(e+ fx)) a’csec* (3(e+ fz))
B 32f 64

[In] Integrate[Csc[e + f*x]~6%(a + a*Sin[e + f*x])~2x(c - c*Sinl[e + fx*x]),x]

[Out] (2*a~2*c*Cotl[e + f*x])/(15*%f) + (a~2xcxCsc[(e + f*x)/2]72)/(32xf) - (a~2*cx*
Cscl[(e + f*x)/2]74)/(64xf) + (a~2xc*Cot[e + f*x]*Cscle + £xx]~2)/(15%f) - (
a~2xcxCot [e + fxx]*Cscle + f*x]~4)/(56xf) + (a"2xcxLogl[Cos[(e + f*x)/2]1]1)/(8

*xf) - (a"2xcxLog[Sin[(e + f*x)/2]]1)/(8*%f) - (a"2*c*Sec[(e + fxx)/2]72)/(32%

f) + (a™2*c*xSec[(e + f*x)/2]74)/(64%f)

Maple [A] (verified)

Time = 1.24 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.17
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method result

a?c(—6(tan® (52 +5) ) +6(cot® (2 +5) ) —15(tant (47 +5 ) ) +15(cot (42 +5) ) —10(tan® (42 +5 ) ) +10(cot?

parallelrisch — 960

. a?c(15e%1(/2+e) 1:240ie0i(f2+e) 190 e7i (o +e) 1 80jeti(fo+e) 1-80je2i(f2+e) _gp e3ilfote) _16i—15ei/=+e))  q2c
risch — 2i(fore) 115 -
60f (e2i(fzte) 1)

2 3
2 (_ csc(fm+e)2cot(fz+e) + 1n(csc(fa:+e)2—cot(fx+e)) ) —a2e <_§_ (csc (f:t+e)) > Cot(fz+e)+a2c < <_ (csc (f:13+e)) _

—a“c 3 p
derivativedivides
_azc(_ csc(f:v+e)2cot(fz+e) + ln(csc(fz+e)2—cot(fz+e)) ) _aZc <_§_ (0502(§x+€)) > cot(fx~|—e)+a2c< (_ (0503(Zx+e)) _
default
o2c azc(tang(é}+%)) 3a2c(tan5<%+%)) 5a2c(tan7(%+§)) a c‘can(faE ) 7a20(tan2(é}+%)) 3a2c(te
norman T 160f 8f - 32f B 32f 64f 240f -

[In] int(csc(f*x+e) 6% (at+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] -1/960*%a~2xc*x(-6*tan(1/2xf*xx+1/2%e) “5+6*cot (1/2*%f*xx+1/2%e) "5-15%xtan(1/2xf*x
+1/2%e) “4+15%cot (1/2xfxx+1/2*%e) "4-10*xtan (1/2*f*xx+1/2%e) ~3+10*cot (1/2xf*x+1/

2xe) ~3+120*%1n(tan (1/2*xf*x+1/2%e) ) +60*tan(1/2xf*x+1/2%e) -60*%cot (1/2xf*x+1/2*

e))/f

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 201 vs. 2(95) = 190.

Time = 0.27 (sec) , antiderivative size = 201, normalized size of antiderivative = 1.91

/cscﬁ(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz
_ 32a’ccos (fz +e€)’ —80a’ccos (fz +€)’ + 15 (a’ccos (fz + €)' — 2a’ccos (f +€)? + a’c) log (3 cos |

[In] integrate(csc(f*x+e) 6% (ata*xsin(f*x+e)) "2x(c-c*ksin(f*x+e)),x, algorithm="fr
icas")

[Out] 1/240%(32*a"2*c*cos(f*x + e)~5 - 80*a~2xc*cos(f*x + e)~3 + 15x(a~2*c*cos(f*
X + e)”4 - 2*a~2xcxcos(f*x + e)”2 + a~2*c)*log(l/2xcos(f*x + e) + 1/2)*sin(

fxx + e) - 15x(a"2*xcxcos(f*x + e)”™4 - 2%a~2*kcxcos(f*x + e)”2 + a~2*c)*log(-
1/2*%cos(f*x + e) + 1/2)*sin(f*x + e) - 30x(a~2*cxcos(f*x + e)~3 + a~2*c*cos

(fxx + e))*sin(f*x + e))/((fxcos(f*x + e)~4 - 2*f*cos(f*x + e)”2 + f)*sin(f

*xX + e))
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Sympy [F(-1)]

Timed out.

/cscﬁ(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz = Timed out

[In] integrate(csc(f*x+e)**6x(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.78

/cscﬁ(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dzx

15 42 2 (3 cos(fz+e)—5 cos(fw+e)>
Sa cos(fz+e)*—2 cos(fr+e)?+1

cos(fz+e)?-
2

— 3 log (cos (fz +e€)+ 1)+ 3 log (cos (fz +e) — 1)) — 60a20<M

[In] integrate(csc(f*x+e) “6*(a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/240%(15%a~2xc*(2*(3*cos(f*x + e)~3 — S*xcos(f*x + e))/(cos(f*xx + e)~4 - 2%
cos(fxx + e)”2 + 1) - 3*log(cos(f*x + e) + 1) + 3xlog(cos(f*x + e) - 1)) -
60*a~2xcx(2*cos(f*x + e)/(cos(f*x + e)72 - 1) - log(cos(f*x + e) + 1) + log
(cos(f*x + e) - 1)) + 80*x(3*tan(f*x + e)~2 + 1)*a~2xc/tan(f*x + e)~3 - 16%*(
16%tan(f*x + e)”4 + 10xtan(f*x + e)~2 + 3)*a"2xc/tan(f*x + e)~5)/f

Giac [A] (verification not implemented)

none
Time = 0.33 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.66
/cscﬁ(e + fz)(a + asin(e + fz))*(c — csin(e + fx)) dz

6a’ctan (1 fz + 1 6)5 + 15a*ctan (3 fz + %6)4 + 10a*ctan (3 fz + %6)3 —120a’clog (|tan (3 fz + 3 €
9¢

[In] integrate(csc(f*x+e) 6% (ataxsin(f*x+e)) 2+ (c-cksin(f*x+e)),x, algorithm="gi
ac")
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[Out] 1/960*(6*a~2xcxtan(1/2*xf*xx + 1/2%e)”5 + 15*%a~2xcxtan(1/2*f*x + 1/2%e)"4 + 1
Oxa~2xc*tan(1/2xf*x + 1/2xe)”3 - 120*a~2xcxlog(abs(tan(1/2*xf*xx + 1/2%e))) -
60*xa~2xcktan(1/2xf*x + 1/2xe) + (274xa~2xcxtan(1/2xf*x + 1/2xe)”5 + 60*a”2
xckxtan(1/2*%f*x + 1/2*%e)~4 - 10*xa~2*c*tan(1/2*xf*x + 1/2*%e)"2 - 15%xa~2*c*tan(
1/2xfxx + 1/2%e) - 6*a~2*c)/tan(1/2xfxx + 1/2*e)”"5)/f

Mupad [B] (verification not implemented)

Time = 12.00 (sec) , antiderivative size = 244, normalized size of antiderivative = 2.32

/cscﬁ(e + fz)(a+ asin(e + fx))*(c — csin(e + fz)) dzx =

a’c <Gcos (g + f"”)lo — 6sin (g + %’”)10 — 15 cos (g + fo) sin (g + %)9 + 15 cos (g + %)9 sin (% +

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~6,x)

[Out] -(a~2*c*(6*cos(e/2 + (f*x)/2)"10 - 6*xsin(e/2 + (f*x)/2)710 - 15%cos(e/2 + (
f*xx)/2)*sin(e/2 + (f*x)/2)79 + 15*cos(e/2 + (£f*x)/2)"9*sin(e/2 + (f*x)/2) -
10*cos(e/2 + (f*x)/2)"2*sin(e/2 + (f*x)/2)"8 + 60*cos(e/2 + (f*x)/2) 4*sin
(e/2 + (£f*x)/2)"6 - 60*cos(e/2 + (f*x)/2) 6*sin(e/2 + (f*x)/2)"4 + 10*cos(e
/2 + (f*x)/2)"8xsin(e/2 + (£*x)/2)"2 + 120*cos(e/2 + (£f*x)/2) 5*log(sin(e/2
+ (f*x)/2)/cos(e/2 + (£f*x)/2))*sin(e/2 + (£*x)/2)75))/(960*f*cos(e/2 + (fx
x)/2) "5*sin(e/2 + (f*x)/2)75)
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3.11 [ esc’(e+ fz)(a+asin(e+ fz))*(c—csin(e+
fx))dz

Optimal result . . . . . . . . . . . . e O8]
Rubi [A] (verified) . . . . . . . . . . 08
Mathematica [A] (verified) . . . . . . . . . .. 107
Maple [A] (verified) . . . . . . . . .. 1011
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ....... 102
Sympy [F(-1)] . . o o 102
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 102
Giac [B] (verification not implemented) . . . . . ... ... ... L L. 103l
Mupad [B] (verification not implemented) . . . ... ... .. .. ... ....... 103

Optimal result

Integrand size = 32, antiderivative size = 130

/csc7(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz
_ a’carctanh(cos(e + fz))  a*ccot®(e + fx)

16f 3f
_ d’ccot’(e + fx) N a’ccot(e + fx)csc(e + fz)
5f 16f
a’ccot(e + fx)csc®(e + fx)  a’ccot(e + fx)csc®(e + fx)
+ 24f - 6f

[Out] 1/16*a"2*c*arctanh(cos(f*x+e))/f-1/3*%a"2*cxcot (fxx+e) ~3/f-1/5%a"2%c*xcot (f*x
+e)~5/f+1/16%a~2*c*cot (f*x+e) *csc(f*x+e) /f+1/24%a~2xcxcot (f*x+e) *csc(f*x+e)
~3/f-1/6%a~2*xc*cot (f*x+e)*csc(f*x+e) 5/f

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.00,

_ _ 4 number of rules _
number of steps used = 13, number of rules used = 4, integrand size. 0.125, Rules used
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= {3045, 3852, 3853, 3855}

/csc7(e + fz)(a + asin(e + fr))*(c — csin(e + fz)) dz

_ d’carctanh(cos(e + fz))  da’ccot’(e + fx)

167 5/
a’ccot*(e + fxr) a’ccot(e+ fx)csc®(e+ fx)
- 3f - 6f
a’ccot(e + fx)esc®(e+ fx)  a’ccot(e + fz)cscle + fz)
+ 24f + 16/

[In] Int[Cscle + f*x] 7x(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] (a"2*c*ArcTanh[Cos[e + f*x]])/(16*f) - (a"2*c*Cotl[e + f*x]~3)/(3*f) - (a~2x*
cxCot[e + f*x]~5)/(6%f) + (a"2*c*Cot[e + f*x]*Cscle + f*x])/(16*xf) + (a~2*c

*Cot [e + f*x]*Cscl[e + f*x]~3)/(24*f) - (a"2*c*Cot[e + f*x]*Cscl[e + f*x]~5)/

(6%f)

Rule 3045

Int[sinl(e_.) + (f_)*(x_)]1 (n_.)*((a_) + (b_.)*sin[(e_.) + (f_)*(x_)])"(m
_Ox((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]1), x_Symbol] :> Int[ExpandTriglsi

nle + f*x] nx(a + bxsin[e + f*xx]) m*x(A + Bxsin[e + fxx]), x], x] /; FreeQ[{

a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ

[m] && IntegerQ[n]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]
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Rubi steps
integral = / (—a’cesct(e+ fz) — a’cesc’(e+ fr) + a’cesc®(e+ fr) + a’cesc’ (e + fx)) dz

— —<(a2c) /csc4(e + fx) dx) — (a’c) /csc5(e + fx)dx
+ (a’c) /csc6(e + fz)dz + (a’c) /csc7(e + fz)dz

_a’ccot(e+ fx)csc®(e+ fr)  a’ccot(e + fz)csc®(e + fx)
- 4f B 6f

- %1(3a2c) /csc3(6+ fz)dz + é(5a2c) /csc5(e—|- fz)dz

N (a*c) Subst( [ (1 + 2?) dz,z, cot(e + fz))

f
(a’c) Subst( [ (1 + 2z% + z*) dz,z, cot(e + fz))
f

__d’ccot’(e+ fz) da’ccot’(e+ fx) N 3a’ccot(e + fz)csc(e + fx)

N 3f 5f 8f
N a’ccot(e + fz)csc’(e + fz)  a’ceot(e + fx)csc’(e + fx)

24f 6f
- %(3a2c) /csc(e + fz)dz + %(5(120) /csc3(e+ fz)dz

_ 3a’carctanh(cos(e + fx)) a’ccot’(e + fx) a’ccot’(e + fx)

8f 3f 5f
a’ccot(e + fx)cscle + fr)  a’ccot(e + fx)cscd(e+ frx)
+ 16/ + 24f
2 5
_a’ccot(e + fg}csc (e+ fzx) N 1_16(5‘120) /csc(e + fa)du
__a’carctanh(cos(e + fz)) a’ccot’(e + fx)
- 16f B 3f
a’ccot’(e + fx) a’ccot(e + fx)cscle + fx)
T A 16

a’ccot(e + fx) csc’(e + fx)  a’ceot(e + fx)csc’(e + fx)
+ 24f 6f
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Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.57

/csc7(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dx

_ 2a’ccot(e + fz) N a’cesc® (3(e+ fz))  dPcesc’ (3(e + f2))
15f 64f 384f
N a’ccot(e + fz)csc’(e + fx)  a’ceot(e + fx)csci(e + fx)
15f 5f
a’clog (cos (3(e + fz))) a’clog (sin (i(e + fx)))
16f B 16f
a’csec’ (3(e+ fx)) a’csec® (3(e+ fz))
B 64f 384f

[In] Integratel[Cscle + f*x]~7+(a + a*Sin[e + f*x])~2*(c - c*Sin[e + f*x]),x]

[Out] (2*xa~2*c*Cotl[e + f*x])/(156xf) + (a~2xcxCsc[(e + f*xx)/2]72)/(64*xf) - (a~2*xcx*
Cscl[(e + f*x)/2]76)/(384*f) + (a"2*cxCot[e + f*x]*Cscle + f*x]~2)/(15%f) -
(a™2*cxCot[e + fxx]*Cscle + f*x]~4)/(6xf) + (a~2*xc*Log[Cos[(e + £*x)/2]1)/(

16xf) - (a"2*cxLog[Sin[(e + £f*x)/2]])/(16%f) - (a"2*c*Sec[(e + f*x)/2]72)/(
64xf) + (a~2xc*Sec[(e + f*x)/2]76)/(384x*f)

Maple [A] (verified)

Time = 1.33 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.96

method result
0 < 512 1n(tanlgf2—’”+%)) N (SQC<%+%> (cos(fx+e)+ 17 cos(3f+3e) _ cos(5fo+5e) ) CSC<%+%> 4128 cos(fote) 4 32
parallelrisch — 8192f
isch a?c(15 el tilfote) g5 eilfate) 570 e7HFo+e) 1480468 (Fo+e) _570 e5iS7+e) _3204e0i(f7te) g5 e3i(fote) 115 (S
T1SC - 120f(62i(fz+e)_1)6

2(fot 3(fat _
—a20<—§— (csc (;m e)) cot(f$+e)—a2c _ (csc (ﬁx e)) _3csc(£a:+e) Cot(fx+e)+31n(csc(fz+es) cot(fz+e)) +

derivativedivides

2 3
_a2c(_§_(csc(3f:v+e))> COt(fJI-’re)—azc( <_ (csc (i:c-!—e)) _3csc(é"w+e)> Cot(fx+e)+31n(csc(fw+es)—cot(f:v+e)) > +

default

[In] int(csc(f*x+e) 7x(a+a*sin(f*x+e)) " 2*(c-cxsin(f*x+e)),x,method=_ RETURNVERBOS
E)

[Out] -19/8192%c*(512/19%1n(tan(1/2xf*xx+1/2*e))+(sec(1/2*xf*x+1/2%e) *(cos (f*x+e)+1
7/114%cos (3*f*x+3*e)-1/38*cos (b*xf*x+5*%e) ) *xcsc(1/2xf*x+1/2%e)+128/57*cos (f*x
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+e)+32/57*cos (3xf*x+3*%e)-32/285*cos (5*xf*xx+5*e) ) xsec (1/2xf*x+1/2*e) “5xcsc(1/
2%f*xx+1/2%e) "5)*xa~2/f

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 240 vs. 2(118) = 236.

Time = 0.27 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.85

/csc7(e + fz)(a + asin(e + fz))*(c — csin(e + fz)) dz =
_ 30a’ccos (fz + e)’ — 80 a’ccos (fz + €)’ — 30 a%ccos (fz + €) — 15 (a’ccos (fz + €)° — 3 a’ccos (fz A

[In] integrate(csc(f*x+e) 7*(ataxsin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="fr
icas")
[Out] -1/480%(30*a~2*xc*cos(f*x + e)~5 - 80*a~2*c*cos(f*x + e)~3 - 30*a~2*c*cos(fx*
X + e) - 15%(a”"2*cxcos(f*x + e)~6 — 3*a~2*cxcos(f*x + e)”4 + 3*a~2*cxcos(fx*
X + e)72 - a~2*c)*log(1/2xcos(f*x + e) + 1/2) + 15x(a"2*cxcos(f*x + e)”6 -
3*a~2xc*xcos(f*x + e)~4 + 3*ka~2xcxcos(f*x + e)”2 - a"2*c)*log(-1/2*cos(f*x +
e) + 1/2) + 32x(2xa"2*c*cos(f*x + e)”5 - 5*ka"2*cxcos(f*x + e) 3)*sin(f*x +
e))/(fxcos(f*x + e)”"6 - 3xfxcos(f*x + e)~4 + 3*fxcos(f*x + e)~2 - f)

Sympy [F(-1)]

Timed out.

/CSC7(e + fz)(a+ asin(e + fz))*(c — csin(e + fz)) dz = Timed out
[In] integrate(csc(f*x+e)**7*(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)
[Out] Timed out

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.78

/csc7(e + fz)(a + asin(e + fz))?(c — csin(e + fz)) dz

— 15 log (cos (fx +e) + 1) + 15 log (cos (fx + €) — 1)) — 3

9 (2 (15 cos(fx+e)5—40 cos(fz+e)>+33 cos(f:c—i—e))
5 cos(fz+e)8—3 cos(fz+e)?+3 cos(fz+e)?—1
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[In] integrate(csc(f*x+e) “7*(a+ta*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/480%(5%a~2xc*x(2*(15*%cos(f*x + e)~5 — 40*cos(f*x + e)~3 + 33*cos(f*x + e))
/(cos(f*x + e)76 - 3xcos(f*x + e)”4 + 3xcos(f*x + e)”2 - 1) - 15*log(cos(f*

x + e) + 1) + 16xlog(cos(f*x + e) - 1)) - 30%a~2xcx(2*(3*cos(f*x + e)"3 - b
xcos(f*x + e))/(cos(f*xx + e)"4 - 2*cos(f*x + e)”2 + 1) - 3*log(cos(f*x + e)

+ 1) + 3xlog(cos(f*x + e) - 1)) + 160*(3xtan(f*x + e)~2 + 1)*a~2xc/tan(f*x

+ e)73 - 32x(15xtan(f*x + e)”4 + 10*tan(f*x + e)”2 + 3)*a~2*c/tan(f*x + e)

~5)/f

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(118) = 236.

Time = 0.38 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.86

/csc7(e + fz)(a + asin(e + fx))*(c — csin(e + fz)) dz

5a’ctan (3 fz + 3 6)6 + 12a’ctan (3 fz + %e)s + 15a’ctan (3 fz + %6)4 + 20 a’ctan (3 fz + 3 6)3 —

[In] integrate(csc(f*x+e) 7*(ata*sin(f*x+e)) "2*(c-c*ksin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/1920*(5*a~2xc*tan(1/2xf*x + 1/2%e)”~6 + 12*a~2xcxtan(1/2xfxx + 1/2%e)”5 +
16*%a~2*xcxtan(1/2*%f*x + 1/2%e)~4 + 20*a~2*cxtan(1/2*f*x + 1/2%e)~3 - 15*%a™2%
cxtan(1/2*f*x + 1/2%e)”~2 - 120*a~2xc*log(abs(tan(1/2xf*x + 1/2%e))) - 120%a
~2xcxtan(1/2xfxx + 1/2%e) + (294*a~2xcxtan(1/2*fxx + 1/2%e)”6 + 120*a~2xcx*t
an(1/2*xf*x + 1/2*e)~5 + 15*a~2*c*tan(1/2xf*x + 1/2%e)~4 - 20*a"2*c*tan(1/2x*

f*xx + 1/2*%e)”3 - 156*%a”2*c*tan(1/2*f*x + 1/2*%e)”2 - 12xa”~2*c*tan(1/2xf*x + 1
/2%e) - 5*%a~2xc)/tan(1/2*f*x + 1/2%e)"6)/f

Mupad [B] (verification not implemented)

Time = 12.23 (sec) , antiderivative size = 340, normalized size of antiderivative = 2.62

/csc7(e + fz)(a + asin(e + fz))*(c — csin(e + fz))dz =

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~7,x%)
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[Out] -(a~2*cx(bxcos(e/2 + (£*x)/2)712 - bxsin(e/2 + (f*x)/2)712 - 12*cos(e/2 + (
fxx)/2)*sin(e/2 + (£xx)/2)711 + 12*cos(e/2 + (£f*x)/2)"11*sin(e/2 + (f*x)/2)

- 15xcos(e/2 + (f*x)/2)2*sin(e/2 + (£*x)/2)~10 - 20*cos(e/2 + (f*x)/2) 3
sin(e/2 + (£f*x)/2)79 + 15%cos(e/2 + (f*x)/2) 4*sin(e/2 + (£*x)/2)78 + 120%c
os(e/2 + (f*x)/2)"5*sin(e/2 + (£*x)/2)"7 - 120*cos(e/2 + (f*x)/2) T*sin(e/2

+ (f*x)/2)°5 - 15%cos(e/2 + (f*x)/2) 8*xsin(e/2 + (f*x)/2)"4 + 20*cos(e/2 +

(£*x)/2)"9*sin(e/2 + (f*x)/2)"3 + 15%cos(e/2 + (£f*x)/2)"10*sin(e/2 + (f*x)

/2)72 + 120%cos(e/2 + (f*x)/2) 6xlog(sin(e/2 + (£*x)/2)/cos(e/2 + (£*x)/2))
xsin(e/2 + (£*x)/2)76))/(1920xf*cos(e/2 + (£fxx)/2) 6*xsin(e/2 + (£f*x)/2)76)
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3.12 [ sin?(c+dz)(a+asin(c+dz))3?(c—csin(c+
dx)) dx

Optimal result . . . . . . . . . . . . e 105
Rubi [A] (verified) . . . . . . . . .. 105
Mathematica [A] (verified) . . . . . . . . . . . 108
Maple [A] (verified) . . . . . . . . .. 108}
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 108
Sympy [F] . . o 109
Maxima [F] . . . . . . 109
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 109
Mupad [F(-1)] . . . . o 17101

Optimal result

Integrand size = 34, antiderivative size = 128

/SinQ(c + dz)(a + asin(c + dz))*?(c — csin(c + dz)) dz =
_ 8ad’ccos’(c+dx)  2d’ccos’(c+dx)
63d(a + CLSiIl(C + dac))3/2 21d\/a +a Sin(c + d;];)

4accos®(c+ dz)\/a+asin(c+dz) 2ccos®(c+ dr)(a + asin(c+ dz))3/?
- 21d - 9d

[Out] -8/63*a~3*c*cos(d*x+c) ~3/d/(at+a*sin(d*x+c))~(3/2)-2/9*c*cos(d*x+c) ~3*x(ataxs
in(d*x+c))~(3/2) /d-2/21*%a"2*xc*xcos (d*x+c) ~3/d/ (a+a*sin(d*xx+c)) ~(1/2)+4/21*a*
c*xcos (d*x+c) "3*x(a+axsin(d*x+c))~(1/2) /4

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.29,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 147 Ryles used

' integrand size
= {3055, 3060, 2838, 2830, 2725}

2a2csin®(c + dz) cos(c + dx)
63d\/asin(c + dz) + a
2a%c cos(c + dz) 2acsin®(c + dz) cos(c + dz)\/asin(c + dz) + a

/ sin?(c+dz)(a+asin(c+dz))3*(c—csin(c+dz)) de =

B 9d+/asin(c +dz) +a 9d
2ccos(c + dx)(asin(c + dz) + a)*>?  4daccos(c + dz)+/asin(c+ dz) + a
- 21d " 63

[In] Int[Sin[c + d*x]~2%(a + a*Sin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]
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[Out] (-2*a~2xc*Cos[c + d*x])/(9*d*Sqrt[a + axSin[c + dx*x]]) + (2xa~2*c*Cos[c + d
*xx]*Sin[c + d*x]~3)/(63*d*Sqrt[a + a*Sin[c + d*x]]) + (4xaxc*Cos[c + d*x]*S
grt[a + a*Sin[c + d*x]])/(63*d) + (2xa*cxCos[c + d*x]*Sin[c + dxx]~3*Sqrt[a

+ a*Sin[c + d*x]])/(9*%d) - (2*c*Cos[c + d*x]*(a + a*Sin[c + d*x])~(3/2))/(

21*d)

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[-2*b*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]1)), x] /; FreeQ[{a, b, c, d}, x] && Eq
Qla~2 - b2, 0]

Rule 2830

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[(-d)*Cos[e + fxx]*((a + b*Sin[e + f*x]) m/(
fx(m + 1))), x] + Dist[(a*d*m + b*c*(m + 1))/(bx(m + 1)), Int[(a + b*Sinl[e

+ fxx])"m, x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[b*c - a*d, 0] &
& EqQ[a™2 - b~2, 0] && !'LtQ[m, -27(-1)]

Rule 2838

Int[sin[(e_.) + (f_.)*x(x_)]1"2x((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)1)"(m_),
x_Symbol] :> Simp[(-Cos[e + f*x])*((a + b*Sin[e + f*x])"(m + 1)/(b*f*(m + 2
))), x] + Dist[1/(b*(m + 2)), Int[(a + b*Sin[e + f*x]) m*x(b*x(m + 1) - a*Sin
[e + fxx]), x], x] /; FreeQ[{a, b, e, f, m}, x] && EqQ[2"2 - b2, 0] && 'L
tQ[m, -27(-1)]

Rule 3055

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((A_.) + (B_.)*sin[(e_.) +

(f_)*x(x_)1)*((c_.) + (d_.)*sinl(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Sim
pL(-b)*B*Cos[e + f*x]*(a + bxSin[e + f*x])~(m - 1)*((c + d*Sin[e + f*x])~(n
+ 1)/(dxf*x(m + n + 1))), x] + Dist[1/(d*(m + n + 1)), Int[(a + b*Sin[e + f
*x])"(m - 1)*(c + d*Sin[e + f*x]) n*Simp[a*A*xd*(m + n + 1) + Bk(a*ckx(m - 1)
+ b*dx(n + 1)) + (A*bxd*(m + n + 1) - B*(b*cxm - a*d*(2*m + n)))*Sin[e + f
*x], x], x], x] /; FreeQ[{a, b, c, d, e, £, A, B, n}, x] && NeQ[b*c - axd,

0] &% EqQ[a~2 - b~2, 0] && NeQ[c™2 - 472, 0] && GtQ[m, 1/2] && !'LtQ[n, -1]
&% IntegerQ[2*m] && (IntegerQ[2*n] || EqQLlc, 01)

Rule 3060

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1I1*((A_.) + (B_.)*sin[(e_.) + (
f_)*x(x_)1)*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Simp
[-2*b*B*Cos[e + f*x]*((c + d*Sin[e + f*x])~(n + 1)/(d*fx(2*n + 3)*Sqrt[a +
b*Sin[e + f*x]])), x] + Dist[(A*b*d*(2*n + 3) - Bx(b*c - 2xa*d*x(n + 1)))/(b
*d*(2*xn + 3)), Int[Sqrt[a + b*Sin[e + f*x]]1*(c + d*Sin[e + f*x])“"n, x], x]
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/; FreeQ[{a, b, c, d, e, £, A, B, n}, x] && NeQ[b*c - axd, 0] &% EqQ[a~2 -
b~2, 0] && NeQ[c~2 - 42, 0] && 'LtQ[n, -1]

Rubi steps
2 ;3 .
integral = accos(c + dz) sin®(c + dz)\/a + asin(c + dz)
9d
+ S /sin2(c + dz)+/a + asin(c + dz) (?%c — %ac sin(c + dw)) dx

_ 2a*ccos(c + dz) sin®(c + dx) N 2accos(c + dz) sin®(c + dz)+/a + asin(c + dz)
63d\/a + asin(c + dz) 9d

+ 2—11(5610) /Sin2 (c+ dz)\/a + asin(c + dz) dz

_ 2a’ccos(c+ dz)sin®*(c + dz) | 2accos(c+ dz)sin’(c+ dz)y/a + asin(c + dz)
63d\/a + asin(c + dz) 9d
_ 2ccos(c + dx)(a + asin(c + dx))*/?
21d

+ %(20) / (% —asin(c+ dx)) Va + asin(c + dz) dx

_ 2a*ccos(c + dzx) sin®(c + dx) N 4accos(c + dz)+/a + asin(c + dz)
63d\/a + asin(c + dz) 63d
4 2accos(c + dz) sin®(c + dz)+/a + asin(c + dz)

9d
; 3/2
_ 2ccos(c +dz)(a + asin(c + dz)) + l(ac) / Ja T asin(c T da) da
21d 9
__ 2d’ccos(c+dx) 2a?c cos(c + dz) sin®(c + dx)
9d+/a + asin(c + dz) 63d+/a + asin(c + dz)
4accos(c + dz)+/a + asin(c + dz)
+
63d
N 2accos(c + dz) sin®(c + dz)+/a + asin(c + dz)
9d
_ 2ccos(c + dx)(a + asin(c + dx))*/?
21d
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Mathematica [A] (verified)

Time = 1.75 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.54

/sinQ(c + dz)(a + asin(c + dz))*?(c — csin(c + dz)) dz =

2acsec(c + dz)(—1 + sin(c + dz))?y/a(1l + sin(c + dz))(8 + 12sin(c + dz) + 15sin?(c + dz) + Tsin3(c + ¢
63d

[In] Integrate[Sin[c + d*x]~2*(a + a*Sin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]

[Out] (-2*xaxcxSec[c + d*x]*(-1 + Sin[c + d*x])~2xSqrt[a*(1 + Sin[c + d*x])]1*(8 +
12xSin[c + d*x] + 15*Sin[c + d*x]~2 + 7*Sin[c + d*x]~3))/(63*d)

Maple [A] (verified)

Time = 1.11 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.61

method | result
_ 2(1+sin(dz+c))a?(sin(dz+c) —1)2c(7 (sin®(dz+c)) +15(sin?(dz+c)) +12 sin(dz+c)+8)
63 cos(dz+c)+/a+asin(dz+c) d
2c(1+sin(dz+c))a? (sin(dz+c)—1) (15(sin® (dz+c)) +39(sin? (dz+c)) +52 sin(dz+c)+104) i 2c(1+sin(dz+c))a? (sin(dz+c)—1) (35(
105 cos(dz+c)+/a+asin(dz+c) d :

default

parts

[In] int(sin(d*x+c) 2*(ata*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x,method=_RETURNVE
RBOSE)

[Out] -2/63*%(1+sin(d*x+c))*a”2x(sin(d*x+c)-1) "2*%c* (7*sin(d*x+c) ~3+15*sin(d*x+c) "2
+12%sin(d*x+c)+8) /cos (d*x+c) /(ataxsin(d*x+c))~(1/2)/d

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.21

/sin2(c + dz)(a + asin(c + dz))**(c

, 2 (7accos (dz + ¢)° — accos (dz + ¢)* — 11 accos (dz + ¢)® + accos (dz + ¢)* — 4accos
—csin(c+dx)) dx =

[In] integrate(sin(d*x+c) 2x(a+axsin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="fricas")

[Out] 2/63*(7*axc*cos(d*x + c)~5 - a*cxcos(d*x + c)~4 - 1lxa*ckcos(d*x + c)”3 + a
xcxcos(d*x + c)~2 - 4*axcxcos(d*x + c) - 8*axc - (7*xakxc*cos(d*x + c)”4 + 8%
a*xcxcos(d*x + c)~3 - 3*a*cxcos(d*x + c)~2 — 4*a*c*cos(d*x + c) - 8*axc)*sin

(d*x + c))*sqrt(a*sin(d*x + c) + a)/(d*cos(d*x + c) + d*sin(d*x + c) + d)
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Sympy [F]

/Sin2(c + dz)(a + asin(c + dz))*?(c — csin(c + dz)) dz =
—c(/ (—a\/asin (c+dz) + asin® (c + dz)) dz

+/a\/asin(c+dx)+asin4 (c+dzx) d:c)

[In] integrate(sin(d*x+c)**2*(at+a*sin(d*x+c))**(3/2)*(c-c*sin(d*x+c)),x)

[Out] -c*(Integral(-a*sqrt(a*sin(c + d*x) + a)*sin(c + d*x)#**2, x) + Integral(a*s
grt(axsin(c + d*x) + a)*sin(c + d*x)*x4, x))

Maxima [F]

/sin2(c + dz)(a + asin(c + dz))*?(c

—csin(c+dz)) dx = / —(asin (dz + ¢) + a,)%(csin (dz + ¢) — ¢) sin (dz + ¢)* dz

[In] integrate(sin(d*x+c) 2*(at+a*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="maxima")

[Out] -integrate((a*sin(d*x + c) + a)~(3/2)*(c*sin(d*x + c) - c)*sin(d*x + c)~2,
X)

Giac [A] (verification not implemented)

none

Time = 0.35 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.77

/sin2(c + dz)(a + asin(c + dz))*?(c
V2(126 acsgn(cos (—im+1dz+1c))sin (-3 7+ 2 dz+ 3 c) — 9acsgn(cos (—§ m +

—csin(c+dx)) dx =

[In] integrate(sin(d*x+c) ~2*(a+a*sin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="giac")

[Out] 1/504*sqrt(2)*(126*a*c*sgn(cos(-1/4*pi + 1/2%d*x + 1/2%c))*sin(-1/4%pi + 1/
2xd*x + 1/2%c) - 9*xaxcxsgn(cos(-1/4*pi + 1/2%d*x + 1/2%c))*sin(-7/4*pi + 7/
2xd*x + 7/2%c) - Txaxcxsgn(cos(-1/4*pi + 1/2*d*x + 1/2%c))*sin(-9/4*pi + 9/
2xd*x + 9/2%c))*sqrt(a)/d
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Mupad [F(-1)]

Timed out.

/Sin2(c + dz)(a + asin(c + dz))3?*(c

—csin(c+dav))dx=/sin(c+daz)2 (a+asin(c+dz))*?(c—csin(c+dz)) do

[In] int(sin(c + d*x)~2*(a + a*sin(c + d*x))~(3/2)*(c - c*sin(c + d*x)),x)

[Out] int(sin(c + d*x)~2x(a + a*sin(c + d*x))~(3/2)*(c - c*sin(c + d*x)), x)
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csc(e+fx)+/a+asin(e+fz
3.13 f : C—Z;i/n(e+f:1:)( ) dx

Optimal result . . . . . . . . . . e 111l
Rubi [A] (verified) . . . . . . . . 111
Mathematica [C] (verified) . . . . . . . . . . ... 113
Maple [A] (verified) . . . . . . . . .. 113
Fricas [B] (verification not implemented) . . . . . . .. ... ... .. ... ..... 113l
Sympy [F] . . o o 114
Maxima [F] . . . . . . o 114
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L. 114
Mupad [F(-1)] . . . o 115

Optimal result

Integrand size = 34, antiderivative size = 69

/csc(e + fz)\/a+ asin(e + fz) i — atasin(etfa)
¢ — csin(e + fz) v cf
2sec(e + fz)\/a + asin(e + fz)
+ 7

[Out] -2*arctanh(cos(f*xx+e)*a~(1/2)/(ata*xsin(f*x+e))~(1/2))*a~(1/2)/c/f+2*sec(f*x
+e) * (a+axsin(f*xx+e)) "~ (1/2)/c/f

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5 number of rules _ 147 , Rules used = {3013,

’ integrand size
2852, 212, 2815, 2752}

csc(e + fz)y/a +asin(e + fx) dp — 2sec(e + fz)\/asin(e + fr) +a
/ ¢ — csin(e + fx) v cf

_Vacos(e+fz)
B 24/aarctanh ( JW)

cf

[In] Int[(Cscle + f*x]*Sqrtla + a*Sinl[e + f*x]]1)/(c - cxSinle + f*x]),x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrtl[a + a*Sin[e + f*x]]1])/(c*f)
+ (2*Sec[e + f*x]*Sqrt[a + a*Sin[e + f*x]1])/(c*f)

Rule 212
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 2752

Int[(cosl[(e_.) + (£_.)*(x_)]1*(g_.))~(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
J)1)"(m_), x_Symbol] :> Simp[b*(g*Cos[e + f*x])~(p + 1)*((a + b*Sinf[e + f*x
D@ - 1)/(fxgx(m - 1))), x] /; FreeQ[{a, b, e, £, g, m, p}, x] && EqQ[a~2
- b2, 0] && EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sinf[e + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + a*d, 0] && EqQ[a"2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 0]1) || LtQ[O, n, m] || LtQ[m, n, 0]))

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + axd - d*x~2), x
1, x, bx(Cos[e + f*x]/Sqrt[a + b*Sin[e + f*x]]1)]1, x] /; FreeQ[{a, b, c, d,

e, £}, x] && NeQ[bxc - a*xd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0]

Rule 3013

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(sinl(e_.) + (f_.)*(x_)1*((c
_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrt[a + b
xSin[e + f*x]]/Sin[e + fx*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + fx*x]
1/(c + d*Sin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0] & EqQ[a~2 - b~2, 0]

Rubi steps

dz

[ esc(e+ fx)\/a+ asin(e + fz)dz N Va+asin(e + fz)

integral =
8 c ¢ —csin(e + fx)

acos(e+fx
_ J'sec*(e + fx)(a+ asin(e + fz))*dx (2a)Subst<f oz 42, 7, \/ms(l—ni(ﬁicw))

ac cf

Vacos(e+fz)
2\/Earctanh<\/msi—nw> N 2sec(e + fz) \/a + asin(e + fz)
cf cf
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Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 1.70 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.67

csc(e + fz)\/a + asin(e + fz) p
/ ¢ —csin(e + fz) v
_ 2Hypergeometric2F1 (—3,1, 3,1 —sin(e + fz)) sec(e + fz)\/a(1 + sin(e + fz))
- o7

[In] Integrate[(Csc[e + f*x]*Sqrt[a + axSin[e + f*x]])/(c - c*Sin[e + f*x]),x]

[Out] (2+Hypergeometric2F1[-1/2, 1, 1/2, 1 - Sin[e + f*x]]*Sec[e + f*xx]*Sqrt[a*x(1
+ Sinle + £*x]1)1)/(c*£f)

Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.13

method | result size

2(1+sin(fz+e)) (a% —arctanh (%M) ay/a—a Sin(fx-{-e))
Vaccos(fz+e)\/atasin(fz+e) f

78

default

[In] int((ata*sin(f*x+e))”~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x,method=_RETURNVERB
0SE)

[Out] 2*(1+sin(f*x+e))*(a~(3/2)-arctanh((a-a*sin(fxx+e))~(1/2)/a~(1/2))*a*x(a-a*si
n(fxx+e))~(1/2))/a~(1/2)/c/cos(fxx+e)/(ata*xsin(f*x+e)) ~(1/2)/f

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 202 vs. 2(61) = 122.

Time = 0.28 (sec) , antiderivative size = 202, normalized size of antiderivative = 2.93

/ csc(e + fzr)\/a + asin(e + fz) p

i
¢ — csin(e + fx)

acos(fz+e)®—7acos(fr+e)>—4 (cos(fm+e)2+(cos(fm+e)+3) sin(fz+e)—2 cos(fm+e)—3) Vasin(fz+e)+av/a-

\/a cos (f.’IJ + e) IOg ( cos(f:z:+e)3+cos(fz+e)2+(Cos(fw+e)2—1> sin(fz+e)—cos

- 2cfcos(fx+e)

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
fricas")
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[Out] 1/2*%(sqrt(a)*cos(f*x + e)*log((axcos(f*x + e)~3 - Txa*xcos(f*x + e)~2 - 4x*(c
os(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f*x + e) - 2*cos(f*x + e) - 3)*sqrt(
axsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (axcos(fxx + e)”2 + 8*a*co
s(fxx + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)”3 + cos(f*x + e)”2 + (cos(f
*Xx + e)72 - 1)*sin(f*x + e) - cos(f*x + e) - 1)) + 4xsqrt(axsin(f*x + e) +

a))/(cxfxcos(fxx + e))

Sympy [F]

v/asin (e+fz)+a
/csc(e + fr)\/a + asin(e + fa:) f sin2 (e+ fo)—sin (e+f2) dx

c— csin(e + fz) c

[In] integrate((at+axsin(f*x+e))*x(1/2)/sin(f*x+e)/(c-cxsin(f*x+e)),x)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sin(e + f*x)**2 - sin(e + f*x)), x)/c

Maxima [F]

csc(e+fx)\/a—|—asin(e+f:r)d B Vvasin(fz +e€)+a i
/ ¢ —csin(e + fz) x_/_(csm(fx-l-e)—c)sm(f:c—l—e)

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
maxima")
[Out] -integrate(sqrt(a*sin(f*x + e) + a)/((c*sin(f*x + e) - c)*sin(f*x + e)), x)

Giac [A] (verification not implemented)

none
Time = 0.34 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.59

csc(e + fz)\/a + asin(e + fz) p
/ c — csin(e + fx) v

2244 sin 7r+ faH—l
ﬁ10g<2f+4sm((—vr+ fw+%2€)>sgn welamtafets )

2sgn(cos(—% 7r+% fac—l—% e))
+ csin(—%ﬂ'+%fz+%e) \/C_l

V2
S 77

o

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="

giac")
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[Out] -1/2%sqrt(2)*(sqrt(2)*log(abs(-2*sqrt(2) + 4xsin(-1/4*pi + 1/2*%f*xx + 1/2%e)
)/abs(2*sqrt(2) + 4xsin(-1/4*pi + 1/2*%f*xx + 1/2%e)))*sgn(cos(-1/4*pi + 1/2%
fxx + 1/2%e))/c + 2*sgn(cos(-1/4*pi + 1/2*f*x + 1/2%e))/(c*sin(-1/4xpi + 1/

2xf*xx + 1/2%e)))*sqrt(a)/f

Mupad [F(-1)]

Timed out.

csc(e+fx)\/a+asin(e+fx)d _/ Va+asin(e+ fx) "
/ ¢ —csin(e + fx) v sin(e+ fz) (c—csin(e+ fz))

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))), x)
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3.14 f . csc(e+fx) . dr
v/ a+asin(e+fz)(c—csin(e+fx))

Optimalresult . . . ... ... .. ... ... . 1716l
Rubi [A] (verified) . . . . . . . . . . 176l
Mathematica [C] (verified) . . . . . . . . . ... L o 118
Maple [A] (verified) . . . . . . . .. L 119
Fricas [B] (verification not implemented) . . . . . .. ... ... ... . ....... 119
Sympy [F] . . o o 120
Maxima [F] . . . . . . 1201
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 120
Mupad [F(-1)] . . . oo 121

Optimal result

Integrand size = 34, antiderivative size = 120

vacos(e+fzx)
csc(e + fx) dr — — 2arctanh ( Vata sin(e+fx)>

/ va+asin(e + fz)(c — csin(e + fz)) Vacf

v/acos(e+fx)
arctanh ( V2+/a+asin(e+fx) >

V2y/acf
N sec(e + fz)\/a + asin(e + fz)
acf
[Out] -2*arctanh(cos(f*x+e)*a~(1/2)/(ataxsin(fxx+e))~(1/2))/c/f/a~(1/2)+1/2*xarcta

nh(1/2*cos (f*x+e)*a~(1/2)*2°(1/2)/ (ata*sin(f*x+e)) ~(1/2))/c/fx2~(1/2)/a~(1/
2)+sec(f*xx+e)*(ata*sin(f*x+e))~(1/2)/a/c/f

+

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,
_ _ ~» number of rules __

number of steps used = 8, number of rules used = 7, integrand size 0.206, Rules used

= {3019, 2815, 2752, 3064, 2728, 212, 2852}

vacos(e+fx)
csc(e + fx) dr — — 2arCtanh<\/asin(e+ fx)—‘ra)

/ va+asin(e + fz)(c — csin(e + fz)) Vacf

v/acos(e+fx)
arctanh ( V2\/a sin(e+fw)+a>

V2y/acf
sec(e + fz)\/asin(e + fz) +a
+ acf

+
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[In] Int[Csc[e + f*x]/(Sqrtla + a*Sinl[e + f*x]]*(c - c*Sin[e + f*x])),x]

[Out] (-2*%ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]]1)/(Sqrt[al*c*f)
+ ArcTanh[(Sqrt[a]*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + fx*x]]1)]/(Sqrt
[2]*Sqrt[a]l*cxf) + (Sec[e + f*x]*Sqrt[a + a*Sin[e + fxx]])/(a*xcxf)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2728

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Dist[-2/d, S
ubst [Int[1/(2*a - x72), x], x, b*x(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 2752

Int[(cos[(e_.) + (£_.)*x(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (£f_.)*(x
)1)"(m_), x_Symbol] :> Simp[b*(g*Cos[e + f*x])~(p + 1)*((a + b*Sin[e + f*x
D-(m - 1)/(E*gx(m - 1))), x] /; FreeQ[{a, b, e, £, g, m, p}, x] & EqQ[a~2
- b~2, 0] && EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2815

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_.)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sin[e + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + a*xd, 0] && EqQ[a~2 - b~2, 0] &% IntegerQ[m] &% !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 01) || LtQ[O, n, m] || LtQ[m, n, 01))

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*d - d*x~2), x
1, x, b*(Cos[e + f*x]/Sqrt[a + bxSin[e + f*x]11)]1, x] /; FreeQ[{a, b, c, d,
e, £}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] &% NeQ[c™2 - 472, 0]

Rule 3019

Int[1/(sinl(e_.) + (f_.)*(x_)I*Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)11*(
(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[d~2/(c*(b*c - a*d
)), Int[Sqrtl[a + b*Sinl[e + f*x]]1/(c + d*Sin[e + f*x]), x], x] + Dist[1/(c*(
bxc - a*d)), Int[(b*c - a*d - bxdxSin[e + f*x])/(Sin[e + f*x]*Sqrt[a + bxSi
nle + fxx]]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] &
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& EqQ[a~2 - b2, 0]

Rule 3064

Int[((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(£_.)*(x_)11*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
*b - a*B)/(bxc - a*d), Int[1/Sqrt[a + bxSin[e + f*x]], x], x] + Dist[(Bxc -
Axd)/(b*c - axd), Int[Sqrt[a + b*Sin[e + f*x]]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, d, e, £, A, B}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b
~2, 0] && NeQ[c™2 - d~2, 0]

Rubi steps

\a+asin(e+fz) csc(e+fz)(2ac+acsin(e+ fz))
f c—csin(e+fx) dx f Va+asin(e+fz) dx

2a 2ac?

integral =

_f —/7a+asiln(e+fz) dx N [sec’(e + fx)(a + asin(e + fz))*? dx
2c 2a%c
N [esc(e + fz)y/a+ asin(e + fz)dz
ac

1 acos(e+fx)
_ sec(e + fz)\/a + asin(e + fz) N Subst <f 522 4T, T, a+:sien(e+fw)>

acf cf
2Subst ( [ ;L da, o, eesictfa) )

vacos(e+fx) vacos(e+fz) _
Zarctanh ( ESHEHE ) arctanh (i) ) _ sec(e+ fz)/a+ asin(e + fa)

- Vacf i V2yact acf

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.32 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.62
csc(e + fx)

/ Va+asin(e + fz)(c — csin(e + fz))
(Hypergeometric2F1 (—1,1,1 (1 —sin(e + fz))) — 2 Hypergeometric2F1 (—1,1,1,1 —sin(e + fz))

dz =

acf

[In] Integrate[Cscle + f*x]/(Sqrtl[a + axSin[e + f*x]]1*(c - c*Sinl[e + f*x])),x]
[Out] -(((Hypergeometric2F1[-1/2, 1, 1/2, (1 - Sin[e + f*x])/2] - 2xHypergeometri
c2F1[-1/2, 1, 1/2, 1 - Sin[e + f*x]])*Sec[e + f*x]*Sqrt[ax(1 + Sin[e + fx*x]
)1)/(axc*f))
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Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.03

method | result

(14sin(fz+e)) (\/5 arctanh (—WW) a?y/a—a sin(fx+e)+2a% —4 arctanh<7mﬂs\i}w> a’\/a—a sin(fac—i—e))

default =
2ca? cos(fz+e)\/a+tasin(fz+e) f

[In] int(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] 1/2*x(1+sin(f*xx+e))*(2"(1/2)*arctanh(1/2*(a-a*sin(f*x+e)) ~(1/2)*2"(1/2)/a~ (1
/2))*a" 2% (a-a*sin(f*x+e)) " (1/2)+2*a”~ (5/2) -4*arctanh((a-a*sin(f*x+e) )~ (1/2)/
a~(1/2))*a~2*(a-a*sin(f*x+e))~(1/2))/c/a~(5/2) /cos(f*x+e) /(ataxsin(f*x+e))”
(1/2)/f

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 328 vs. 2(104) = 208.

Time = 0.29 (sec) , antiderivative size = 328, normalized size of antiderivative = 2.73

/ csc(e + fx) p
i
va+asin(e + fz)(c — csin(e + fz))
cos(fz+e)2—(cos(fo+e)—2) sin(fo+e)+ 2v2/a Sin(fm+e)+a(i;%(fx+e)_Sin(foreHl) +3 cos(fz+e)+2
\/5\/6 cos (f.'[ + 6) IOg (_ cos(fz+e)?—(cos(fz+e)+2) sin(fo+e)—cos(fr+e)—2

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] 1/4*(sqrt(2)*sqrt(a)*cos(f*x + e)*log(-(cos(f*x + e)”2 - (cos(f*x + e) - 2)
xsin(f*x + e) + 2xsqrt(2)*sqrt(a*sin(f*x + e) + a)*(cos(f*x + e) - sin(f*x

+ e) + 1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2
)*¥sin(f*x + e) - cos(f*x + e) - 2)) + 2xsqrt(a)*cos(f*x + e)*log((a*cos(f*x

+ e)”3 - Txaxcos(f*x + e)”2 - 4x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f

*x + e) - 2*cos(fxx + e) - 3)xsqrt(a*sin(f*x + e) + a)xsqrt(a) - 9xaxcos(fx*

x + e) + (axcos(f*x + e)”2 + 8xa*xcos(f*x + e) - a)xsin(f*x + e) - a)/(cos(f

*x + e)73 + cos(f*xx + )72 + (cos(f*x + e)”2 - 1) xsin(f*x + e) - cos(f*x +

e) - 1)) + 4xsqrt(a*sin(f*x + e) + a))/(a*xc*f*xcos(f*x + e))
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Sympy [F]

csc(e + fx) .
Va+asin(e + fz)(c — csm(e + fz))

f \/asin (e+fz)+asin? (e+fa:) \/asin (e+fz)+asin (e+fz)
C

dx

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))**(1/2),x)

[Out] -Integral(l/(sqrt(a*sin(e + f*x) + a)*sin(e + f*x)**2 - sqrt(a*sin(e + f*x)
+ a)*sin(e + f*x)), x)/c

Maxima [F]

csc(e + fx)

Va+asin(e + fz)(c— csin(e;— fz))

_\/asin(fw—f-e)—l—a(csin(fa:—l—e) —c¢)sin(fx +e) !

dx

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, algorithm
="maxima")
[Out] -integrate(1/(sqrt(a*sin(f*x + e) + a)*(c*sin(f*x + e) - c)*sin(f*x + e)),

X)

Giac [A] (verification not implemented)

nomne

Time = 0.35 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.18

csc(e + fx) p
Tr =
va+ asin(e + fz)(c — csin(e + fz))
|—2 V2+4 sin(—71£ 7r+% fz+% e)|
\/5 2\/§log< |2 V2+4 Siﬂ(*zlg m+% fotd 6)| log(sin(—i 71'—{—% fm—i—% e)+1) log(—sin(—% 7r+% fz—}-% e)+1) 2
c + c o c + csin(—%w—i—%f

4y/afsgn (cos (—3m+ 1 fz+1ie))

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm
="giac")



121

[Out] -1/4%sqrt(2)*(2*sqrt(2)*log(abs(-2*sqrt(2) + 4*sin(-1/4*pi + 1/2xf*xx + 1/2x%
e))/abs(2*sqrt(2) + 4*sin(-1/4xpi + 1/2%f*x + 1/2%e)))/c + log(sin(-1/4#*pi
+ 1/2+f*x + 1/2%e) + 1)/c - log(-sin(-1/4*pi + 1/2xfxx + 1/2xe) + 1)/c + 2/
(cxsin(-1/4*pi + 1/2*%f*xx + 1/2%e)))/(sqrt(a)*fxsgn(cos(-1/4*pi + 1/2xf*x +

1/2%e)))

Mupad [F(-1)]
Timed out.
/ csc(e + fx) i
Vva+asin(e + fz)(c — csin(e + fz))

1
dx
/sin(e-l—fz) Va+asin(e+ fz) (c—csin(e+ fz))

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))),x)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))), x)
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Optimal result

Integrand size = 40, antiderivative size = 103

/ Vgsin(e + fz)\/a + asin(e + fz)
: dz
¢ —csin(e + fx)

2y/a,/g arctan ( v/ay/g cos(e /) )

Vgsin(e+fz)\/a+asin(e+fz)
cf
N 2sec(e + fz)\/gsin(e + fr)\/a + asin(e + fz)
cf

[Out] 2*arctan(cos(f*x+e)*a~(1/2)*g~(1/2)/(g*sin(f*x+e))~(1/2)/(ataxsin(f*x+e))~(
1/2))*a~(1/2)*g~(1/2) /c/f+2*sec (f*x+e) *(g*xsin(f*x+e) )~ (1/2) * (ata*sin(f*x+e)
)~ (1/2)/c/f

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 150 Ryles used

' integrand size
= {3007, 2854, 211, 3009, 12, 30}

/\/gsin(e+fx)\/a+asin(e—|—fa:) p
. T
¢ — csin(e + fx)

va,/g cos(e+fx)
— 2v/a/garctan (Va sin(etf2)+a\/g sin(e+fw)>

cf
N 2sec(e + fz)\/asin(e + fz) + a\/gsin(e + fz)
cf
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[In] Int[(Sqrtlg*Sinl[e + f*x]]1*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sinl[e + f*x]),x]

[Out] (2xSqrt([al*Sqrtl[gl*ArcTan[(Sqrt[a]*Sqrt[g]l*Cos[e + f*x])/(Sqrt[g*Sin[e + fx

x]]*Sqrt[a + a*Sin[e + f*x]]1)])/(c*f) + (2+Sec[e + f*x]*Sqrt[gxSin[e + f*x]
1*Sqrt[a + a*xSin[e + fxx]]1)/(cxf)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2854

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]], x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b + d*x~2), x], x
, bx(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]))], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&& NeQ[c™2 - d~2, 0]

Rule 3007

Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)1]*Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.
Y*(x_)11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)1), x_Symboll :> Dist[g/d, In
t[Sqrt[a + b*Sin[e + f*x]]/Sqrtlg*Sinl[e + f*x]], x], x] - Dist[c*(g/d), Int
[Sqrt[a + b*Sin[e + fxx]1/(Sqrt[g*Sin[e + f*x]1*(c + d*Sinl[e + f*x])), xI,

x] /; FreeQ[{a, b, c, d, e, f, g}, x] & NeQ[bxc - axd, 0] && (EqQ[a"2 - b~
2, 0] || EqQ[c™2 - a~2, 01)

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxgxx~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e

+ fxx]]1*Sqrt[a + b*Sin[e + f*x]1]1))], x] /; FreeQ[{a, b, c, 4, e, f, g}, x]

&& NeQ[bxc - axd, 0] &% EqQ[a"2 - b2, 0]



124

Rubi steps

. +/a+asin(e+fz)
\/CL +a sm(e + fJ?) 9 f \/gsin(e+fzx) dz

integral = g Vgsin(e + fx)(c — csin(e + fz)) o ¢

1 acos(e+fx)
(QGg)SUbSt <f cgz? d$, z, Vgsin(e+fz)\/ata sin(e-{-fil!))

f

1 acos(e+fx)
(2ag)Subst ( Ik Pl dz, x, Jgsin(etfa)\/atasm(er fz)>

cf

Va,/g cos(e+fx) ) ( 1 acos(et+fz) )
= 2\/6\/5 arctan ( Vgsin(e+fz)\/atasin(e+fr) ) (2a)Subst f = 4, T, Vgsin(e+fz)/a+asin(e+fz)
cf cf

+

va,/g cos(e+fx)
_ 2\/6\/-6 arctan (\/gsin(e+fz)\/a+asin(€+fw)) + 2 sec(e + f.’L‘) \/g Sin(e + f.’l?) \/a’ + a’Sin(e + f.’IZ)
cf cf

Mathematica [A] (verified)

Time = 2.59 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.88

/ Vgsin(e + fzr)\/a + asin(e + fz)
- dx
¢ —csin(e + fx)

- 2sec(e + fr) (arcsin <\/1 — sin(e + fcc)) \/1—sin(e + fz) + y/sin(e + fx)) Vgsin(e + fzr)/a(1 + sin
B cf+/sin(e + fx)

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sin[e + f*
x]),x]

[Out] (2xSec[e + f*x]*(ArcSin[Sqrt[1 - Sin[e + f*x]]]*Sqrt[1l - Sin[e + f*x]] + Sq
rt[Sin[e + f*x]])*Sqrt[g*Sin[e + f*x]]*Sqrt[ax(1 + Sin[e + £*x])])/(c*f*Sqr
t[Sinfe + £*x]1])

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 753 vs. 2(87) = 174.

Time = 3.21 (sec) , antiderivative size = 754, normalized size of antiderivative = 7.32
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method | result

g(csc(fate)—cot(fate)) _ 2 2 a((l—cos(f:c+e))2 (CSCQ(_f:v+e))+2 csc(fzte)—2 cot(f:v+e)+1)
\/(l—cos(fz+e))2 (cscz(fa:+e))+1 <(1 COS(fIZH'e)) (CSC (fx—i—e))-l—l) \/ (1—cos(fz+e))? (csc2(fm+e))+1

default

[In] int((g*sin(f*x+e))~(1/2)*(at+a*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] -1/4/c/f*x(g/((1-cos(f*x+e)) "2xcsc(f*x+e) "2+1)*(csc(f*x+e)-cot (f*x+e)))~(1/2
Y*((1-cos(f*x+e)) "2*xcsc(f*xx+e) "2+1)*(a*x ((1-cos(f*x+e)) ~"2*xcsc(f*x+e) “2+2*csc
(fxx+e)-2xcot (fxx+e)+1)/((1-cos(f*x+e)) "2xcsc(f*x+e) "2+1))~(1/2)/(-cot (f*x+
e)+csc(fxx+e)+1)*x(27(1/2)*1n (- (csc(f*x+e) —cot (fxx+e)+(csc (f*x+e)-cot (f*x+e)
)" (1/2)%27(1/2)+1) / ((csc(f*x+e) —cot (f*xx+e) ) ~(1/2)*27(1/2) -csc(f*x+e)+cot (f*
x+e)-1))*x(csc(f*x+e)—cot (f*x+e))+4*2~ (1/2) *arctan((csc(f*x+e)-cot (f*x+e)) " (
1/2)%27(1/2)+1) *(csc(f*x+e) —cot (fxx+e) ) +4x2~(1/2) *arctan((csc (f*x+e) —cot (£*
x+e)) " (1/2)*27(1/2)-1) *(csc(f*x+e) —cot (f*x+e) ) +27(1/2) *1n(-((csc(f*x+e)-cot
(f*x+e))~(1/2)*27(1/2) -csc(f*x+e)+cot (f*xx+e)-1) /(csc(f*x+e)-cot (f*x+e)+(csc
(fxx+e)-cot (fxx+e)) " (1/2)*27(1/2)+1) ) *(csc(f*x+e)—cot (f*x+e))-2"(1/2) *1n(-(
csc(f*xx+e)-cot (fxx+e)+(csc(f*xx+e)—-cot (fxx+e)) " (1/2)*27(1/2)+1)/ ((csc(f*x+e)
-cot (fxx+e)) ~(1/2)*2"(1/2) -csc(f*x+e)+cot (f*x+e)-1))-4*x2~ (1/2)*arctan((csc(
f*xx+e)-cot (fxx+e)) "~ (1/2)*27(1/2)+1)-4%2" (1/2) *arctan((csc(f*x+e)-cot (f*x+e)
)" (1/2)*27(1/2)-1)-2"(1/2) *1n (- ((csc (f*x+e) —cot (fxx+e) )~ (1/2) %2~ (1/2) -csc(f
xx+e)+cot (f*x+e)-1) /(csc(f*x+e) —cot (fxx+e)+(csc(f*x+e)-cot (f*xx+e)) ~(1/2)*2~
(1/2)+1) )+8*(csc(f*x+e)-cot (f*x+e) )~ (1/2))/(csc(f*x+e)-cot (fxx+e)) ~(1/2)/((
csc(f*xx+e)-cot (f*xx+e))~(1/2)+1)/((csc(f*xx+e)-cot (fxx+e))~(1/2)-1)*2"(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.41 (sec) , antiderivative size = 442, normalized size of antiderivative = 4.29

/ Vgsin(e + fr)\/a + asin(e + fz)
: dz
¢ —csin(e + fx)

\/—_agcos(fa:-l—e)log(

128 ag cos(fz+e)®>—128 ag cos(fx+e)4—416 ag cos(fz+e)>+128 ag cos(fz+e)2+289 ag cos(fz+e)+8 (16 I

\/zTg<8 cos(fz+e)?+8 sin(fz+e)—9> Vasin(fz+e)+ay/gsin(fz+e) -
\/ag arctan ( 1 (2agoos(Jate) +agoos(Jate) in(ate)—2ag cos(a+e)) cos(fr+e) —4+/asin(fr+e)+

2cfcos(fx+e)
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[In] integrate((g*sin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] [1/4*(sqrt(-axg)*cos(f*x + e)*log((128xaxgxcos(f*x + e)~5 - 128*a*g*cos(f*x
+ e)”4 - 416*axgxcos(f*x + e)~3 + 128xa*gkcos(f*x + e)~2 + 289xaxg*cos (f*x
+ e) + 8*(16xcos(f*x + e)~4 - 24xcos(f*x + e)~3 - 66%cos(f*xx + e)"2 + (16%
cos(fxx + e)~3 + 40xcos(f*x + e)”2 - 26xcos(f*x + e) - 51)*sin(f*x + e) + 2
Bxcos(f*x + e) + 51)xsqrt(-axg)*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e
)) + axg + (128*axgxcos(f*x + e)~4 + 256*axgxcos(f*x + e)~3 - 160*a*gkcos(f
*X + e)72 - 288*axgxcos(fxx + e) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f
*x + e) + 1)) + 8xsqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(c*xf*xcos(f
*x + e)), -1/2x(sqrt(axg)*arctan(1/4*sqrt(a*g)*(8xcos(f*x + e)~2 + 8*sin(fx*
X + e) - 9xsqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(2xaxg*cos(f*x +
e)”3 + axgxcos(f*x + e)*sin(f*x + e) - 2xaxgkcos(f*x + e)))*cos(f*x + e) -
4xsqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(cxf*cos(f*x + e))]

Sympy [F]
[ o e ),
¢ —csin(e + fx) c

[In] integrate((gxsin(f*x+e))**(1/2)*(at+a*sin(f*x+e))**(1/2)/(c-c*sin(f*x+e)),x)

[Out] -Integral(sqrt(g*sin(e + f#*x))*sqrt(a*sin(e + f*x) + a)/(sin(e + f*xx) - 1),
x)/c

Maxima [F]

Vgsin(e + fz)\/a + asin(e + fz) / Vvasin (fz + €) + ay/gsin (fz +€)
- de = [ — - dz
¢ —csin(e + fz) csin(fx+e)—c

[In] integrate((g*sin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] -integrate(sqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(cxsin(f*x + e) -
c), x)
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Giac [F(-1)]

Timed out.

/ V/gsin(e + f-’”).\/a +asin(e + fz) dz = Timed out
¢ — csin(e + fx)

[In] integrate((g*sin(f*x+e))”(1/2)*(at+a*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e)),x, a
lgorithm="giac")
[Out] Timed out

Mupad [F(-1)]

Timed out.

Vg sin(e+ fz)\/a+asin(e+ fz)
: dz
c—csin(e+ fx)

/ \/gsin(e+fx)\/a+asin(e+ fx)
: dx =
¢ —csin(e + fz)

[In] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + £*x))~(1/2))/(c - c*sin(e + f*x)

) %)
[Out] int(((g*sin(e + £*x))~(1/2)*(a + a*sin(e + £*x))~(1/2))/(c - c*sin(e + f*x)

), X)
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3.16 f v a+asin(e+fx) du
Vgsin(e+fz)(c—csin(e+fz))

Optimal result . . . . . . . . . . . e 128]
Rubi [A] (verified) . . . . . . . . .. 128
Mathematica [A] (verified) . . . . . . . . . .. . 129
Maple [A] (verified) . . . . . . . . . . 129
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 130
Sympy [F] . . o 130
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 130
Giac [F] . . o 131
Mupad [B] (verification not implemented) . . .. ... .. ... ... .. ....... 131

Optimal result

Integrand size = 40, antiderivative size = 43

Va+asin(e + fz) dp — 2sec(e + fr)\/gsin(e + fz)\/a + asin(e + fz)

Vysin(e + fz)(c — csin(e + fz)) cfyg

[Out] 2*sec(f*xx+e)*(gxsin(f*xx+e))”(1/2)*(ataxsin(f*x+e))~(1/2)/c/f/g

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 475 Ryjles used = {3009,
integrand size
12, 30}

Vva+asin(e + fz) e — 2sec(e + fz)\/asin(e + fz) + a\/gsin(e + fz)

Vgsin(e + fz)(c — csin(e + fx)) cfyg

[In] Int[Sqrtla + a*Sin[e + f*x]]/(Sqrtl[g*Sin[e + f*x]]*(c - c*Sin[e + f*x])),x]

[Out] (2+Sec[e + fxx]*Sqrt[gxSin[e + f*x]]1*Sqrt[a + a*Sin[e + f*x]])/(c*xf*g)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]
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Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*x(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(bxc + axd + cxgxx~2), x], x, b*(Cos[e + f*x]/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, f, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

1 acos(e+fx)
(QG)SUbSt <f cga? dac, z, Vgsin(e+fz)\/a+asin(e+fz) )

f

1 acos(e+fx)
B (2@) Subst (f 22 da:, z, \/g sin(e+fz) \/a+a sin(e-i—fl’))

cfg
_ 2sec(e+ fx)\/gsin(e + fzr)y/a+ asin(e + fx)
B cfg

integral = —

Mathematica [A] (verified)

Time = 0.55 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.93

Va+asin(e + fz) dp — 2¢/a(1 +sin(e + fz)) tan(e + fz)
Vgsin(e + fz)(c — csin(e + fz)) cf\/gsin(e + fx)

[In] Integrate[Sqrt[a + a*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]]*(c - c*Sin[e + f*x
1)),x]

[Out] (2*Sqrtla*x(1 + Sin[e + fx*x])]*Tan[e + fx*x])/(c*f*Sqrt[g*Sin[e + f*x]])

Maple [A] (verified)

Time = 2.86 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.86

method | result size
2tan(fz+e)+/a(l+sin(fz+e))
default of /g sm(Tate) 37

[In] int((ata*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2) ,x,method=_
RETURNVERBOSE)

[Out] 2/c/fxtan(f*xx+e)*(a*x(1+sin(f*x+e)))”(1/2)/(gxsin(f*x+e))~(1/2)
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Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.95

va+asin(e + fz) dp — 2+/asin (fz +e€) + a\/gsin (fz +e)
Vgsin(e + fz)(c — csin(e + fz)) B cfgcos(fz+e)

[In] integrate((ata*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] 2*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(cxfxgxcos(f*x + e))
Sympy [F]

. f v/asin (e+fz)+a dz
va+asin(e + fz) o — ) asm(etfz)sin(c+fa)—/gom (et 12)

Vgsin(e + fz)(c — csin(e + fz)) c

[In] integrate((at+a*sin(f*x+e))**(1/2)/(c-cxsin(f*x+e))/(gxsin(f*x+e))**(1/2),x)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sqrt(gxsin(e + f*x))*sin(e + f*x) - sqr
t(gxsin(e + f*x))), x)/c

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 309 vs. 2(39) = 78.

Time = 0.31 (sec) , antiderivative size = 309, normalized size of antiderivative = 7.19

va+ asin(e + fz)
Vv gsin(e + fz)(c — csin(e + fz))
9 3v2y/a,/gsin(fz+e) \/ﬁﬁﬁsin(fzJ-e)Q

4 (Sﬁ\/&ﬁsin(fx-i—e)_ \/5\/5\/§sin(f:v+e)2 [ _sin(fzte) ( cos(fz+e)+1 (cos(fate)+1)2 ) 3
cos(fz+e)+1 (cos(fz+e)+1)2 cos(fz+e)+1 sin(fxz+e) sin(fz+ 2
e _ 2vava( i )R

cgsin(fz+e)
cg— cos(fz+te)+1 c\/§

B 12 f

dr =

[In] integrate((at+a*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] -1/12*%(4*((3*sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x + e) + 1) - sqrt
(2)*sqrt(a) *sqrt(g) *sin(f*x + e)~2/(cos(f*x + e) + 1)"2)*sqrt(sin(f*x + e)/
(cos(f*x + e) + 1)) - 2%(3*sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x +
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e) + 1) + sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)~2/(cos(f*x + e) + 1)72)/sqrt
(sin(f*x + e)/(cos(f*x + e) + 1)))/(c*g - ckg*sin(f*x + e)/(cos(fxx + e) +
1)) - (2*sqrt(2)*sqrt(a)*(sin(f*x + e)/(cos(f*x + e) + 1))~(3/2) + 3*sqrt(2
)xsqrt(a)*sin(f*x + e)/(cos(f*xx + e) + 1))/(c*sqrt(g)) - (2xsqrt(2)*sqrt(a)
*(sin(fxx + e)/(cos(fxx + e) + 1))7(3/2) - 3xsqrt(2)*sqrt(a)*sin(f*x + e)/(
cos(fxx + e) + 1))/(c*sqrt(g)))/f

Giac [F]

Vva+ asin(e + fz) dx:/— Vasin(fz +e€) +a i
Vv gsin(e + fz)(c — csin(e + fz)) (csin (fz +e) —c)\/gsin (fz + e)

[In] integrate((ata*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(-sqrt(a*sin(f*x + e) + a)/((c*sin(f*x + e) - c)*sqrt(g*sin(f*x +

e))), x)

Mupad [B] (verification not implemented)

Time = 13.13 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.21

Vva+asin(e + fz) go— 2 sin(2e+2fz) \/a (sin(e+ fz)+1)
Vgsin(e + fz)(c — csin(e + fx)) T cf (cos(2e+2fzx)+1) \/gsin(e+ fx)

[In] int((a + a*sin(e + £f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))
) ,X)

[Out] (2*sin(2*e + 2xf*x)*(a*(sin(e + f*xx) + 1))~(1/2))/(c*f*(cos(2*%e + 2xf*xx) +
Dx*(g*sin(e + £*x))~(1/2))
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3.17 f v/ gsin(e+fx) dr
Vatasin(e+fz)(c—csin(e+fz))

Optimal result . . . . . . . . . . . . e 1321
Rubi [A] (verified) . . . . . . . . . 132
Mathematica [A] (verified) . . . . . . . . . .. 134
Maple [A] (verified) . . . . . . . . .. 134
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .... 135]
Sympy [F] . . o
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 136
Giac [F(-1)] . . o o o 136
Mupad [F(-1)] . . . o 137

Optimal result

Integrand size = 40, antiderivative size = 114

Vgsin(e + fz)
Va+asin(e + fz)(c — csin(e + fz))

Va,/g cos(e+fx) )
B \/g arctan ( \/ﬁ\/g sin(e+fx) \/a,+a sin(e+fx)

v2y/acf
N sec(e + fz)+/gsin(e + fz)\/a + asin(e + fz)
acf

dz

[Out] 1/2*arctan(1/2*cos(f*x+e)*a~(1/2)*g~(1/2)*27(1/2)/(gxsin(f*x+e))~(1/2)/(a+a
xsin(f*x+e))~(1/2))*g~(1/2)/c/£%27(1/2) /a~(1/2) +sec (f*x+e) * (gxsin (f*x+e)) ~(
1/2) * (ataxsin(f*x+e))~(1/2)/a/c/f

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, Lumber of rules _ ¢ 153 Ryles used

' integrand size
= {3015, 2861, 211, 3009, 12, 30}

Vgsin(e + fx) s
va+ asin(e + fz)(c — csin(e + fz))

Va,/gcos(e+fx)
\/g arctan (ﬁ\/a Sin(€+f$)+a\/g Sin(€+f$) >

V2+/acf
N sec(e + fz)+/asin(e + fz) + ay/gsin(e + fz)
acf




133

[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrt[a + a*Sin[e + f*x]]1*(c - c*Sin[e + f*x])),x]

[Out] (Sqrtlgl*ArcTan[(Sqrt[a]l*Sqrt[gl*Cosl[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[e + fx*x]

1*Sqrt[a + a*Sin[e + f£*x]]1)]1)/(Sqrt[2]*Sqrt[al*c*f) + (Sec[e + f*x]*Sqrt[g*
Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]])/(a*c*f)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)]1]1), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (a*c
- b*xd)*x~2), x], x, b*x(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + dx*Si
nle + f*x11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 3009

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
Y*x(x_)11*((c_) + (d_.)#*sin[(e_.) + (f_.)*(x_)1)), x_Symbol] :> Dist[-2x(b/f
), Subst[Int[1/(b*c + a*d + cxgxx~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e

+ f*x]]1xSqrt[a + b*Sin[e + £*x]1))], x] /; FreeQ[{a, b, c, 4, e, £, g}, x]

&& NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 3015

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrtl[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
] + Dist[cx(g/(b*c - a*d)), Int[Sqrt[a + bxSin[e + f*x]]1/(Sqrt[g*Sin[e + f*
x]1*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ
[bxc - a*d, 0] && (EqQ[a”2 - b~2, 0] || EqQlc~2 - 42, 0])
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Rubi steps
v/a+asin(e+fx) 1
intogral = J Jasmtet o) e—csinterra) 9 | Vrnterrer ety
& 2a 2c
1 acos(e+fx)
_ gSubst <f cga? dz, , Vgsin(e+fz)/a+asin(e+fz) )
f
1 acos(et+fx)
n (a’g) Subst (f 2a2+agz? d.’IJ, Ly \/g sin(e+fx) \/a,+a sin(e+fx) )
cf
Va,/g cos(e+fx) 1 acos(e+fx)
B \/.6 arctan ( V2+/gsin(e+fz)+/a+asin(e+fz) ) _ Subst <f z2 d.’IZ, z, Vgsin(e+fz)+/a+asin(e+fz) >

V2+/acf cf

Vay/goos(e+fz) : .
\/§arctan (ﬁ\/gsin(e+fx)\/a+asin(e+fx)> i S€C(6 + fx) \/g SlIl(@ + fCL') \/a’ + asm(e + fCL‘)
V2\/acf acf

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.17

Vgsin(e + fx)

va+ asin(e + fz)(c — csin(e + fz))
B csc(2(e + fx))+/sin(e + fzr)\/gsin(e + fz)/a(l + sin(e + fz)) (2\/5\/Sin(e + fz) — v/2arctan (%
N ac’/2f

dz

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + a*Sin[e + f*x]]*(c - c*Sin[e + f*x
1)) ,x]

[Out] (Csc[2*(e + f*x)]*Sqrt[Sin[e + fxx]]*Sqrt[g*Sin[e + f*x]]*Sqrt[ax(1 + Sin[e
+ f*x])]*(2xSqrt[cl*Sqrt[Sin[e + f*x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]*S
grt[Sin[e + f*x]])/Sqrtlc - c*Sin[e + f*x]]]1*Sqrtlc - c*Sinle + f*x]]))/(ax
c~(3/2)*f)

Maple [A] (verified)

Time = 3.34 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.39

method | result

(\/csc(fx+e)—cot(fx+e) sin(fz+e)—2 arctan(\/csc(fac—i-e)—cot(fac—i—e)) cos(fx+e)++/csc(fr+e)—cot(fz+e) cos(f:c-{—e)—l—\/&
cf(— cos(fz+e)+sin(fz+e)—1)/a(l+sin(fz+e)) v/csc(fz+e)—cot(fz+e)

default | —
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[In] int((g*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] -1/c/f*((csc(f*xx+e)-cot(f*x+e)) ~(1/2)*sin(f*x+e)-2*xarctan((csc(f*x+e)-cot(f
*x+e)) " (1/2)) *cos(f*x+e)+(csc(f*x+e)-cot (f*x+e) )~ (1/2) *cos (f*x+e)+(csc(f*x+
e)-cot(f*x+e))~(1/2))*(g*sin(f*x+e))~(1/2)/(-cos(f*x+e)+sin(f*x+e)-1)/(ax(1
+sin(f*xx+e)))~(1/2)/(csc(f*xx+e)-cot (f*x+e))~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.36 (sec) , antiderivative size = 385, normalized size of antiderivative = 3.38

Vgsin(e + fx)

va+ asin(e + fz)(c — csin(e + fz))

dz

17 g cos(fz+e)3+4 \/5(3 cos(fz+e)2+(3 cos(fz+e)+4) sin(fz+e) —cos(fx+e)—4) asin(fz+e)+ay
/9
\/ia’ o COS (fCL' + 6) log ( cos(fz+e)3+3 cos(fx+e)2+<cos(fm+e)
V2y/asin(fz+e)+a\/gsin(fz+e),/ (3 sin(fz+e)—1) .
\/ﬁa\/garctan( 4gcos(fz+e)sin(f;:Ca) > cos (fz +e) —4+/asin(fz +e) + a\/gs

dacfcos(fzr+e)

[In] integrate((g*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [1/8*(sqrt(2)*a*sqrt(-g/a)*cos(f*x + e)*log((17*xgxcos(f*x + e)~3 + 4xsqrt(2
)*(3*%cos(f*x + )72 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)
xsqrt (axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3xg*cos(f*x + e

)72 - 18*g*cos(f*x + e) + (17*xgxcos(f*x + e)”2 + 14xgxcos(f*x + e) - 4xg)*s
in(f*x + e) - 4*g)/(cos(f*x + e)~3 + 3*cos(f*x + e)”2 + (cos(f*x + e)72 - 2
xcos(f*x + e) - 4)*sin(f*x + e) - 2*%cos(f*x + e) - 4)) + 8*sqrt(a*sin(f*x +

e) + a)*sqrt(g*sin(f*x + e)))/(axcxf*cos(f*x + e)), -1/4*(sqrt(2)*a*xsqrt(g
/a)*arctan(1/4*sqrt(2) *sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(g
/a)*(3xsin(f*x + e) - 1)/(g*cos(f*x + e)*sin(f*x + e)))*cos(f*x + e) - 4*sq
rt(a*xsin(f*x + e) + a)*sqrt(g*sin(f*x + e)))/(a*xc*f*cos(f*x + e))]
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Sympy [F]
. \/gsin (e+fx)
vV 9 Slﬂ(e + fCU) de — — f \/asin (e+fz)+asin (e+fz)—+/asin (e+fz)+a dx
Va+asin(e + fz)(c — csin(e + fz)) c

[In] integrate((g*xsin(f*x+e))*x(1/2)/(c-c*sin(f*x+e))/(ataxsin(f*x+e))**(1/2),x)

[Out] -Integral(sqrt(g*sin(e + fx*x))/(sqrt(axsin(e + f*x) + a)*sin(e + f*x) - sqr
t(axsin(e + f*x) + a)), x)/c

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 270 vs. 2(96) = 192.

Time = 0.32 (sec) , antiderivative size = 270, normalized size of antiderivative = 2.37
Vgsin(e + fx) s
Vva+asin(e + fz)(c — csin(e + fz))

3
in(fz+e) \2 in(fzte) in(fz+ in(fz+4
4v2 g nilata,) 2v2Garctan |/ 2reE ) N V2G4 VoG L Y2vey il

Vacsin(fz+e) \ _. ac Vacsin(fz+e) Vacsir
\/» +\/Ecsin(fw+e) _ <\/Ec+ cos(fz+e)+1 )sm(fm+e) f \/Ec+ cos(fz+e)+1 ﬁc+ cos(fa
_ ac cos(fz+e)+1 cos(fz+te)+1
2f

[In] integrate((g*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] 1/2%(4*sqrt(2)*sqrt(g)*(sin(f*x + e)/(cos(f*x + e) + 1))~(3/2)/(sqrt(a)*c +
sqrt(a)*cxsin(f*x + e)/(cos(f*x + e) + 1) - (sqrt(a)*c + sqrt(a)*cksin(f*x

+ e)/(cos(f*xx + e) + 1))*sin(f*x + e)/(cos(f*x + e) + 1)) - 2xsqrt(2)*sqrt
(g)*arctan(sqrt(sin(f*x + e)/(cos(f*x + e) + 1)))/(sqrt(a)*c) + (sqrt(2)*sq
rt(g)*sqrt(sin(f*x + e)/(cos(f*x + e) + 1)) + sqrt(2)*sqrt(g))/(sqrt(a)*c +
sqrt(a)*cxsin(f*x + e)/(cos(f*xx + e) + 1)) + (sqrt(2)*sqrt(g)*sqrt(sin(f*x

+ e)/(cos(fxx + e) + 1)) - sqrt(2)*sqrt(g))/(sqrt(a)*c + sqrt(a)*c*sin(f*x

+ e)/(cos(f*x + e) + 1)))/f

Giac [F(-1)]

Timed out.

Vgsin(e + fx)

dx = Timed out
va+asin(e + fz)(c — csin(e + fz))

[In] integrate((g*sin(f*x+e))~(1/2)/(c-cxsin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] Timed out
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Mupad [F(-1)]

Timed out.
Va+asin(e + fz)(c — esin(e + fz))
:/ \/m dz
Va+asin(e+ fz) (c—csin(e+ fz))

[In] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))

) ,X)
[Out] int((g*sin(e + £*x))~(1/2)/((a + a*sin(e + £*x))~(1/2)*(c - c*sin(e + f*x))

), X)
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1

3.18 f V/gsin(e+fz)\/a+asin(e+ fz)(c—csin(e+fz)) dz

Optimal result . . . . . . . . . . e 138
Rubi [A] (verified) . . . . . . . . 138
Mathematica [A] (verified) . . . . . . ... ... L o 140
Maple [A] (verified) . . . . . . . .. 140
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... ..., I47]
Sympy [F] . . o [141]
Maxima [F] . . . . . 142
Giac [F(-1)] . . o o o o 1421
Mupad [F(-1)] . . . oo 142

Optimal result

Integrand size = 40, antiderivative size = 118

1

dx
Vgsin(e + fr)\/a+ asin(e + fz)(c — csin(e + fz))
Va,/g cos(e+fx)
_ arctan (ﬂ\/gsin(e-{—fx)\/a—i—aSin(e-i-fx)) N sec(e + fx) \/g sin(e + fz) \/a + asin(e + fz)
NN acfg

[Out] -1/2%arctan(1/2*cos(fxx+e)*a”(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(a+
axsin(f*x+e))~(1/2))/c/£*%27(1/2)/a~(1/2) /g~ (1/2) +sec (f*x+e) *(gxsin (f*x+e))~
(1/2)*(a+axsin(f*x+e))~(1/2)/a/c/f/g

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 150 Ryles used

' integrand size
= {3017, 2861, 211, 3009, 12, 30}

1
/ Vgsin(e + fr)\/a+ asin(e + fz)(c — csin(e + fz)) d
va,/g cos(e+fx) )

_ sec(e + fa:) \/a SiI’l(e + fl') + G,\/g sin(e + f.QT) . arctan <ﬁ\/asin(e—i—fat)—i—a\/gsin(e-i-fx)
acfg Vavacf /g

[In] Int[1/(SqrtlgxSin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c - c*Sin[e + fx*x])),
x]
[Out] -(ArcTan[(Sqrt[a]l*Sqrt[gl*Cosle + f*xx])/(Sqrt[2]*Sqrt[g*Sin[e + f*x]]*Sqrt[

a + axSin[e + fxx]]1)]/(Sqrt[2]*Sqrt[a]*cxfxSqrtlgl)) + (Secle + f*x]*Sqrtlg
xSin[e + fxx]]*Sqrt[a + a*Sin[e + f*x]])/(a*xc*xfx*g)
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (£f_.)*(x_)]]1*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)]11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
nle + f*x11))], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b2, 0] && NeQ[c™2 - 42, 0]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, bx(Cos[e + f*x]/(Sqrtlg*Sin[e

+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]

&& NeQ[bxc - a*d, 0] && EqQ[a~2 - b™2, 0]

Rule 3017

Int[1/(Sqrtl(g_.)*sinl(e_.) + (£_.)*(x_)]11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_Ox(x )11x((c_) + (d_.)#*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - D
ist[d/(bxc - a*d), Int[Sqrt[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]1*(c +
d*Sinfe + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*xc - ax*
d, 0] & (EqQ[a~2 - b~2, 0] || EqQ[c™2 - d~2, 01)

Rubi steps
v/ a+asin(e+fz) d f 1
. . x . . dx
integral _ \/gsin(e+fz)(c—csin(e+fz)) + \/gsin(e+fz)\/a+asin(e+fz)

2a 2c
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1 acos(e+fx)
__ Subst (f we® U T ot fayJatasm(e i ) )
f
1 acos(e+fx)
_ aSubst <f 2a2+agx? dCU, Ly \/gsin(e+fz)\/a+asin(e+fz) )
cf
va,/g cos(e+fx) 1 acos(e+fx)
. arctan ( V2+/gsin(e+fz)+/a+asin(e+fz) ) . Subst (f z2 dCE, Ly \/gsin(e+fz)\/a+asin(e+fz) )

Vavact g cfs

Va,/g cos(e+fx)
arctan (ﬁ\/gsin(e—i—fw)\/a—i-asin(e—i—fx)) + Sec(e + fl') \/g Sin(e + fCL') \/a’ + G’Sin(e + fﬁ?)

V2yacf /g acfg

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.12

1
Vgsin(e + fzr)\/a + asin(e + fz)(c — csin(e + fz))
_ csc(2(e + fz))sin? (e + fx) va(l +sin(e + fz)) <2ﬁ\/sin(e + fz) + v/2arctan <‘/§fc% m> c—
ac’2f./gsin(e + fz)

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c - cxSin[e + £
*x])) ,x1]

[Out] (Csc[2*(e + f*x)]*Sin[e + fxx]~(3/2)*Sqrt[a*x(1 + Sin[e + f*x])]*(2+Sqrt[c]*
Sqrt[Sin[e + f*x]] + Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]*Sqrt[Sin[e + £*x]])/Sq

rt[c - c*Sin[e + f*x]]]1*Sqrtlc - cxSin[e + f*x]1]))/(a*xc™(3/2)*f*Sqrt [g*Sin[

e + fxx]1)

Maple [A] (verified)

Time = 3.40 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.10

method | result

(2 cos(fz+e)+/csc(fz+e)—cot(fr+e) arctan (\/csc(fx+e)—cot(fx-l—e)) +1—cos(fz+e)—cos(fz+e) cot(fx—l—e)-{—csc(fa:-l—e)) (14
cf(— cos(fz+e)+sin(fz+e)—1)\/a(l+sin(fz+e)) /gsin(fr+e)

default | —

[In] int(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ataxsin(f*x+e))~(1/2),x,method
= RETURNVERBOSE)

[Out] -1/c/f*(2*cos(f*x+e)*(csc(f*x+e)-cot(f*x+e))~(1/2)*arctan((csc(f*x+e)-cot(f
*x+e) )~ (1/2))+1-cos (f*x+e)—cos (f*xx+e) *xcot (f*xx+e)+csc(f*x+e) ) *(1+cos(f*x+e))
/(—cos(f*x+e)+sin(f*x+e)-1)/(ax(1+sin(f*x+e))) ~(1/2)/(g*sin(f*x+e))~(1/2)
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Fricas [A] (verification not implemented)

none

Time = 0.37 (sec) , antiderivative size = 391, normalized size of antiderivative = 3.31

1
Vgsin(e + fzr)\/a + asin(e + fz)(c — csin(e + fz)) d

3 cos(fx+e)?+(3 cos(fz+e)+4) sin(fz+e)—cos(fz+e)— ) Vasin(fz+e)+a/gsin(fz+e
a,/——cos (fr+e)lo v2(
\/_ g f & ( cos(fx+e)3+3 cos(fz+e) +<cos(fa:+e

&

[In] integrate(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] [1/8*(sqrt(2)*axgxsqrt(-1/(a*xg))*cos(f*x + e)*log(-(4*sqrt(2)*(3*cos(f*x +
e)”2 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(fx*x

+ e) + a)*sqrt(gxsin(f*x + e))*sqrt(-1/(a*xg)) - 17*cos(f*x + e)~3 - 3*cos(
fxx + €)72 - (17*cos(f*x + e)”2 + 14*cos(f*x + e) - 4)*sin(f*x + e) + 18%co
s(f*x + e) + 4)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2*co
s(fxx + e) - 4)*sin(f*x + e) - 2xcos(f*x + e) - 4)) + 8*sqrt(a*sin(f*x + e)

+ a)*sqrt(gxsin(f*x + e)))/(a*xcxfxgxcos(f*x + e)), 1/4*(sqrt(2)*axgxsqrt(1l
/(axg))*arctan(1/4*sqrt (2) *sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sq
rt(1/(axg))*(3*sin(f*x + e) - 1)/(cos(f*x + e)*sin(f*x + e)))*cos(f*x + e)

+ 4xsqrt(a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(axcxfxgkcos(f*x + e))]

Sympy [F]

1

Vgsin(e + fz) \/a+a31n(e+fa:)(c—csm(e+fx)) e

f \/gsin (e+fz)+/asin (e+fz)+asin (e—i—fz) \/gsin (e+fz)+/asin (e+fz)+a dz
Cc

[In] integrate(1/(c-c*sin(f*x+e))/(gxsin(f*x+e))**(1/2)/(ataxsin(f*x+e))**(1/2),
x)

[Out] -Integral(1l/(sqrt(g*sin(e + fx*x))*sqrt(a*sin(e + f*x) + a)*sin(e + f*x) - s
qrt(gxsin(e + fxx))#*sqrt(a*sin(e + f*x) + a)), x)/c
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Maxima [F]

1
Vgsin(e + fz)\/a + asin(e + fz)(c — csin(e + fz)) &

1
Y dx
/ Vvasin (fz + €) + a(csin (fz + €) — ¢)\/gsin (fz + €)

[In] integrate(1/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(at+axsin(f*x+e))~(1/2),x,
algorithm="maxima")
[Out] -integrate(1/(sqrt(a*sin(f*x + e) + a)*(c*sin(f*x + e) - c)*sqrt(g*sin(f*x

+e))), x)

Giac [F(-1)]
Timed out.

1
Vgsin(e + fz)\/a + asin(e + fz)(c — csin(e + fz))

dz = Timed out

[In] integrate(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="giac")
[Out] Timed out

Mupad [F(-1)]

Timed out.

1
dz
Vgsin(e + fr)\/a + asin(e + f:f)(c— csin(e + fx))
= dz
/\/g sin(e+ fz)y/a+asin(e+ fz) (c—csin(e+ fx))

[In] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x

))),x%)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + £*x))~(1/2)*(c - c*sin(e + f*x

))), %)
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3.19 [ escle+fz)\/a+ asin(e + fr)\/c — csin(e + fz)d

Optimal result . . . . . . . . . . . . e 143]
Rubi [A] (verified) . . . . . . . . . . 143
Mathematica [A] (verified) . . . . . . . . . ... 144
Maple [A] (verified) . . . . . . . . . . 144
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 145]
Sympy [F] . . o o 145
Maxima [F] . . . . . . 146
Giac [A] (verification not implemented) . . . . . ... ... .. Lo oL 146
Mupad [F(-1)] . . . . 1461

Optimal result

Integrand size = 36, antiderivative size = 46

/csc(e + fz)\/a +asin(e + fr)\/c — csin(e + fz)dz

_ log(sin(e + fx))sec(e + fz)\/a+ asin(e + fz)+/c — csin(e + fz)
a f

[Out] 1n(sin(f*x+e))*sec(f*x+e)*(at+a*sin(fxx+e))~(1/2)*(c-c*sin(f*x+e))~(1/2)/f

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.056, Rules used = {3027,
integrand size
3556}

/csc(e + fz)v/a+ asin(e + fz)\/c — csin(e + fz)dz

_sec(e+ fz)\/asin(e + fz) + a\/c — csin(e + fz)log(sin(e + fz))
a f

[In] Int[Cscle + f*x]*Sqrt[a + axSin[e + fxx]]1*Sqrtlc - c*Sinl[e + f*x]],x]

[Out] (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin[e +
fxx]]1)/f

Rule 3027

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]1])/sinl[(e_.) + (£f_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b+*Sin[
e + f*x]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + f*x], x], xI]
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/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&& EqQlc™2 - d~2, 0]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*xx], x]11/d, x] /; FreeQ[{c, d}, x]

Rubi steps

integral = (sec(e + fz)v/a+ asin(e + fx)\/c — csin(e + fx)) /cot(e + fx)dx

_log(sin(e + fx)) sec(e + fz)\/a+ asin(e + fz)+/c — csin(e + fz)
a f

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.35

/csc(e + fz)\/a+ asin(e + fz)\/c — csin(e + fz)dx

(log (cos (3(e + fz))) + log (sin (1(e + fz)))) sec(e + fz)\/a(l + sin(e + fz))\/c — csin(e + fx)
f

[In] Integrate[Cscl[e + f*x]*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc - c*Sin[e + f*x]],x]

[Out] ((Logl[Cos[(e + fx*x)/2]] + Logl[Sin[(e + f*x)/2]])*Secle + f*x]*Sqrt[ax(1l + S
inf[e + f*x])]*Sqrtlc - c*Sin[e + f*x]])/f

Maple [A] (verified)

Time = 1.56 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.48

method | result size

sec(fz+e) <ln(csc(fw—|—e)—cot(fz—l—e))—ln(m) ) Va(l+sin(fz+e)) /—c(sin(fr+e)—1)
f

default 68

[In] int((ata*sin(f*x+e))”~(1/2)*(c-c*sin(f*x+e))”~(1/2)/sin(f*x+e) ,x,method=_RETU
RNVERBOSE)

[Out] 1/fxsec(f*x+e)*(1ln(csc(f*xx+e)-cot(f*xx+e))-1n(2/(1+cos(f*xx+e))))*x(ax(1+sin(f
xx+e)) )~ (1/2)*(~cx(sin(f*xx+e)-1))~(1/2)
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Fricas [A] (verification not implemented)

none

Time = 0.38 (sec) , antiderivative size = 202, normalized size of antiderivative = 4.39

/csc(e + fr)\/a +asin(e + fr)y/c — csin(e + fz)dzx
4 (256 accos(fz+e)® —512 accos(fr+e)3+337 accos(fr+e)+ (256 cos(fx+e)t—512 cos(fz+e)2+175> Vacy/asin(fz+e)+a/
vaclog

cos(fz+e)—cos(fz+e)

\/—ac(16 cos(fx+e)2—7> Vasin(fz+e)+a/—csin(fz+e)+c
v —acarctan ( 16 ac cos(fz+e)> —25 accos(fz+e)
f

[In] integrate((at+a*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/2*sqrt(axc)*log(4*(256%a*xckcos(f*x + e)~5 - 512xaxcxcos(f*x + e)~3 + 337
xaxckxcos(fxx + e) + (256xcos(f*x + e)”4 - B512*cos(f*x + e)~2 + 175)*sqrt(ax*
c)*sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c))/(cos(f*x + e)~3 - co

s(fxx + e)))/f, -sqrt(-axc)*arctan(sqrt(-a*xc)*(16xcos(f*x + e)~2 - 7)*sqrt(
axsin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(16*a*c*xcos(f*x + e)~3 - 25*a
xcxcos(fxx + e)))/f]

Sympy [F]

/csc(e + fr)\/a +asin(e + fr)\/c — csin(e + fz) dz

_ / Va(sin (e + fr) + 1)\/—c(sin (e + fz) — 1) o
sin (e + fz)

[In] integrate((a+a*sin(f*x+e))**(1/2)*(c-cxsin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(a*(sin(e + f*x) + 1))*sqrt(-c*(sin(e + f*x) - 1))/sin(e + f*x
), X)
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Maxima [F]

/csc(e + fz)\/a+ asin(e + fz)\/c — csin(e + fz)dx

/ Vasin(fz +e€)+ay/—csin(fz+e)+c
= - dz
sin (fx + e)

[In] integrate((at+a*sin(f*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/sin(f*x + e),

X)

Giac [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.24

/csc(e—|-fx)\/a+asin(e+f:c)\/c— csin(e + fz)dx =

Vay/clog (‘2 sin(—37+1fz+1 6)2 — ID sgn(cos (—;m+ 3 fr+3e))sgu(sin (-7 + 1 fz+1e)
- f

[In] integrate((ata*sin(f*x+e))~(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] -sqrt(a)*sqrt(c)*log(abs(2*sin(-1/4*pi + 1/2xfxx + 1/2%e)~2 - 1))*sgn(cos(-
1/4%pi + 1/2*%f*xx + 1/2%e))*sgn(sin(-1/4*pi + 1/2xfxx + 1/2%e))/f

Mupad [F(-1)]

Timed out.

/csc(e + fr)\/a +asin(e + fr)\/c — csin(e + fz)dz

/\/a+asin(e+fa:)\/c—csin(e+fa:)
= - dz
sin (e + fx)

[In] int(((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2))/sin(e + f*x), x
)
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3.90 f csc(e+fx)+/a+asin(e+fx) d

\/c—csin(e+fz) T
Optimal result . . . . . . . . . . . e 147
Rubi [A] (verified) . . . . . . . 147
Mathematica [A] (verified) . . . . . . . . . .. . 149
Maple [A] (verified) . . . . . . . . .. 1501
Fricas [F] . . . . . . . 150
Sympy [F] . . o 150
Maxima [A] (verification not implemented) . . . . . . . ... .. ... L. 1511
Giac [A] (verification not implemented) . . . . . . .. ... ... L. 151
Mupad [F(-1)] . . . . o 1511

Optimal result

Integrand size = 36, antiderivative size = 102

dz

csc(e + fz)\/a + asin(e + fz)
/ V¢ —csin(e + fx)
acos(e + fz)log(l — sin(e + fz))
_f\/a-l— asin(e + fz)\/c — csin(e + fx)
N log(sin(e + fz)) sec(e + fz)\/a + asin(e + fzr)\/c — csin(e + fz)
cf
[Out] -a*cos(f*x+e)*1n(1-sin(f*x+e))/f/(ata*sin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~ (1

/2)+1n(sin(f*x+e) ) *sec (f*x+e) * (at+ta*sin(f*x+e)) "~ (1/2)*(c-c*sin(f*x+e)) ~(1/2)

/c/f

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6 number of rules _ 0.167, Rules used

' integrand size
= {3021, 2816, 2746, 31, 3027, 3556}

dz

/ csc(e + fz)y/a +asin(e + fz)
V¢ — csin(e + fx)
_ sec(e + fz)+/asin(e + fz) + ay/c — csin(e + fz)log(sin(e + fz))

cf
acos(e + fz)log(l — sin(e + fz))

- fv/asin(e + fz) + a\/c — csin(e + fz)

[In] Int[(Cscle + f*x]*Sqrtl[a + a*Sinl[e + f*x]]1)/Sqrtlc - c*Sin[e + f*x]],x]
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[Out] -((a*Cos[e + f*x]*Logl[l - Sin[e + f*x]])/(f*Sqrt[a + a*Sin[e + f*x]]*Sqrtl(c
- cxSinfe + f*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + axSin[e + £
*x]]*Sqrt[c - c*Sin[e + fx*x]])/(cxf)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2746

Int[cos[(e_.) + (£_.)*(x_)]1 " (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x]1, x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1] || !'IntegerQ[m + 1/2
D

Rule 2816

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]], x_Symbol] :> Dist[axc*(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x
11*Sqrt[c + d*Sin[e + f*x]])), Int[Cos[e + f*x]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, ¢, d, e, f}, x] && EqQ[b*c + a*d, 0] && EqQ[a"2 - b~2, 0]

Rule 3021

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11/(sin[(e_.) + (£f_.)*(x_)]1*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)11), x_Symbol] :> Dist[-d/c, Int[Sqrt[
a + bxSin[e + f*x]]/Sqrtlc + d*Sin[e + f*x]], x], x] + Dist[1/c, Int[Sqrtla
+ bxSin[e + f*x]]*(Sqrtlc + d*Sin[e + f*x]]/Sin[e + f*x]), x], x] /; FreeQ
[{a, b, c, 4, e, £}, x] && NeQ[bxc - a*d, 0] && EqQ[a~2 - b~2, 0] && EqQ[b*
c + axd, 0]

Rule 3027

Int[(Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]11)/sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b*Sin[
e + fxx]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + f*x], x], xI]
/; FreeQ[{a, b, c, d, e, f}, x] &% NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&% EqQlc~2 - 472, 0]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQ[{c, d}, x]
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Rubi steps
integral
_ [esc(e+ fz)y/a+asin(e+ fz)\/c— csin(e + fz)dz N va+ asin(e + fz) i
B c \/c— csin(e + fx)

(accos(e + fx)) [ % dx

B Vva+ asin(e + fzr)\/c — csin(e + fz)
(sec(e + fr)\/a +asin(e + fz)\/c — csin(e + fz)) [ cot(e + fz)dz
_ log(sin(e + fz))sec(e + fz)+/a + asin(e + fz)/c — csin(e + fz)

cf
_ (acos(e + fz))Subst( [ —— dz,z, —csin(e + fx))

fy/a+asin(e + fzr)\/c— csin(e + fz)
__acos(e+ fz)log(l —sin(e + fz))
fv/a+asin(e + fz)\/c — csin(e + fz)
N log(sin(e + fz))sec(e + fz)\/a + asin(e + fz)\/c — csin(e + fz)
cf

_|_

Mathematica [A] (verified)

Time = 1.25 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.63

/ csc(e + fzr)\/a + asin(e + fz) e
V¢ — csin(e + fx)
(log(1 —sin(e + fx)) — log(sin(e + fz)))sec(e + fz)\/a(l +sin(e + fz))/c — csin(e + fz)
cf

[In] Integrate[(Cscl[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc - c*Sin[e + fx*x]],
x]

[Out] -(((Log[l - Sin[e + f*x]] - Log[Sin[e + f*x]])*Sec[e + f*x]*Sqrt[ax(1l + Sin
[e + £xx])]*Sqrtlc - c*Sin[e + f*x]])/(cxf))
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Maple [A] (verified)

Time = 1.23 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.98

method | result size
(21n(csc(fz+e)—cot(fr+e)—1)—In(csc(fr+e)—cot(fz+e)))\/a(l+sin(fz+e)) (— cos(fr+e)+sin(fz+e)—1)
default f(cos(fz+e)+sin(fz+e)+1)\/—c(sin(fz+e)—1) 100

[In] int((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x,method=_RETU

RNVERBOSE)
[Out] 1/f*x(2*x1n(csc(f*x+e)-cot(f*x+e)-1)-1n(csc(f*x+e)-cot (f*x+e)))*x(a*x(1+sin(f*x
+e))) " (1/2)*(-cos (f*x+e)+sin(f*x+e)-1) /(cos (f*x+e)+sin(f*x+e)+1) /(-cx(sin(f

*x+e)-1)) " (1/2)

Fricas [F|

Vasin(fz+e€)+a q
T
csin (fz + e) + csin (fz + e)

csc(e + fzr)\/a + asin(e + fz
/ + fo)\Ja+ ) / —

V¢ — csin(e + fx)

[In] integrate((a+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x, algor
ithm="fricas")
[Out] integral(sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(c*cos(f*x + e)

~2 + cxsin(f*x + e) - c), x)

Sympy [F]

/csc(e-l—fx )v/a + asin( e—l—fx / Va(sin (e + fzr) +1)
dz
V¢ — csin(e + fx) v/ —c(sin (e + fz) — 1)sin (e + fz)

[In] integrate((a+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))**(1/2),x)
[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/(sqrt(-cx(sin(e + f*x) - 1))*sin(e + fx
x)), Xx)
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Maxima [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.58

2 Jalog(20250) 1) Jalog( 2trzs
/CSC(6+fm)\/a+asin(e—|-fgg) o — ( \%““ ) _ ( \/<Ef+>+1)
V¢ — csin(e + fx) [

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] (2*sqrt(a)*log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/sqrt(c) - sqrt(a)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(c))/f

Giac [A] (verification not implemented)

none
Time = 0.34 (sec) , antiderivative size = 1, normalized size of antiderivative = 0.01

/csc(e+fx)\/a+asin(e+fx) ez — 0
V¢ —csin(e + fz) B

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))~(1/2),x, algor
ithm="giac")
[Out] O

Mupad [F(-1)]

Timed out.

/csc(e+fm)\/a—|—asin(e+fx) / Va+asin(e+ fx)
dx = dz
V¢ — csin(e + fz) sin(e + fz) \/c—csin(e+ fz)

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))~(1/2)),x)
[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))~(1/2)), x
)
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3.91 f csc(e+fx)+/c—csin(e+fx) d

Vatasin(e+fx) T
Optimal result . . . . . . . . . . . . e 1521
Rubi [A] (verified) . . . . . . . . . 152
Mathematica [A] (verified) . . . . . . . . . ... 154
Maple [A] (verified) . . . . . . . . .. 1551
Fricas [F] . . . . . . . 155
Sympy [F] . . o 153
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 156
Giac [A] (verification not implemented) . . . . . . .. ... ..o oL 156
Mupad [F(-1)] . . . . o 1561

Optimal result

Integrand size = 36, antiderivative size = 100

/ csc(e + fz)\/c — csin(e + fz) i
Va+asin(e + fz)
ccos(e + fx)log(1l + sin(e + fz))
_f\/a-l— asin(e + fz)\/c — csin(e + fx)
N log(sin(e + fz)) sec(e + fz)\/a + asin(e + fzr)\/c — csin(e + fz)
af
[Out] -c*cos(f*x+e)*1n(1+sin(f*x+e))/f/(ata*sin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~ (1

/2)+1n(sin(f*x+e) ) *sec (f*x+e) * (ata*sin(f*x+e)) "~ (1/2)*(c-c*sin(f*x+e)) ~(1/2)

/a/f

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 6 number of rules _ 0.167, Rules used

' integrand size
= {3021, 2816, 2746, 31, 3027, 3556}

/ csc(e + fx)+/c — csin(e + fz) i
va+asin(e + fz)
_sec(e+ fz)\/asin(e + fz) + a\/c — csin(e + fz)log(sin(e + fz))
= of
__ ccos(e + fz)log(sin(e + fz) + 1)
fy/asin(e + fz) + a\/c — csin(e + fz)

[In] Int[(Cscle + f*x]*Sqrtlc - c*Sinl[e + f*x]]1)/Sqrtl[a + a*Sin[e + f*x]],x]
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[Out] -((c*Cos[e + f*x]*Logl[l + Sin[e + f*x]])/(f*Sqrt[a + a*Sin[e + f*x]]x*Sqrtl(c
- cxSinfe + f*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + axSin[e + f
*x]]*Sqrt[c - c*Sin[e + fxx]])/(axf)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2746

Int[cos[(e_.) + (£_.)*(x_)]1" (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x]1, x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a~2 - b~2, 0] && (GeQlp, -1] || !'IntegerQ[m + 1/2
D

Rule 2816

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]], x_Symbol] :> Dist[axc*(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x
11*Sqrt[c + d*Sin[e + f*x]])), Int[Cos[e + f*x]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[b*c + a*d, 0] && EqQ[a~2 - b~2, 0]

Rule 3021

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(sinl(e_.) + (£f_.)*(x_)]1*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)11), x_Symbol] :> Dist[-d/c, Int[Sqrt[
a + bxSin[e + fxx]]/Sqrtlc + d*Sin[e + f*x]], x], x] + Dist[1/c, Int[Sqrtla
+ bxSin[e + f*x]]*(Sqrtlc + d*Sin[e + f*x]]/Sin[e + f*x]), x], x] /; FreeQ
[{a, b, c, 4, e, £}, x] && NeQ[bxc - a*d, 0] && EqQ[a~2 - b~2, 0] && EqQ[b*
c + axd, 0]

Rule 3027

Int[(Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl[(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]1)/sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[Sqrt[a + b*Sin[
e + fxx]]1*(Sqrt[c + d*Sin[e + f*x]]/Cos[e + f*x]), Int[Cot[e + f*x], x], x]
/; FreeQ[{a, b, c, d, e, f}, x] &% NeQ[b*c - axd, 0] && EqQ[a~2 - b2, 0]
&% EqQlc~2 - 472, 0]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQ[{c, d}, x]
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Rubi steps
integral
_ [esc(e+ fz)\/a+asin(e + fz)/c—csin(e + fz)dz B V¢ —csin(e + fz) i
B a Va+asin(e + fz)
(accos(e—+,fr))j’Ei%%%%ﬁgzjdx
- va+ asin(e + fz)\/c — csin(e + fx)
<Sec(e + fr)\/a+asin(e + fr)\/c — csin(e + fx)) [ cot(e+ fz)dx
+
a
_log(sin(e + fx))sec(e + fz)\/a+ asin(e + fz)+/c — csin(e + fz)
= of
(ccos(e + fz))Subst( [ oz dz, z,asin(e + fz))
- f\/a+asin(e + fr)\/c— csin(e + fz)
_ ccos(e+ fz)log(l +sin(e + fx))
B fv/a+asin(e + fz)\/c — csin(e + fz)
N log(sin(e + fz))sec(e + fz)\/a + asin(e + fr)\/c — csin(e + fz)
af
Mathematica [A] (verified)
Time = 0.77 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.61
/ csc(e + fz)y/c — csin(e + fz)
dz
va+asin(e + fz)
_ (log(sin(e + fz)) — log(1 + sin(e + fz))) sec(e + fz)\/a(l + sin(e + fz))/c — csin(e + fz)

af
[In] Integrate[(Cscl[e + f*x]*Sqrt[c - c*Sin[e + f*x]])/Sqrt[a + a*Sin[e + fx*x]],
x]

[Out] ((Log[Sin[e + f*x]] - Logl[l + Sin[e + f*x]])*Sec[e + f*x]*Sqrt[ax(1 + Sin[e
+ fxx])]*Sqrtlc - c*Sin[e + f*x]])/(axf)
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Maple [A] (verified)

Time = 1.24 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.00

method | result size
(21n(— cot(fz+e)+csc(fz+e)+1)—In(csc(fz+e)—cot(fz+e)))/—c(sin(fz+e)—1) (cos(fz+e)+sin(fz+e)+1)
default f(— cos(fz+e)+sin(fr+e)—1)y/a(l+sin(fz+e)) 100

[In] int((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(ataxsin(f*x+e))~(1/2),x,method=_RETU

RNVERBOSE)
[Out] 1/fx(2*x1n(-cot (f*x+e)+csc(f*xx+e)+1)-1n(csc(f*x+e)-cot (f*x+e)))*x(—cx(sin(f*x
+e)-1))"(1/2) *(cos (fxx+e)+sin(f*x+e)+1) /(-cos(fxx+e) +sin(f*x+e)-1)/(a*x(1+si

n(f*xx+e)))~(1/2)

Fricas [F|

/csc(e-l—fx )/ ¢ — csin( e-l—fx —csin (fr+e) +c i
Va+asin(e + fz) Vasin (fz +e€) +asin (fz +e)

[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor

ithm="fricas")
[Out] integral(-sqrt(a*sin(f*x + e) + a)*sqrt(-cxsin(f*x + e) + c)/(a*xcos(f*x + e

)"2 - a*sin(f*x + e) - a), x)

Sympy [F]

/ csc(e + fz)\/c — csin(e + fz / v/ —c(sin(e+ fz) — 1)
Va+asin(e + fz) Va (sin (e + fz) + 1)sin (e + fz)

[In] integrate((c-c*sin(f*x+e))**(1/2)/sin(f*x+e)/(ata*sin(f*x+e))**(1/2),x)
[Out] Integral(sqrt(-c*(sin(e + fxx) - 1))/(sqrt(ax(sin(e + f*x) + 1))*sin(e + fx
x)), x)
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Maxima [A] (verification not implemented)

none

Time = 0.30 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.59

(fz+e) in(fz+e)
2\/610 (cossl?fzie)e-ﬁ-l +1) \/ElOg(cossl?fmie)e-kl)

/ csc(e + fz)y/c — csin(e + fz) dr — Ja Ja

Va+asin(e + fz) f

[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] (2*sqrt(c)*log(sin(f*x + e)/(cos(f*x + e) + 1) + 1)/sqrt(a) - sqrt(c)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(a))/f
Giac [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.12

/csc(e-l—fx)\/c— csin(e + fz) i

va+asin(e + fz)
V2log sm( 7T+ fa:+ e) +1 V2log( |2 sin(—l7r+l fx+le)2—l .
\/_\/_\/_( asg<n cos(—477r+ far:+2 )) ) o as(g‘n(cos(—éjl1 7r+2% fx+2% e)) D ) Sgn<81n (_4_11 T+ % f.’L' + % 6))
2f

[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] 1/2*sqrt(2)*sqrt(a)*sqrt(c)*(sqrt(2)*log(-sin(-1/4*pi + 1/2xfxx + 1/2%e)"2
+ 1)/(a*sgn(cos(-1/4*pi + 1/2*f*xx + 1/2%e))) - sqrt(2)*log(abs(2*sin(-1/4*p

i+ 1/2xfxx + 1/2%e)”2 - 1))/(axsgn(cos(-1/4*pi + 1/2xf*x + 1/2%e))))*sgn(s
in(-1/4xpi + 1/2*f*x + 1/2xe))/f

Mupad [F(-1)]

Timed out.

/csc(e+fx)\/c—csin(e+fa:) e _/ Ve—csin(e+ fz) de
Va+asin(e + fz) ~ J sin(e+ fz) \Ja+asin(e+ fz)

[In] int((c - c*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)),x)

[Out] int((c - c*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)), x
)
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csc(e+fx) dx

3.22 f \/a-l-a sin(e+fx) \/c—c sin(e+ fx)

Optimal result . . . . . . . . .. e 157
Rubi [A] (verified) . . . . . . . . . 157
Mathematica [A] (verified) . . . . . . . . ... L 158
Maple [B] (verified) . . . . . . . . . .. 158
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ....... 159
Sympy [F] . . . 159
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... 1601
Giac [F(-2)] . . . o o 160
Mupad [F(-1)] . . . oo 160

Optimal result

Integrand size = 36, antiderivative size = 46

/ csc(e + fx) dp — cos(e + fx)log(tan(e + fz))
va+ asin(e + fz)\/c — csin(e + fx) B fv/a+asin(e + fzr)\/c — csin(e + fz)

[Out] cos(f*x+e)*1n(tan(f*x+e))/f/(a+a*sin(f*xx+e))~(1/2)/(c-c*sin(f*xx+e))~(1/2)

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.083, Rules used = {3025,
2700, 29}

/ csc(e + fx) .- cos(e + fx)log(tan(e + fz))
Va+asin(e+ fz)\/c—csin(e+ fz)  fy/asin(e+ fz)+ ay/c — csine + fz)

[In] Int[Cscle + f*x]/(Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin[e + f*x]]),x]

[Out] (Cos[e + f*xx]*Logl[Tan[e + f*x]])/(f*Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin
[e + £*x]])

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 2700

Int[cscl(e_.) + (f_.)*(x_)]1"(m_.)*sec[(e_.) + (f_.)*(x_)]1"(n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x~2)"((m + n)/2 - 1)/x"m, x], x, Tanl[e + f*x]],
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x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n)/2]

Rule 3025

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11%S
grtl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[Cos[e + fx*x]/
(Sqrt[a + b*Sinf[e + f*x]]*Sqrtl[c + d*Sin[e + f*x]]), Int[1/(Cos[e + f*x]*Si
nle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] &&
EqQ[a~2 - b2, 0] && EqQ[c™2 - 472, 0]

Rubi steps
cos(e + fz) [ csc(e + fz)sec(e + fz)dx
Vva+asin(e + fz)\/c — csin(e + fz)
_ cos(e+ fx)Subst( [ ; dz,z,tan(e + fz))
f\/a+asin(e + fr)\/c— csin(e + fz)
B cos(e + fxz)log(tan(e + fz))
fv/a+ asin(e + fz)\/c — csin(e + fx)

integral =

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.37

/ csc(e + fx)
va+ asin(e + fz)\/c — csin(e + fz)
(log(cos(e + fz)) — log(sin(e + fx))) sec(e + fz)\/a(l +sin(e + fz))\/c — csin(e + fz)
acf

[In] Integrate[Csc[e + f*x]/(Sqrt[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin[e + fx*x]]),
x]

[Out] -(((Logl[Cos[e + f*x]] - Log[Sin[e + f*x]])*Sec[e + f*x]*Sqrt[ax(1 + Sin[e +
f*x])]1*Sqrt[c - c*Sinl[e + f*x]])/(axc*f))

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(42) = 84.

Time = 1.79 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.98

method | result size

cos(fz+e)(In(csc(fz+e)—cot(fz+e))—In(csc(fz+e)—cot(fz+e)—1)—In(— cot(fz+e)+csc(fr+e)+1))
default fv/a(l+sin(fz+e)) /—c(sin(fz+e)—1) 91
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[In] int(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e))”~(1/2),x,method=_RE
TURNVERBOSE)

[Out] 1/f*xcos(f*x+e)*(1ln(csc(f*x+e)-cot(f*x+e))-1n(csc(f*x+e)-cot(f*x+e)-1)-1n(-c
ot (fxx+e)+csc(fxx+e)+1))/(ax(1+sin(fxx+e)) )~ (1/2)/ (-c*(sin(f*x+e)-1))~(1/2)

Fricas [A] (verification not implemented)

none

Time = 0.33 (sec) , antiderivative size = 193, normalized size of antiderivative = 4.20

/ csc(e + fx)
Vva+asin(e + fz)\/c — csin(e + fx)

4 (2 accos(fz+e€)®—2accos(fz+e)+ac cos(fz+e)—\/ﬁ<2 COS(f.Z‘+€)2—1) Vasin(fz+e)+a\/—c sin(fa:+e)+c)
vaclog | — < 5 —
cos(fz+e)° —cos(fz+e) (

- Y

2acf

dx

[In] integrate(1/sin(fxx+e)/(at+axsin(f*x+e))~(1/2)/(c-cxsin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] [1/2*sqrt(a*c)*log(-4*(2xa*c*cos(f*x + e)~5 - 2*xaxcxcos(f*x + e)~3 + a*c*co
s(fxx + e) - sqrt(axc)*(2xcos(f*x + e)~2 - 1)*sqrt(a*sin(f*x + e) + a)*sqrt
(—cxsin(f*x + e) + c))/(cos(f*x + e)”~5 - cos(f*x + e)~3))/(axc*f), sqrt(-a*
c)*arctan(sqrt(-a*xc)*sqrt(a*sin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c)/(2%
axcxcos(f*x + e)”3 - axcxcos(f*x + e)))/(axcxf)]

Sympy [F]

/ csc(e + fx)
Va+asin(e + fr)\/c— csin(el—i— fz)
- / Va(sin(e+ fr) +1)\/—c(sin (e + fz) — 1) sin (e + fz)

dx

dz

[In] integrate(1/sin(fxx+e)/(ataxsin(f*x+e))*x(1/2)/(c-c*sin(f*x+e))**(1/2),x)

[Out] Integral(1l/(sqrt(a*x(sin(e + fx*x) + 1))*sqrt(-c*(sin(e + f*x) - 1))*sin(e +
f*x)), x)
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Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.40 (sec) , antiderivative size = 190, normalized size of antiderivative = 4.13

/ csc(e + fx) dp —
Vva+ asin(e + fz)\/c — csin(e + fz)
4 cos(2 fri2e X 16 (cos(2 fz+2e)%+sin(2 fo+2e)?+2 cos(2 fo+2e)+1 . 4c
(—1)*s2F=42¢) cosh (47 sin (2 fz + 2¢€)) log ( ( adle@ o) 17 )) —2i(-1)

- 2 Vay/cf

[In] integrate(1l/sin(f*x+e)/(a+a*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))~(1/2),x, alg
orithm="maxima")

[Out] -1/2%((-1)~(4*cos(2*f*x + 2xe))*cosh(4*pi*sin(2xf*x + 2*e))*Llog(16*(cos(2*f
*x + 2%e) "2 + sin(2*fxx + 2*%e) "2 + 2xcos(2xf*x + 2%e) + 1)/(a*xcxabs(e” (2xIx*
f*xx + 2xI*xe) - 1)72)) - 2%Ix(-1)" (4*cos(2xf*x + 2xe))*arctan2(4*sin(2*f*x +

2xe) /(sqrt(a) *sqrt(c)*abs (e~ (2xI*f*xx + 2xIxe) - 1)), 4*(cos(2*f*x + 2xe) +

1)/ (sqrt(a)*sqrt(c)*abs(e” (2*I*f*x + 2xI*e) - 1)))*sinh(4*pixsin(2*xf*x + 2
*e)))/(sqrt(a)*sqrt(c)*f)

Giac [F(-2)]
Exception generated.

/ csc(e + fx)
va+asin(e + fz)\/c — csin(e + fx)

dxr = Exception raised: TypeError

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))”(1/2)/(c-c*xsin(f*x+e))~(1/2),x, alg
orithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:index.cc index_m i_lex_is_greater Err

or: Bad Argument Value

Mupad [F(-1)]

Timed out.

csc(e + fx)

/ Vva+ asin(e + fz)\/c — csin(e + fz)
1

/sin(e-l—fa:) Va+asin(e+ fz)\/c—csin(e+ fz)

dz

dz
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[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2)),
X)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*xx))~(1/2)*(c - c*sin(e + f*x))~(1/2)),
x)
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3.93 f csc(e+fx)+/a+asin(e+fz) du

ctdsin(e+f)
Optimal result . . . . . . . . . . . e 162
Rubi [A] (verified) . . . . . . . . . . 162
Mathematica [C] (verified) . . . . . . . . . ... L L 164
Maple [A] (verified) . . . . . . ... 164
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ........ 165
Sympy [F] . . o o 166
Maxima [F] . . . . . 166l
Giac [A] (verification not implemented) . . . . . . ... ... ... 166
Mupad [F(-1)] . . . oo 167

Optimal result

Integrand size = 33, antiderivative size = 105

va cos(e+fx)
/ csc(e + fz)\/a + asin(e + fz) i 2\/Earctanh( \/a+asin(e+fz)>
r=—

¢+ dsin(e + fx) cf

vavdcos(e+fzx) )
2/a+/darctanh ( Jotd/atasn(et )

cve+df

[Out] -2*arctanh(cos(f*x+e)*a~(1/2)/(ataxsin(fxx+e))~(1/2))*a~(1/2)/c/f+2*xarctanh
(cos(f*x+e)*a~(1/2)*d~(1/2)/(c+d)~(1/2)/(a+a*sin(f*x+e) )~ (1/2))*a~(1/2)*d"(
1/2)/c/£/(c+d)~(1/2)

+

Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 5 197 Ryles used

' integrand size
= {3013, 2852, 212, 214}

Va/dcos(e+fx)
/ csc(e + fx)\/a +asin(e + fz) do — 2\/6\/8ar0tanh(m\/asin(e+fz)+a>

¢+ dsin(e + f7) v cfverd

_acos(et+fz)
B Qﬁarctanh< m)

cf

[In] Int[(Cscle + f*x]*Sqrtl[a + a*Sinl[e + f*x]]1)/(c + d*Sin[e + f*x]),x]

[Out] (-2xSqrt[al*ArcTanh[(Sqrt[a]l*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]11)/(c*f)
+ (2xSqrt[al*Sqrt[d]*ArcTanh[(Sqrt[a]*Sqrt[d]*Cos[e + f*x])/(Sqrtl[c + d]*S
qrt[a + a*Sin[e + f*x]]1)])/(c*Sqrtlc + dl*f)
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Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQlb, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*xd - d*x"2), x
1, x, b*(Cos[e + f*x]/Sqrt[a + b*Sinl[e + f*x]])], x] /; FreeQ[{a, b, c, d,

e, £}, x] && NeQ[b*c - a*xd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - d~2, 0]

Rule 3013

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11/(sin[(e_.) + (f_.)*(x_)1*((c
_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrt[a + b
xSin[e + f*x]]/Sin[e + fx*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + fx*x]
1/(c + dxSin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] & EqQ[a~2 - b~2, 0]

)

Rubi steps
- v/ a+tasin(e+fz)
integral — Jesc(e+ fz)y/a+asin(e+ fr)dz d [ Y demerfa) 0%
c c
acos(e+fx acos(e+fx
_ (2a)Subst < [ 25 dz, z, e S(in ( ;;m)) s (2ad)Subst < [ == +acll— g2 4, T, e S<in ( ;;x)
cf cf
vacos(e+fx) vavdcos(e+fzx) )
_ _Qﬁarctanh(—\/m> . 2\/5\/Zlarctanh< Jotd /atasn(et )

cf cve+df
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 6.01 (sec) , antiderivative size = 746, normalized size of antiderivative = 7.10

dzr =

csc(e + fzr)\/a + asin(e + fz)
/ ¢+ dsin(e + fx)

(3 —%) | 4+4i)Vec+d(log (1+cos (2(e+ fz)) —sin (3(e + fz))) —log (1 — cos (3(e + fz)) + sin

[In] Integrate[(Csc[e + f*x]*Sqrt[a + axSin[e + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] ((-1/8 + I/8)*((4 + 4*I)*Sqrt[c + dl*(Logl[l + Cos[(e + f*x)/2] - Sin[(e + £
*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + £f*x)/2]]) + Sqrt[d]*RootSum[-
d + (2%I)*cxE~(I*xe)*#1°2 + d*E~((2*I)*e)*#174 & , ((1 + I)*d*Sqrt[E~((-I)*e
YIxfxx - (2 - 2*%I)*d*Sqrt[E~((-I)*e)]*Log[E~((I/2)*f*x) - #1] - IxSqrt[d]*S
qrtlc + dl*f*x*#1 + 2*Sqrt[d]*Sqrtlc + dl*Log[E~((I/2)*f*x) - #1]*#1 + ((1
= I)*cxfxxx#172) /Sqrt [ET((-I)*e)] + ((2 + 2*I)*c*Log[E~((I/2)*f*x) - #1]*#1
~2)/Sqrt[E((-I)*e)] - Sqrt[d]*Sqrt[c + d]*E~(Ixe)*f*xx*x#1~3 - (2*I)*Sqrt[dl]
*Sqrt[c + dI*E~(I*e)*Log[E~((I/2)*f*x) - #1]1*#173)/((-I)*d - c*E~(I*e)*#172
) & 1*(Cos[e/2] + IxSin[e/2]) + Sqrt[d]*RootSum[-d + (2*I)*c*E~(I*e)*#172 +
d*E~((2*%I)*e)*x#1°4 & , ((1 - I)*d*Sqrt[E~((-I)*e)]*fxx + (2 + 2*I)*d*Sqrt[
E"((-I)*e)]*Log[E~((I/2)*f*x) - #1] + Sqrt[d]*Sqrtlc + d]l*f*x*#1 + (2xI)*Sq
rt[d]*Sqrt[c + dl*Logl[E~((I/2)*fxx) - #1]*#1 - ((1 + I)*c*f*x*#172)/Sqrt[E”
((-I)*e)] + ((2 - 2*I)*c*Log[E~((I/2)*fxx) - #1]*#172)/Sqrt[E~((-I)*e)] - I
*xSqrt [d] *Sqrt [c + d]*E~(I*e)*f*xx*#1~3 + 2xSqrt[d]*Sqrt[c + d]*E~(I*e)*LoglE
“((I/2)*f*x) - #1]1*#173)/(d - I*c*E~(I*e)*#17°2) & ]*(Cos[e/2] + I*Sin[e/2])
)*Sqrt[a*(1 + Sin[e + f*x])])/(c*Sqrtlc + dl*fx(Cos[(e + fxx)/2] + Sin[(e +
fxx)/2]))

Maple [A] (verified)

Time = 0.58 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.14

method | result size
2(1+sin(fz+e))/—a(sin(fz+e)—1) (d arctanh (_ﬁfl(mtll(i‘ﬂc-%e)—l)d) a3 —arctanh (—V_a(sm(];xﬂ)_l)) an /a(c+d)d>
default texa)? . v 120
Vvacy/a(ct+d)d cos(fz+e)\/a+asin(fz+e) f

[In] int((ata*sin(f*x+e))”~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x,method=_RETURNVERB
0SE)
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[Out] 2/a"(1/2)*(1+sin(f*x+e))*(-a*(sin(f*x+e)-1))~(1/2)*(d*arctanh((-a*(sin(f*x+
e)-1))"(1/2)*d/ (ax(c+d) *d) ~(1/2)) *a~ (3/2) —arctanh ((-a*(sin(f*x+e)-1))~(1/2)
/a~(1/2))*a*(ax(c+d)*d) ~(1/2))/c/(a*(c+d)*d) ~(1/2) /cos (f*x+e) /(ata*sin (f*x+
e))~(1/2)/f

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(85) = 170.

Time = 0.58 (sec) , antiderivative size = 781, normalized size of antiderivative = 7.44

/ csc(e + fz)y/a + asin(e + fz) i
¢+ dsin(e + fx)
“ad log (ad2 cos(fz+e)®—ac?—2 acd—ad?— (6 acd+7 ad?) cos(fa+e)+4 <(cd+d2) cos(fz+e)?—c?—4 cd—3 d?—(c+3 cd+2 d?) cos(f:
ctd d2 cos(fz+e)3+(2 cd+d?) cos(fa+

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
fricas")

[Out] [1/2*(sqrt(a*xd/(c + d))*log((a*xd~2*cos(f*x + e)~3 - a*c™2 - 2*a*c*d - a*d™2
- (6*xa*xc*xd + Txa*xd"2)*cos(f*xx + e)”2 + 4x((cxd + d"2)*cos(f*x + e)”2 - c™2
- 4xckd - 3*%d"2 - (c72 + 3*ckd + 2xd"2)*cos(f*x + e) + (c72 + 4xc*d + 3*d~
2 + (cxd + d"2)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(a
*d/(c + d)) - (axc™2 + 8*axc*d + 9*axd~2)*cos(f*x + e) + (axd"2*xcos(f*x + e
)72 - a*c”2 - 2xakcxd - axd"2 + 2% (3*xakxcxd + 4xa*xd~2)*cos(f*x + e))*sin(f*x
+ e))/(d™2xcos(f*x + e)~3 + (2xcxd + d~2)*cos(f*x + e)"2 - c”2 - 2%c*xd - d
"2 - (c72 + d72)*cos(f*x + e) + (d"2xcos(f*x + e)~2 — 2*c*d*cos(f*x + e) -
c"2 - 2xc*xd - d72)*sin(f*x + e))) + sqrt(a)*log((a*cos(f*x + e)~3 - T*xaxcos
(fxx + )72 - 4x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f*x + e) - 2*cos(f
*x + e) - 3)xsqrt(axsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (axcos(f
*x + e)”2 + 8*axcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)~3 + cos(f
*xx + e)”2 + (cos(f*x + €)"2 - 1)*sin(f*x + e) - cos(f*x + e) - 1)))/(c*f),
1/2%(2xsqrt(-axd/(c + d))*arctan(1/2*sqrt(a*sin(f*x + e) + a)*(d*sin(f*x +
e) - ¢ - 2xd)*sqrt(-a*d/(c + d))/(axdxcos(f*x + e))) + sqrt(a)*log((axcos(f
*x + e)73 - T*akxcos(f*x + e)”2 - 4*x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin
(fxx + e) - 2*cos(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)*sqrt(a) - 9*axcos(
fxx + e) + (axcos(f*x + e)”2 + 8xa*xcos(f*x + e) - a)*sin(f*x + e) - a)/(cos
(fxx + )73 + cos(f*x + e)”2 + (cos(f*x + e)72 - 1)*sin(f*x + e) - cos(f*x

+e) - 1)))/(c*f)]
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Sympy [F]

/ csc(e + fz)\/a + asin(e + fx) dp — / Va(sin(e+ fzr) +1)
c+ dsin(e + fx) (c+dsin (e + fx))sin (e + fx)

[In] integrate((a+a*sin(f*x+e))*x(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x)

[Out] Integral(sqrt(ax(sin(e + fxx) + 1))/((c + d*sin(e + f*x))*sin(e + f*x)), x)

Maxima [F]

csc(e—l—fx)\/a+asin(e—|—fm)d B Vasin(fz +e€)+a p
/ ¢+ dsin(e + fx) x_/(dsin(fx+e)+c)sin(fz—|—e) v

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sin(f*x + e)), x)

Giac [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.36

csc(e + fzr)\/a + asin(e + fz) p
/ ¢+ dsin(e + fx) v

ﬁdsin(—%r-ﬁ-%fz-ﬁ-%e) 1 1 1
\/ﬁ 2+v/2d arctan( — sgn(cos(—3 m+3 fz+3e€)) V2log ‘2 Jard Sm( e fx+% . ‘
V—cd—d?c o

‘ 2244 sln(—77r+ fz+% )‘

>sgn cos —771'+ fw+%

Cc

2f

[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
giac")

[Out] 1/2*%sqrt(2)*(2*sqrt(2)*d*arctan(sqrt(2)*d*sin(-1/4*pi + 1/2xfxx + 1/2%e)/sq
rt(-c*xd - d°2))*sgn(cos(-1/4*pi + 1/2xf*x + 1/2xe))/(sqrt(-cxd - d~2)*c) -

sqrt (2) *log(abs(-2*sqrt(2) + 4*sin(-1/4xpi + 1/2*f*x + 1/2%e))/abs(2*sqrt(2

) + 4*xsin(-1/4xpi + 1/2%f*x + 1/2%e)))*sgn(cos(-1/4*pi + 1/2xf*x + 1/2xe))/
c)xsqrt(a)/f
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Mupad [F(-1)]

Timed out.

/csc(e+fw)\/a+asin(e+fx)d _/ Va+asin(e+ fx) p
¢+ dsin(e + fz) v sin(e+ fz) (c+dsin(e+ fz)) v

[In] int((a + ax*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))), x)
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csc(e+fx) dr

3.24 f v/a+asin(e+fz)(c+dsin(e+fz))

Optimal result . . . . . . . . .. e 168]
Rubi [A] (verified) . . . . . . . .. . 168
Mathematica [C] (verified) . . . . . . . . . .. Ival
Maple [A] (verified) . . . . . . . . Ival
Fricas [B| (verification not implemented) . . . . . .. ... . ... ... ....... 172
Sympy [F] . . . 173
Maxima [F] . . . . . .o 173
Giac [A] (verification not implemented) . . . . . . . .. ... ... 173
Mupad [F(-1)] . . . oo 174

Optimal result

Integrand size = 33, antiderivative size = 165

v/acos(e+fx)
CSC(€ + fl') de = — 2arctanh ( v/a+asin(e+ fz) )

/ Vva+ asin(e + fz)(c + dsin(e + fx)) Vacf

v/acos(e+fx)
\/ﬁarctanh ( v2\/a+asin(e+fx) )

va(c—d)f

3/2 Vav/dcos(e+ fz) )
2d arctanh( Vetd/atasnet o)

Vac(c — d)ve+df

+

[Out] -2*arctanh(cos(f*x+e)*a~(1/2)/(a+a*sin(f*x+e))~(1/2))/c/f/a~(1/2)+arctanh(1l
/2*cos (f*xx+e)*a~(1/2)*27(1/2)/ (a+a*sin(f*x+e))~(1/2))*2°(1/2)/(c-d) /f/a~(1/
2)-2xd~ (3/2) *arctanh(cos (f*x+e)*a~ (1/2)*d~(1/2) /(c+d) ~(1/2) / (ata*sin(f*x+e)
)=(1/2))/c/(c-d)/f/a~(1/2)/(c+d)~(1/2)

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.00,

_ _ @ humber of rules _
number of steps used = 8, number of rules used = 6, integrand size 0.182, Rules used
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= {3019, 2852, 214, 3064, 2728, 212}

3/2 vavd cos(e+fx) >
CSC(e + fw) _ 2d**arctanh ( Vectdy/asin(e+fz)+a

/\/a+asin(e+fx)(c+dsin(e+fx)) v vacf(c—d)vVe+d

vacos(e+fz)
v/2arctanh ( v2y/asin(e+fz)+a )

Vaf(c—d)

_Vacos(etfz)
B 2arctanh( \/CW>

Vacf

[In] Int[Cscle + f*x]/(Sqrtl[a + a*Sin[e + f*x]]1*(c + d*Sin[e + f*x])),x]

[Out] (-2*%ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]])/(Sqrt[al*cx*f)
+ (Sqrt[2]*ArcTanh[(Sqrt[a]l*Cos[e + fx*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]

1)1)/(Sqrt[al*(c - d)*f) - (2*d~(3/2)*ArcTanh[(Sqrt[a]l*Sqrt[d]*Cos[e + f*x]

)/(Sqrt[c + dl*Sqrt[a + a*Sin[e + f*x]]1)])/(Sqrtlal*cx(c - d)*Sqrtlc + d]*f

)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

+

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2728

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Dist[-2/d, S
ubst[Int[1/(2%a - x72), x], x, b*(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*xd - d*x~2), x
1, x, bx(Cos[e + fxx]/Sqrt[a + b*Sin[e + f*x]1)], x] /; FreeQ[{a, b, c, d,

e, £}, x] && NeQ[bxc - axd, 0] && EqQ[a~"2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 3019

Int[1/(sin[(e_.) + (£f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1]1*(
(c_) + (d_.)*sinl(e_.) + (£_.)*(x_)1)), x_Symbol] :> Dist[d~2/(c*(bxc - a*d
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)), Int[Sqrt[a + b*Sin[e + f*x]]/(c + d*Sin[e + f*x]), x], x] + Dist[1/(c*(
bxc - a*d)), Int[(b*c - a*d - bxdxSin[e + f*x])/(Sin[e + f*x]*Sqrt[a + bxSi
nle + £*x]1]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] &
& EqQ[a"2 - b2, 0]

Rule 3064

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(£_.)*(x)11*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
*b - a*B)/(bxc - a*d), Int[1/Sqrt[a + bxSin[e + f*x]], x], x] + Dist[(Bxc -
Axd)/(b*c - axd), Int[Sqrt[a + b*Sin[e + fx*x]]/(c + d*Sin[e + f*x]), x], x
1 /; FreeQ[{a, b, c, 4, e, £, A, B}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b
=2, 0] && NeQ[c™2 - d~2, 0]

Rubi steps

csc(e+fz)(ac—ad—adsin(e+fx)) 2  v/atasin(etfz)
f \/a+asin(e+fz) dz + d f ct+dsin(e+fz) dx

ac(c — d) ac(c — d)

integral =

_ [escle+ fz)\/a+asin(e + fz)dz J \/a—}-asilnwdw

ac c—d

2 1 (+f )
(2d ) Subst (f act+ad—dz? dz, z, \/(%(e:]%))

cle—=d)f
3/2 vav/dcos(e+fx) ) ( 1 acos(e+fx) )
~ 2d arctanh( Verdyatasnerf) 2Subst ( [ — dz, z, W resa
Vac(c —d)ve+df cf

2Subst (f sz 47, T, %)
(c—d)f

vacos(e+fx) vacos(e+fx)
_ 2arctanh (—\/m) N ﬁarctanh( Vivatasalet fm))
Vacf Va(c—ad)f

3/2 vavdcos(e+fz) )
2d arctanh< Veotd/atasm(et o)

Vac(c — d)ve+df

+
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Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3 in optimal.

Time = 3.37 (sec) , antiderivative size = 654, normalized size of antiderivative = 3.96

/ csc(e + fx)
va+ asin(e + fz)(c + dsin(e + fz))

(—2\/c +d((2+ 2¢)(—1)¥*carctanh (1 + £) (—1)** (-1 + tan ((e + fz)))) + (c — d) (log (1 + cos (

dz

[In] Integrate[Cscle + f*x]/(Sqrtl[a + a*Sin[e + f*x]]1*(c + d*Sinl[e + f*x])),x]

[Out] ((-2#Sqrtlc + dI*((2 + 2*I)*(-1)"(3/4)*c*ArcTanh[(1/2 + I/2)*(-1)"(3/4)*(-1
+ Tan[(e + f*x)/4])] + (c - d)*(Log[1l + Cos[(e + £*x)/2] - Sin[(e + f*x)/2
1] - Log[1l - Cos[(e + f*x)/2] + Sin[(e + £*x)/2]1])) - d~(3/2)*RootSum[c + 4
*xdx#1 + 2kc*k#172 - 4xd*x#173 + c*#174 & , (-(d*Log[-#1 + Tan[(e + fxx)/4]])
+ Sqrt[d]*Sqrt[c + dl*Log[-#1 + Tan[(e + fx*x)/4]] - c*Log[-#1 + Tan[(e + fx*
x)/4]11*#1 + 2xSqrt[d]*Sqrt[c + dl*Logl[-#1 + Tan[(e + f*x)/4]]1*#1 + 3*d*Logl
-#1 + Tan[(e + f*x)/4]]1*#1°2 - Sqrt[d]*Sqrt[c + dl*Log[-#1 + Tan[(e + f*x)/
4]]1*#172 - c*Log[-#1 + Tan[(e + £xx)/4]1]1*#173)/(-d - c*#1 + 3*d*#172 - cx#1
~3) & ] + 4" (3/2)*RootSum[c + 4*d*#1 + 2*c*k#1°2 - 4xd*#1°3 + cx#174 & , (-(
d*Log[-#1 + Tan[(e + f*x)/4]]) - Sqrt[dl*Sqrt[c + d]*Logl[-#1 + Tan[(e + f*x
)/4]] - cxLog[-#1 + Tan[(e + f*x)/4]]1*#1 - 2xSqrt[d]*Sqrt[c + d]*Log[-#1 +
Tan[(e + f*x)/4]1]1*#1 + 3*xd*Log[-#1 + Tan[(e + fx*x)/4]]1*#172 + Sqrt[d]*Sqrt(
c + dl*Log[-#1 + Tan[(e + f*xx)/4]1]1*#1°2 - c*Log[-#1 + Tan[(e + f*xx)/4]1]*#1"
3)/(-d - cx#1 + 3xd*#172 - c*#173) & ]1)*(Cos[(e + £*x)/2] + Sin[(e + f*xx)/2
1))/ (2xcx(c - d)*Sqrtc + d]*fxSqrt[a*(1 + Sin[e + f*x])])

Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.25

method | result
(1+sin(fz+e))/—a(sin(fz+e)—1) (—2d2 arctanh (7%\/%-*;)(1) ad ++/2 arctanh (—VG_GSI;(W) a?c\/a(ct+d)d—2 arc
(c—d)c/a(c+d)d a% cos(fz+e)\/a+tasin(fr+e

default

[In] int(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+a*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] (1+sin(f*xx+e))*(-ax(sin(f*x+e)-1))~(1/2)*(-2xd"~2*arctanh((a-a*sin(f*x+e))~(
1/2)*d/ (axcxd+a*d~2) ~(1/2))*a~(5/2)+2~(1/2) *arctanh (1/2* (a-a*sin(f*x+e) )~ (1
/2)*27(1/2) /a~(1/2) ) *a"2*c*x (ax(c+d) *d) ~(1/2) -2*arctanh((a-a*sin(f*x+e))~(1/
2)/a~(1/2))*a~2x(ax(c+d) *d) "~ (1/2) *c+2*arctanh((a-a*sin(f*x+e))~(1/2)/a~(1/2
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))*a~2*(ax(c+d)*d) ~(1/2)*d)/(c-d) /c/ (ax(c+d)*d) ~(1/2) /a~(5/2) /cos (f*x+e) /(a
+a*xsin(fxx+e)) ~(1/2)/f

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 380 vs. 2(136) = 272.

Time = 1.51 (sec) , antiderivative size = 1044, normalized size of antiderivative = 6.33

/ csc(e + fx)
Va+asin(e + fz)(c+ dsin(e + fz))

dz = Too large to display

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+a*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] [-1/2*(a*d*sqrt(d/(a*c + a*d))*log((d~2xcos(f*x + e)~3 - (6*cxd + 7*d"2)*co
s(fxx + e)72 - ¢c72 - 2%c*kd - d72 + 4x((cxd + d"2)*cos(f*x + e)72 - ¢c72 - 4%
ckd - 3*%d"2 - (c”2 + 3*cxd + 2*d"2)*cos(f*x + e) + (c72 + 4*xcxd + 3%d”2 + (
cxd + d"2)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d/(a*c
+ a*d)) - (c72 + 8xcxd + 9*%d"2)*cos(f*x + e) + (d"2*cos(f*x + e)”2 - ¢c72 -
2%c*kd - d72 + 2%(3*cxd + 4xd"2)*cos(f*x + e))*sin(f*x + e))/(d"2*cos(f*x +
e)”3 + (2%c*kd + d"2)*cos(f*x + e)”2 - ¢c”2 - 2%cxd - d72 - (c"2 + d72)*cos(
fxx + e) + (d72xcos(f*x + e)”2 - 2%ckd*cos(f*x + e) - ¢c72 - 2%c*d - d72)*si
n(fxx + e))) + sqrt(2)#*sqrt(a)*c*xlog(-(cos(f*x + )72 - (cos(f*x + e) - 2)*
sin(f*x + e) - 2*sqrt(2)*sqrt(a*sin(f*x + e) + a)*(cos(f*x + e) - sin(fx*x +
e) + 1)/sqrt(a) + 3*cos(fxx + e) + 2)/(cos(f*x + )72 - (cos(f*x + e) + 2)
xsin(f*x + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*log((axcos(f*x + e)~3
- T*a*xcos(f*x + e)”2 - 4x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin(f*x + e)
- 2%cos(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) +
(axcos(f*x + e)~2 + 8xaxcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)~
3 + cos(f*x + e)72 + (cos(f*x + e)72 - 1)*sin(f*x + e) - cos(f*x + e) - 1))
)/ ((a*c™2 - a*c*d)*f), -1/2%(2*a*d*sqrt(-d/(a*xc + axd))*arctan(1/2*sqrt(a*s
in(f*x + e) + a)*(d*sin(f*x + e) - ¢ - 2*d)*sqrt(-d/(a*c + a*d))/(d*cos(f*x
+ e))) + sqrt(2)*sqrt(a)*c*xlog(-(cos(f*x + e)~2 - (cos(f*x + e) - 2)*sin(f
*x + e) - 2*sqrt(2)*sqrt(axsin(f*x + e) + a)*(cos(f*x + e) - sin(f*x + e) +
1)/sqrt(a) + 3xcos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2)*sin(
fxx + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*xlog((a*xcos(f*x + e)~3 - T*a
xcos(f*x + e)”2 - 4x(cos(f*x + e)72 + (cos(f*x + e) + 3)xsin(f*x + e) - 2xc
os(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (a*c
os(fxx + e)”2 + 8*axcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)"3 + ¢
os(fxx + e)72 + (cos(f*x + €)72 - D) *sin(f*x + e) - cos(fxx + e) - 1)))/((a
*C™2 - axcxd)*f)]
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Sympy [F]

csc(e + fx) s

/ va+ asin(e + fz)(c + dsin(e + fx))
1

- / Va(sin (e + fz) + 1) (c+ dsin (e + fz))sin (e + fz)

dxr

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))**(1/2),x)
[Out] Integral(1l/(sqrt(a*(sin(e + fxx) + 1))*(c + d*sin(e + f*x))*sin(e + f*x)),
x)

Maxima [F|

/ csc(e + fzx)
Va+asin(e + fz)(c+ dsin(e + fz))
:/ ! dz
Vasin (fz +e€) +a(dsin(fz +€) + ¢)sin (fz + €)

dz

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm

="maxima")
[Out] integrate(1/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

Giac [A] (verification not implemented)

none
Time = 0.40 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.15

/ csc(e + fx)
Vva+asin(e + fz)(c+ dsin(e + fx))
‘—2 V244 sin(—% % fotd

ﬁdsin(—lﬂ+lf:c+le) e
2v/2d? arct 122 21
Vo are an( —cd—d? + V2log |2 V2+4 sin(_zli m+5 fot+d e)

dr =

)|
|

> + log(sin(—iﬂ'-i-% fx-{—% e)+1) _ log(—

\/5 (c2—cd)vV/—cd—d? c c—d

B 2+y/afsgn (cos (—3m+ 3 fr+3e€))

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(at+ta*xsin(f*x+e))”~(1/2),x, algorithm

=“giac")
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[Out] -1/2%sqrt(2)*(2*sqrt(2)*d~2*arctan(sqrt(2)*d*sin(-1/4*pi + 1/2*xf*xx + 1/2%e)
/sqrt(-cxd - d72))/((c”2 - c*xd)*sqrt(-c*d - d72)) + sqrt(2)*log(abs(-2*sqrt
(2) + 4xsin(-1/4*pi + 1/2xfxx + 1/2xe))/abs(2*sqrt(2) + 4*sin(-1/4*pi + 1/2
xfxx + 1/2%e)))/c + log(sin(-1/4*pi + 1/2%f*x + 1/2%e) + 1)/(c - d) - log(-
sin(-1/4xpi + 1/2*%f*x + 1/2%e) + 1)/(c - d))/(sqrt(a)*f*sgn(cos(-1/4*pi + 1

/2%f*xx + 1/2%e)))

Mupad [F(-1)]
Timed out.

csc(e + fx) i

/ Vva+asin(e + fz)(c+ dsin(e + fz))
1

/sin(e—l—fw) Va+asin(e+ fz) (c+dsin(e+ fz))

dz

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))),x)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))), x)
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3 95 f v/ gsin(e+fzr)+/a+asin(e+fz) do

ct+dsin(e+fx)
Optimal result . . . . . . . . . . . e 175
Rubi [A] (verified) . . . . . . . . 175
Mathematica [C] (verified) . . . . . . . . . .. I
Maple [B] (warning: unable to verify) . . . . . .. ... ... L 178
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..... 178
Sympy [F] . . o 180
Maxima [F] . . . . . o 187
Giac [F(-1)] « .« v o o e 181
Mupad [F(-1)] . . . o o 18T

Optimal result

Integrand size = 39, antiderivative size = 149

/ Vgsin(e + fr)\/a + asin(e + fz)
: dz
¢+ dsin(e + fz)

Va,/g cos(e+fx) )
_ 2v/a/garctan < Vgsin(et+fz)\/a+asin(e+fz)

df
Vay/e/g cos(e+f)
+ 2\/6\/6\/‘6 arctan ( Vet+dy/gsin(e+fz)\/a+asin(e+fz) )
dve+df

[Out] -2*arctan(cos(f*x+e)*a~(1/2)*g~(1/2)/(gxsin(f*x+e))~(1/2)/(ata*sin(f*x+e))”
(1/2))*a~(1/2)*g~(1/2) /d/f+2xarctan(cos (fxx+e)*a”~ (1/2)*c~(1/2)*g~(1/2) / (c+d

)~ (1/2) /(gxsin(f*x+e) )~ (1/2) / (ataxsin(f*xx+e)) ~(1/2))*a~ (1/2)*c~(1/2)*xg~(1/2
)/d/f/(c+d)~(1/2)

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ ( 133 Ryles used

' integrand size
= {3007, 2854, 211, 3009}

V/ay/ey/ cos(etf)
/ Vgsin(e + fz)\/a + asin(e + fz) d 2vayey/garctan <x/c+d¢a sin(e+/z)+a\/g sin(e+fw)>
- T =
¢+ dsin(e + fz) dfve+d

Vasin(e+fx)+a+/gsin(e+fx)

df

[In] Int[(Sqrtlg*Sinl[e + f*x]]1*Sqrt[a + a*Sin[e + f*x]])/(c + d*Sinl[e + f*x]),x]

2+/a,/g arctan ( Vayg cos(e t/) )
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[Out] (-2*Sqrt[al*Sqrt[g]*ArcTan[(Sqrt[a]l*Sqrt[gl*Cos[e + f*x])/(Sqrt[g*Sin[e + f
*xx]]1*Sqrt[a + a*Sin[e + f*x]])])/(d*f) + (2*Sqrt[a]l*Sqrt[c]*Sqrt[g]l*ArcTan[

(Sqrt [a]l*Sqrt [c]*Sqrt [g] *Cos[e + f*x])/(Sqrtl[c + dl*Sqrt[g*Sin[e + f*x]]*Sq

rt[a + axSinf[e + f*x]])])/(d*Sqrtlc + d]=*f)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2854

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)11/8qrtl(c_.) + (d_.)*sinl[(e_.)
+ (£_.)*(x_)]], x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b + d*x~2), x], x
, bx(Cosl[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]))], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0]
&& NeQ[c™2 - d~2, 0]

Rule 3007

Int [(Sqrt[(g_.)*sinl(e_.) + (f_.)*(x_)11*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*(x )11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + b*Sin[e + f*x]]/SqrtlgxSin[e + f*x]], x], x] - Dist[c*(g/d), Int
[Sgrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sinle + f*x]]1*(c + d*Sinl[e + f*x])), x],
x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[bxc - a*d, 0] && (EqQ[a~2 - b~
2, 0] || EqQlc™2 - a~2, 01)

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxgxx~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - axd, 0] &% EqQ[a"2 - b2, 0]

Rubi steps
\/m \/m
integral = f Vgsin(etfz) dz(cg) J Vgsin(e+fz)(ct+dsin(e+fz)) dz
d d
1 _4q acos(e+fx)
_ (2ag)Subst (f a—i-g:c? L, T, \/gsin(e+fz)\/a+asin(e+fz) )
= df
L acos(e+fx)
(2acg)Subst (f ac+ad+cgg,;2 dx , X, Vgsin(e+fz)\/a+asin(e+fz) >

_|_

df



177

Va,/g cos(e+fx) )
_ 2\/6\/5 arctan < \gsin(e+fz)\/a+asin(e+fz)

df
Va+/c/g cos(e+fx)
+ 2\/6\/6\/5 arctan < Ve+dy/gsin(e+fz)/a+asin(e+fz) )

dvc+df

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.40 (sec) , antiderivative size = 662, normalized size of antiderivative = 4.44

/\/gsin(e—i-f:c)\/a—i-asin(e—i-fx) i
¢+ dsin(e + fz)

i —§’L€ T i(e x 5/2 N (e T N c— (e €T > —C
(4 3) e Bierso (14 gaiers)? | i/ TTH i 4 (4 ity ) VT4 e 4 (4

[In] Integrate[(Sqrt[g*Sin[e + fxx]]*Sqrt[a + a*Sin[e + f*x]])/(c + d*Sin[e + f*
x]) ,x]

[Out] ((1/2 + I/2)*(-1 + E"((2*I)*(e + £*x)))~(56/2)*((-2*I)*Sqrt[-1 + E~((2*I)*(e
+ fxx))] + (I + (c - d)/Sqrt[-c”2 + d"2])*Sqrt[-1 + E~((2*xI)*(e + f*xx))] +
(I + (-c + d)/Sqrt[-c”2 + d"2])*Sqrt[-1 + E~((2*I)*(e + f*x))] + (2*I)*Arc
Tan[Sqrt[-1 + E~((2*I)*(e + f*x))]1] + ((I + (-c + d)/Sqrt[-c”2 + d~2])*(Sqr
t[2]*Sqrt [c]*Sqrt[c + I*Sqrt[-c”2 + d~2]]*ArcTan[(d - ((-I)*c + Sqrt[-c~2 +
d"2])*E~(I*x(e + f#*x)))/(Sqrt[2]*Sqrt[c]l*Sqrtlc + I*Sqrt[-c”2 + d~2]]1*Sqrt[
-1 + ET((2%xI)*(e + £xx))])] + ((-I)*c + Sqrt[-c”2 + d~2])*ArcTanh[E~(I*(e +
fxx))/Sqrt[-1 + ET((2*I)*(e + £*x))11))/d + ((I + (c - d)/Sqrt[-c"2 + d72]
)*(Sqrt [2] *Sqrt [c]*#Sqrt[c - I*Sqrt[-c”2 + d~2]]1*ArcTan[(d + (I*c + Sqrt[-c~
2 + d"2])*E"(Ix(e + f*x)))/(Sqrt[2]*Sqrt[c]l*Sqrt[c - I*Sqrt[-c~2 + d~2]]*Sq
rt[-1 + ET((2*%I)*(e + f*x))])] - (I*c + Sqrt[-c”2 + d72])*ArcTanh[E~(I*(e +
f*x))/Sqrt[-1 + ET((2*I)*(e + £*x))]]))/d)*Sqrt[g*Sin[e + f*x]]*Sqrt[a*x(1
+ Sinfe + £*x])]1)/(Sqrt[2]*d*E~(((6%I)/2)*(e + fxx))*(((-I)*(-1 + E~((2*I)*
(e + £*x))))/E~(I*(e + f*x)))~(5/2)*f*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])
*Sqrt [Sin[e + £*x]])
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 934 vs. 2(117) = 234.

Time = 3.64 (sec) , antiderivative size = 935, normalized size of antiderivative = 6.28

method | result size
default | Expression too large to display | 935

[In] int((g*sin(f*x+e))~(1/2)*(ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x,method=_
RETURNVERBOSE)

[Out] 1/2/f*(g*sin(f*x+e))~(1/2)*(a*x(1+sin(f*x+e)) )~ (1/2)*(27(1/2)*(-(c-d)*(c+d))
~(1/2)*(((=(c=d) *(c+d) )~ (1/2)+d) *c) ~(1/2) * (((-(c-d) *(c+d) ) ~(1/2)-d) *c) " (1/2
)*1n(-(csc(f*x+e)-cot (fxx+e)+(csc(f*x+e)-cot (fxx+e)) ~(1/2)*27(1/2)+1)/((csc
(fxx+e)-cot (fxx+e))~(1/2)*27(1/2) -csc(f*x+e)+cot (f*x+e)-1) ) +4*x2~(1/2)*(-(c-
d)*(c+d))~(1/2)*(((-(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2) * (((-(c-d) *(c+d) )~ (1/2)-d
Yxc)~(1/2)*arctan((csc(f*xx+e)-—cot (fxx+e)) " (1/2)*27(1/2)+1)+4x2~(1/2)*(-(c-d
)*(c+d)) "~ (1/2) % (((=(c-d) *(c+d) ) ~(1/2)+d) *c) " (1/2) *(((-(c-d) *(c+d) )~ (1/2)-d)
*c) " (1/2) *arctan((csc(f*x+e)—-cot (f*x+e)) " (1/2)*27(1/2)-1)+2"(1/2) * (- (c-d) *(
c+d) )~ (1/2) *(((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/2) * (((-(c-d) *(c+d) ) ~(1/2)-d) *c)
~(1/2)*1n(-((csc(f*xx+e)—cot (f*xx+e)) ~(1/2) %27 (1/2) —csc (f*x+e) +cot (f*x+e)-1)/
(csc(f*x+e)-cot (fxx+e)+(csc(fxx+e)—-cot (fxx+e)) ~(1/2)*27(1/2)+1) ) +4x(-(c-d) *
(c+d))~(1/2)*(((-(c=d)*(c+d)) " (1/2)+d) *c) " (1/2) *arctanh ((csc(f*x+e)-cot (f*x
+e) )~ (1/2)*c/ (((-(c-d) *(c+d) )~ (1/2)-d) *c) ~(1/2) ) *c—4* (- (c-d) * (c+d) ) ~(1/2) *(
((=(c=d)*(c+d))~(1/2)-d)*c) " (1/2)*arctan((csc(f*x+e) —cot (f*x+e) )~ (1/2)*c/ ((
(=(c-d)*(c+d))~(1/2)+d) *c) ~(1/2) ) *c+4* (((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/2) *ar
ctanh((csc(f*x+e)-cot (f*x+e)) ~(1/2)*c/(((-(c-d)*(c+d))~(1/2)-d) *c)~(1/2))*c
~2-4x(((=(c=d)*(c+d))~(1/2)+d) *c) " (1/2) *arctanh ((csc(f*x+e)-cot (f*x+e))~(1/
2)xc/(((-(c-d) *(c+d) ) ~(1/2)-d)*c) ~(1/2) ) *cxd+4* (((-(c-d) *(c+d)) ~(1/2)-d) *c)
~(1/2)*arctan((csc(f*x+e)-cot (f*x+e))~(1/2) *c/(((-(c-d) *(c+d) )~ (1/2)+d) *c) "~
(1/2))*c™2-4%(((-(c-d) *(c+d) )~ (1/2)-d) *c) " (1/2) *arctan((csc (f*x+e) —cot (f*x+
e))~(1/2)*c/(((-(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2)) *c*d) / (cos (f*x+e) +sin(f*x+e)
+1)/ (csc(f*x+e)-cot (f*x+e))~(1/2)/d/(-(c-d) *(c+d) ) ~(1/2) / (((-(c-d) *(c+d) ) ~(
1/2)+d)*c)~(1/2) / (((-(c-d)*(c+d))~(1/2)-d) *c)~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 271 vs. 2(117) = 234.

Time = 1.47 (sec) , antiderivative size = 3273, normalized size of antiderivative = 21.97

dx = Too large to display

/ Vgsin(e + fz)\/a + asin(e + fz)
¢+ dsin(e + fx)

[In] integrate((g*sin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="fricas")
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[Out] [1/4*(sqrt(-a*xcxg/(c + d))*log(((128*a*c™4 + 256%a*xc~3xd + 160*axc™2%d"2 +
32%a*c*d~3 + a*d~4)*gkxcos(f*x + e)”5 - (128*axc™4 + 192*%axc”3*d + 64*akxc”2x
d"2 - 4xaxcxd™3 - axd"4)x*gxcos(fxx + e)”4 - 2%(208xaxc”4 + 368*axc”3xd + 19
Bkaxc™2%d"2 + 32%axcxd”3 + axd"4)*gkcos(f*x + )73 + 2% (64*axc™4 + 94*axc”3
*d + 29%a*xc”2xd"2 - 4xaxckd™3 - axd"4)*gkcos(fxx + e)72 + (289%axc”4 + 480%
axc~3xd + 230*axc”2*%d”"2 + 32*%axcxd~3 + axd~4)*gxcos(f*x + e) + 8x((16%xc™4 +
40%xc”™3%d + 34%c”2xd"2 + 11*c*d~3 + d”4)*cos(f*x + e)"4 + B1l*kc™4 + 110%c™3*
d + 76%xc”2+%d"2 + 18*%c*d"3 + d74 - (24%c”4 + 52%c"3xd + 35%c”2*%d"2 + T*c*d"3
)xcos(f*x + e)73 - (66%c™4 + 149%c™3*d + 110%c™2*%d"2 + 29%c*xd™3 + 2%d"4)=*co
s(fxx + e)”2 + (25%xc™4 + 53xc™3*d + 35*%c™2xd"2 + Txc*d"3)*cos(f*x + e) - (5
1¥c”™4 + 110%c™3*d + 76%c™2*d"2 + 18*c*d”"3 + d”4 - (16%c”™4 + 40*c~3*d + 34%c
"2%d”2 + 11%cxd”3 + d"4)*cos(f*x + )73 - (40%c™4 + 92%c”3*d + 69%c”2xd"2 +
18%c*xd~3 + d~4)*cos(f*x + €)72 + (26%c™4 + 57*c”3xd + 41%c”™2%d"2 + 1lxc*xd”
3 + d74)*cos(f*x + e))*sin(f*x + e))*sqrt(-axc*g/(c + d))*sqrt(a*sin(f*x +
e) + a)*sqrt(g*sin(f*x + e)) + (akc™4 + 4*a*xc™3xd + 6*axc™2xd"2 + 4*axcxd~3
+ axd~4)xg + ((128*axc™4 + 256%a*xc”3*d + 160*a*c™2*xd"2 + 32xa*c*d™3 + axd”
4)*gxcos(f*x + e)”4 + 4x(64*a*xc™4 + 112%a*xc™3xd + 56xa*xc”2*d"2 + T*a*xc*d"3)
xgxcos (f*x + e)”3 - 2%(80*axc™4 + 144xaxc”3*d + 83*axc™2+%d"2 + 18*a*xcxd~3 +
axd~4)*gxcos(f*x + e)”2 - 4x(72%a*xc™4 + 119%a*xc™3*d + B6*a*xc™2xd"2 + T*axc
*d"3) *g*cos(f*x + e) + (axc™4 + 4xaxc”3xd + 6xaxc”2xd"2 + 4xaxcxd"3 + axd"4
)xg)*ksin(f*x + e))/(d"4*cos(f*xx + e)75 + (4*c*d™3 + d"4)*cos(f*x + e)”4 + ¢
"4 + 4%c”3*d + 6%cT2%d"2 + 4xckd™3 + d74 - 2%(3*%c”2xd"2 + d"4)*cos(f*x + e)
73 - 2%(2%c73xd + 3%cT2xd"2 + 4xcxd”3 + d"4)*cos(f*x + e)”2 + (c74 + 6%cT2*
d”2 + d"4)*cos(f*x + e) + (d"4xcos(f*x + e)”"4 - 4*c*d"3*cos(f*x + e)”3 + c~
4 + 4xc”3*%d + 6%c72%d"2 + 4*kckd™3 + d74 - 2%(3*xcT2xd"2 + 2%xcxd”3 + d74)*cos
(f*x + )72 + 4x(c™3*d + cxd"3)*cos(f*x + e))*sin(f*x + e))) + sqrt(-a*xg)*l
og((128*a*gkcos(f*x + e)~5 - 128xa*gkcos(f*x + e)~4 - 416*xaxg*cos(f*x + e)~
3 + 128*a*gkcos(f*x + e)~2 + 289xa*xg*cos(f*x + e) - 8*(16xcos(f*x + e)"4 -
24xcos(f*xx + e)”3 - 66*xcos(f*x + e)”2 + (16*cos(f*x + e)~3 + 40xcos(f*x + e
)72 - 26%cos(f*x + e) - B1)*sin(f*x + e) + 25*xcos(f*x + e) + 51)*sqrt(-axg)
xsqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + axg + (128xaxgxcos(f*x + e
)~4 + 256xaxg*cos(f*x + e)~3 - 160*axgxcos(f*x + e)~2 - 288*axgxcos(f*x + e
) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*xx + e) + 1)))/(d*f), -1/4x(2%s
qrt (axc*g/(c + d))*arctan(1/4*((8*c~2 + 8*c*d + d~2)*cos(f*x + e)"2 - 9*c™2
- 8%cxd - d72 + 2%(4xc”2 + 3*kcxd)*sin(f*x + e))*sqrt(axc*g/(c + d))*sqrt(a
*sin(f*x + e) + a)*sqrt(gxsin(fxx + e))/(a*xc™2xgxcos(f*x + e)*sin(f*x + e)
+ (2%axc™2 + akxcxd)*gxcos(f*x + e)~3 - (2*%axc™2 + akckd)*gkcos(f*x + e))) -
sqrt (-axg) *log((128*a*xg*cos(f*x + e)~5 - 128*axgxcos(f*x + e)~4 - 416*axgk
cos(fxx + e)~3 + 128*axgxcos(f*x + e)~2 + 289*axgxcos(f*x + e) - 8x(16x*cos(
fxx + e)74 - 24xcos(f*x + e)”3 - 66%cos(f*x + e)”2 + (16*cos(f*x + e)”3 + 4
Oxcos(f*x + e)”2 - 26%cos(f*x + e) - 51)*sin(f*x + e) + 25xcos(f*x + e) + 5
1) *sqrt (-a*g) *sqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + axg + (128xax
gxcos(f*x + e)~4 + 256*axgxcos(f*x + e)~3 - 160*a*gkcos(f*x + e)~2 - 288xax
gxcos(f*x + e) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*xx + e) + 1)))/(d*
f), 1/4%(2xsqrt(a*g)*arctan(1/4*sqrt(a*xg)*(8*cos(f*x + e)~2 + 8*sin(f*x + e
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) - 9)*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(2*a*gkcos(f*x + e)~3
+ axgkcos(f*x + e)xsin(f*x + e) - 2xa*gkcos(fxx + e))) + sqrt(-a*c*xg/(c + d
))*log(((128*a*c™4 + 266%a*c”3*d + 160%a*c™2*%d"2 + 32*%axc*d™3 + a*d~4)*gxco
s(fxx + e)”5 - (128%a*c™4 + 192%a*c”3*d + 64*xaxc”2*%d"2 - 4*a*xc*d™3 - a*d™4)
xgxcos (fxx + e)”4 - 2%(208*a*xc™4 + 368*a*xc”3xd + 195%axc”2*%d”~2 + 32*axcxd~3
+ axd~4)xgxcos(f*x + e)~3 + 2% (64*xaxc”4 + 94*axc”3xd + 29%a*xc”2*d"2 - 4*ax
c*d™3 - axd”4)x*g*cos(f*xx + e)~2 + (289%a*xc”4 + 480*axc”3*d + 230*axc”2*d"2
+ 32%a*xc*d”3 + axd~4)*gkxcos(f*x + e) + 8x((16%c™4 + 40*c”™3*d + 34*c™2xd"2 +
11xc*xd~3 + d"4)*cos(f*x + e)74 + 51*c”™4 + 110%c™3*d + 76%c™2xd"2 + 18*c*d™
3 + d™4 - (24xc™4 + 52*c™3*d + 35%xc”2xd"2 + T*cxd"3)*cos(f*x + e)”"3 - (66%c
4 + 149%c”3*d + 110%c”2*d"2 + 29*c*d”3 + 2xd"4)*cos(f*x + e)”2 + (25%xc”4 +
B3xc~3xd + 35%c”2%d"2 + T*c*d"3)*cos(f*x + e) - (B1xc™4 + 110%c™3*d + T6*c
~2+%d"2 + 18*%cxd"3 + d74 - (16%c”4 + 40%c”3*d + 34xc”2*xd"2 + 11xc*d"3 + d74)
xcos(f*x + )73 - (40%c™4 + 92%c™3xd + 69%c”2*d"2 + 18*c*d~3 + d~4)*cos(f*x
+ e)72 + (26%c™4 + BT*c™3*d + 41xc™2*d"2 + 11*cxd™3 + d"4)*cos(f*x + e))*s
in(f*x + e))*sqrt(-a*xc*xg/(c + d))*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x +
e)) + (axc™4 + 4*axc”3xd + 6*kaxc”2+%d”2 + 4xaxc*d”3 + axd"4)xg + ((128xaxc”
4 + 256%axc”3xd + 160*axc”2+%d”2 + 32*axcxd”3 + axd"4)*gxcos(f*x + e)”4 + 4%
(64*axc™4 + 112*%axc™3*d + 56*a*xc™2xd"2 + T*axcxd~3)*gxcos(f*x + e)”3 - 2%(8
Oxaxc™4 + 144xaxc™3*d + 83%a*xc™2xd"2 + 18*a*xcxd™3 + a*xd~4)x*gkcos(f*x + e)~2
- 4x(72xa*c™4 + 119%a*c”™3*d + 56xaxc™2*d~2 + T*akxckd~3)*gxcos(f*x + e) + (
axc™4 + 4*akxc~3xd + 6*axc”2xd"2 + 4xaxc*d”™3 + axd"4)*g)*sin(f*x + e))/(d"4x
cos(f*x + e)”5 + (4%c*d™3 + d~4)*cos(f*x + e)”4 + c™4 + 4xc”3xd + 6xc”2xd"2
+ 4xcxd™3 + d74 - 2%(3xc”2xd"2 + d"4)*cos(f*x + e)"3 - 2%(2%c”3%d + 3xc"2x
d”2 + 4%c*d”3 + d"4)*cos(f*x + e)”2 + (c™4 + 6*%c™2xd"2 + d"4)*cos(f*x + e)
+ (d"4*cos(f*x + e)”4 - 4xc*d"3*cos(f*x + )73 + c™4 + 4*c™3xd + 6*%c™2xd"2
+ 4xcxd™3 + d74 - 2%(3xc”2xd"2 + 2xcxd”3 + d"4)*cos(f*x + e)72 + 4%(c”3xd +
c*d”~3) *cos(f*x + e))*sin(f*x + e))))/(dxf), -1/2*(sqrt(axcxg/(c + d))*arct
an(1/4x((8xc™2 + 8xcxd + d"2)*cos(f*x + e)”2 - 9*%c™2 - 8*kckd - d72 + 2% (4*c
~2 + 3%c*d)*sin(f*x + e))*sqrt(axcxg/(c + d))*sqrt(a*sin(f*x + e) + a)*sqrt
(gxsin(f*x + e))/(a*c™2xg*cos(f*x + e)*sin(fxx + e) + (2%a*xc™2 + axc*d)*gkc
os(f*x + e)~3 - (2%axc™2 + axcxd)*gxcos(f*x + e))) - sqrt(axg)*arctan(1/4*s
qrt (axg) *(8*cos(f*x + e)~2 + 8xsin(f*x + e) - 9)*sqrt(a*sin(f*x + e) + a)*s
qrt(gxsin(f*x + e))/(2*a*g*xcos(f*x + e)~3 + axgxcos(f*x + e)*sin(f*x + e) -
2xaxgkxcos (fxx + e))))/(d*f)]

Sympy [F]

v@ﬁﬂe+f@v%+amMe+f@d B ¢a@n@+¢@)+nv@$n@+f@d
¢+ dsin(e + fx) x—/ ¢+ dsin (e + fz) v

[In] integrate((g*sin(f*x+e))**(1/2)*(at+ta*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e)) ,x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))*sqrt(gxsin(e + f*x))/(c + d*sin(e + f*x
)), x)
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Maxima [F]

/\/gsin(e+fx)\/a+asin(e+f:c)d _/\/asin(fx+e)+a\/gsin(fx+e)d
c+ dsin(e + fx) v dsin(fx+e€)+c v

[In] integrate((g*sin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="maxima")
[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(d*sin(f*x + e) + c

), x)

Giac [F(-1)]

Timed out.

/ \/g sin(e + fx) .\/a +asin(e + fz) dx = Timed out
¢+ dsin(e + fx)

[In] integrate((g*sin(f*x+e))~(1/2)*(ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="giac")
[Out] Timed out

Mupad [F(-1)]

Timed out.

/ Vgsin(e + fz)\/a + asin(e + fz) Vgsin(e+ fz)\/a+asin(e+ fz)
. dxr = _ dx
¢+ dsin(e + fx) c+dsin(e+ fx)

[In] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c + d*sin(e + fxx)

) %)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + axsin(e + f*x))~(1/2))/(c + d*sin(e + f*x)

), x)
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3.96 f v a+asin(e+fx) du
v/ gsin(e+fz)(c+dsin(e+fz))

Optimal result . . . . . . . . . . . . e 182
Rubi [A] (verified) . . . . . . . . .. 182
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... . ... ... 183
Maple [B| (warning: unable to verify) . . . . . . . ... L 184
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. ..., 184
Sympy [F] . . o 185
Maxima [F] . . . . . . o 186
Giac [F] . . . o o e 186
Mupad [F(-1)] . . . 186

Optimal result

Integrand size = 39, antiderivative size = 83

i vay/c\/g cos(e+fx)
\/ a+a sm(e + fa:) dr — — 2\/Earctan <\/c+7d\/g sin(e+fz) \/a+asin(e+fx)>
Vgsin(e + fz)(c+ dsin(e + fx)) Veve+df/g

[Out] -2xarctan(cos(f*x+e)*a~(1/2)*c~(1/2)*g~(1/2)/(c+d)~(1/2)/(gxsin(f*x+e))~(1/
2)/ (ataxsin(fxx+e))~(1/2))*a~(1/2)/£/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 457 Ryles used = {3009,
integrand size

211}
. Vay/c\/g cos(e+fx)
\/a ta Sln(e + fIL') de — — 2\/53.1'0133.11 (\/c—l—d\/asin(e-i-fx)-i-a\/gsin(e-i—fx))
Vgsin(e + fz)(c+ dsin(e + fz)) Vefygve+d

[In] Int[Sqrt[a + a*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c + d*Sin[e + f*x])),x]

[Out] (-2*Sqrt[al*ArcTan[(Sqrt([al*Sqrt([c]*Sqrt[gl*Cos[e + f*x])/(Sqrtlc + dl*Sqrt
[gxSin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlcl*Sqrt[c + d]*f*Sqrt[g]
)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]



183

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*x(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(bxc + axd + cxgxx~2), x], x, b*(Cos[e + f*x]/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]))], x] /; FreeQl[{a, b, c, d, e, f, g}, x]
&& NeQ[bxc - a*d, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

1 acos(e+fx)
(20’) Subst <f act+ad+cgz? dl’, T Vgsin(e+fz)+/a+asin(e+fz) )

f

Vay/c,/g cos(e+fx) )
2/aarctan ( Vetdy/gsin(e+fz)/atasin(e+fz)

Vveve+df/g

integral = —

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 2.71 (sec) , antiderivative size = 436, normalized size of antiderivative = 5.25

Va+asin(e + fz)

Vv gsin(e + fz)(c+ dsin(e + fz))

dz

(34 5) o Ver V=T lic —id o+ V=8 + ) arctan (- SIS )

V2v/eV etiv/—c2+d? \/—1+cos(2(e+fx))+isin(2(e+fz))

[In] Integrate[Sqrt[a + a*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] ((1/4 + I/4)*g*(Sqrtlc + IxSqrt[-c~2 + d72]]*(I*c - I*d + Sqrt[-c”2 + d72])
*ArcTan[(d - ((-I)*c + Sqrt[-c™2 + d"2])*(Cos[e + fxx] + IxSin[e + fx*x]))/(

Sqrt [2]*Sqrt[c]*Sqrt[c + I*Sqrt[-c~2 + d~2]]1*Sqrt[-1 + Cos[2x(e + f*x)] + I
*Sin[2*%(e + f*x)]])] + Sqrtlc - I*Sqrt[-c”2 + d~2]]*((-I)*c + I*d + Sqrt[-c

~2 + d72])*ArcTan[(d + (I*c + Sqrt[-c”2 + d"2])*(Cos[e + f*x] + I*Sin[e + £
*xx]))/(Sqrt [2]1*Sqrt [c]1*Sqrt[c - I*Sqrt[-c~2 + d~2]]1*Sqrt[-1 + Cos[2*(e + f*

x)] + IxSin[2*(e + f*x)]])])*Sqrt[ax(1 + Sin[e + f*x])]*(Cos[(3*(e + f*x))/

2] - IxSin[(3x(e + fx*x))/2])*(-1 + Cos[2*(e + f*x)] + I*Sin[2*(e + f*x)])~(
3/2))/(8qrt[2] *Sqrt [c]*d*Sqrt [-c~2 + d~2]*f*(Cos[(e + f*x)/2] + Sin[(e + f*
x)/2])*(gxSinle + f*x])~(3/2))
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 504 vs. 2(63) = 126.

Time = 3.17 (sec) , antiderivative size = 505, normalized size of antiderivative = 6.08

method | result

default | —

2./csc(fz+e)—cot(fz+e) \/a(l+sin(fz+e)) | \/—(c—d)(c+d) \/(\/— (c—d) (c+d)+d) c arctanh [ Vesclfete)—cot(fate)e
(V= aera-a)e

) +arc

[In] int((ata*xsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_

RETURNVERBOSE)

[Out] -2/f*x(csc(f*x+e)-cot (f*x+e)) " (1/2)*(ax(1+sin(f*x+e)))~(1/2)*((-(c-d)*(c+d))

~(1/2)*(((=(c=d) *(c+d) )~ (1/2)+d) *c) " (1/2) *arctanh ((csc (f*x+e) -cot (f*x+e) ) ~(
1/2)*c/(((-(c-d) *(c+d) )~ (1/2)-d) *c) ~(1/2) ) +arctanh((csc(f*x+e) -cot (f*x+e) )~
(1/2)*c/(((=(c-d)*(c+d))~(1/2)-d) *c)~(1/2) ) *(((-(c-d) *(c+d) ) ~(1/2)+d) *c) ~ (1
/2)*c—arctanh((csc(f*x+e)-cot (f*x+e))~(1/2)*c/(((-(c-d) *(c+d))~(1/2)-d) *c)~
(1/2))*(((=(c=d) *(c+d) )~ (1/2)+d) *c) ~(1/2) *d- (- (c-d) * (c+d) ) ~(1/2) * (((-(c-d) *
(c+d))~(1/2)-d) *c) " (1/2)*arctan((csc (f*x+e)-cot (f*x+e) )~ (1/2)*c/ (((-(c-ad) *(
c+d))~(1/2)+d) *c) ~(1/2))+arctan((csc (f*x+e)-cot (fxx+e) ) ~(1/2) *c/ (((-(c-d) *(
c+d))~(1/2)+d) *c)~(1/2) ) *(((-(c-d) *(c+d) ) ~(1/2)-d) *c) " (1/2) *c-arctan((csc(f
*xx+e)—cot (f*x+e)) ~(1/2) *c/ (((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2) ) * (((-(c-d) *(c+
d))~(1/2)-d) *c)~(1/2)*d) * (1+cos (f*x+e) )/ (cos (f*x+e) +sin(f*x+e)+1) /(gksin (£f*
x+e))~(1/2)/ (-(c-d) *(c+d) )~ (1/2) / (((-(c-d) *(c+d) ) ~(1/2)-d) *c) ~(1/2) / (((-(c-
d)*(c+d))~(1/2)+d)*c)~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(63) = 126.

Time = 0.89 (sec) , antiderivative size = 1303, normalized size of antiderivative = 15.70

va+ asin(e + fz)

Vv gsin(e + fz)(c+ dsin(e + fz))

dxz = Too large to display

[In] integrate((ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a

lgorithm="fricas")

[Out] [1/4*sqrt(-a/((c”2 + cxd)*g))*1log(((128xa*xc™4 + 256xa*c”3*d + 160*a*xc”~2xd~2

+ 32*%axcxd”3 + axd"4)*cos(f*x + e)”5 + axc™4 + 4xaxc”3*d + 6*akxc”2xd"2 + 4
xa*xc*d~™3 + axd™4 - (128*axc”4 + 192*a*c”3*d + 64*axc”2xd"2 - 4xaxc*xd”3 - ax
d"4)*xcos(f*xx + e)~4 - 2%(208*a*xc”™4 + 368*axc”3*d + 195*a*c”2xd"2 + 32xaxcxd
3 + a*d"4)*cos(f*x + e)”3 + 2*%(64*axc™4 + 94*axc”3*xd + 29*axc”2*d"2 - 4xax
cxd”3 - a*d"4)*cos(f*x + e)”2 - 8%(51xc”™5 + 110%c™4*xd + 76*c~3*d"2 + 18%c~2
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*d~3 + c*d”4 + (16*%c™5 + 40*c™4*d + 34*c”3*d"2 + 11*c”™2*d"3 + c*xd"4)*cos(fx*
X + e)”4 - (24%c™5 + 52*%c”4*d + 35%c”3*%d"2 + 7*xc"2+%d"3)*cos(f*x + e)"3 - (6
6*%c”5 + 149%c™4xd + 110%c™3*d"2 + 29*%c~2*xd"3 + 2*xcxd~4)*cos(f*x + e)”2 + (2
5%c”5 + 53%c”4*xd + 35%c”3*%d"2 + T*c”"2*d"3)*cos(f*x + e) - (51*%c”5 + 110*%c~4
*d + 76%c”3*d"2 + 18%c™2*%d"3 + c*d"4 - (16%c”5 + 40*c”™4*xd + 34*c~3*%d"2 + 11
*c"2%d"3 + c*d"4)*cos(fxx + e)~3 - (40%c”5 + 92*%c”4*xd + 69*%c~3*%d"2 + 18*c”2
*d~3 + c*d"4)*cos(f*x + e)”2 + (26%c™5 + 57*c™4*d + 41%c™3*%d"2 + 11%c~2*d"3
+ cxd~4)xcos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f
*x + e))*sqrt(-a/((c”2 + c*xd)*g)) + (289*a*xc™4 + 480*a*xc~3xd + 230*a*xc”2xd”
2 + 32xakxc*d”3 + axd"4)*cos(f*x + e) + (a*xc™4 + 4*a*xc”3*d + 6*axc”2xd"2 + 4
*a*xc*d~3 + axd™4 + (128*axc”4 + 256*a*c”3*d + 160*axc™2xd"2 + 32*a*c*d~3 +
a*d~4)*xcos(f*x + e)”4 + 4x(64*xaxc™4 + 112*xa*xc™3*d + 56*a*c™2xd"2 + T*a*xcxd”
3)*xcos(f*x + e)~3 - 2*%(80*axc™4 + 144xaxc”3*d + 83*axc™2*d"2 + 18*a*xc*d™3 +
a*d~4)*cos(f*x + e)”2 - 4x(72*a*c™4 + 119*%a*xc”3*d + 56*a*xc”2*%d"2 + T*akckd
~3)*xcos(f*x + e))*sin(fxx + e))/(d"4xcos(f*x + e)~5 + (4xc*d~3 + d~4)*cos(f
*X + e)”4 + c74 + 4%c”3*d + 6*%c”2+%d"2 + 4*xc*d"3 + d74 - 2%(3*%c”2xd"2 + d74)
xcos(f*x + e)73 — 2%(2%c™3*xd + 3*%c™2*%d"2 + 4*c*xd”3 + d"4)*cos(f*x + e)”2 +
(c™4 + 6%c™2%d"2 + d"4)*cos(f*xx + e) + (d"4*cos(f*x + e)”4 - 4xcxd~3*cos(f*
X + e)”3 + c74 + 4%c”3%d + 6*%c”2%d"2 + 4xcxd”3 + d74 - 2% (3*%c”T2%d"2 + 2*xcxd
~3 + d"4)*cos(f*x + e)~2 + 4%(c"3*d + cxd~3)*cos(f*x + e))*sin(f*xx + e)))/f
, 1/2*sqrt(a/((c”2 + c*d)*g))*arctan(1/4*((8*c™2 + 8*c*d + d"2)*cos(f*x + e
)72 - 9%c”2 - 8*kcxd - d72 + 2x(4*%c”2 + 3*ckd)*sin(fxx + e))*sqrt(axsin(f*x
+ e) + a)*xsqrt(gxsin(f*x + e))*sqrt(a/((c”2 + c*d)*g))/((2*xaxc + a*d)*cos(f
*x + )73 + axckxcos(fxx + e)*sin(f*xx + e) - (2*axc + axd)*cos(f*x + e)))/f]

Sympy [F]

va+asin(e + fz) p Va(sin (e + fz) + 1)

Vgsin(e + fz)(c+ dsin(e + fz)) o Vgsin(e+ fz) (c+ dsin (e + fz))

dzr

[In] integrate((ata*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/(sqrt(g*sin(e + f*x))*(c + d*sin(e + fx
x))), x)
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Maxima [F]
va+ asin(e + fz) dz—/ Vasin(fz +e€)+a i
Vysin(e + fz)(c+dsin(e+ fz))  J (dsin(fz+e)+c)\/gsin(fz +e)

[In] integrate((ata*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")
[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

Giac [F]

va+ asin(e + fz) dz—/ Vasin(fz +e€) +a i
Vysin(e + fz)(c+dsin(e + fz))  J (dsin(fz+€) +c)\/gsin (fz + €)

[In] integrate((ata*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="giac")
[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(gxsin(f*x + e

))), %)

Mupad [F(-1)]

Timed out.

va+ asin(e + fz) Va+asin(e+ fx) dx

Vgsin(e + fz)(c+ dsin(e + fz)) o = Vgsin(e+ fz) (c+dsin(e+ fx))

[In] int((a + a*sin(e + fx*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))

) %)
[Out] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))

), %)



187

3.97 f . Vg sm(e-l—fx). dr
Vatasin(e+fz)(c+dsin(e+fz))

Optimal result . . . . . . . . . . . e 187
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Optimal result

Integrand size = 39, antiderivative size = 166

Vgsin(e + fz)

va+ asin(e + fz)(c + dsin(e + fz))

Va,/g cos(e+fx) )
Va(c—ad)f

\/E\ﬁ\/g cos(e+fx)
~ 2\/5\/5 arctan (m\/g sin(e+fz)\/ata sin(e~|—fx)>

Va(c—d)ve +df

[Out] arctan(1/2*cos(f*x+e)*a”(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(ata*sin
(f*x+e))~(1/2))*27(1/2)*g~(1/2) /(c-d) /£/a~ (1/2) -2*arctan(cos (f*x+e)*a~(1/2)
xc~(1/2)*g~(1/2)/(c+d)~(1/2)/ (g*xsin(f*x+e)) ~(1/2) /(ataxsin(f*x+e)) ~(1/2))*c
~(1/2)xg~(1/2)/(c-d) /£/a~(1/2) / (c+d) ~(1/2)

dz

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4, Lumber of rules _ 0.103, Rules used

' integrand size
= {3015, 2861, 211, 3009}

gsin(e + fz)
va+asin(e + fz)(c+ dsin(e + fx))
va,/g cos(e+fz) )
_ \/5\/5 arctan (ﬁ@ sin(e+fz)+a\/gsin(e+fz)
Vaf(c—d)
Va/c\/g cos(e+fx) )
B 2y/c\/garctan <\/0Td\/a sin(e+fz)+a\/gsin(e+/z)
Vaf(c—d)ve+d

dz
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[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + f*x])),x]

[Out] (Sqrt[2]*Sqrtlgl*ArcTan[(Sqrt[a]l*Sqrt[g]l*Cos[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[
e + fxx]]1*Sqrt[a + axSin[e + f*x]]1)]1)/(Sqrtlal*(c - d)*f) - (2xSqrt[c]l*Sqrt
[g]l *ArcTan [(Sqrt [a]l *Sqrt [c]*Sqrt [g] *Cos[e + f*x])/(Sqrtlc + d]l*Sqrt[g*Sin[e

+ fxx]]1*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlal*(c - d)*Sqrtlc + d]l*f)

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
nle + £*x]1))]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc - axd, 0] &&
EqQ[a~2 - b~2, 0] &% NeQ[c™2 - d~2, 0]

Rule 3009

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[-2*(b/f
), Subst[Int[1/(b*c + a*d + cxgxx~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e
+ fxx]]1*Sqrt[a + b*Sin[e + f*x]]1))], x] /; FreeQ[{a, b, c, 4, e, f, g}, x]
&& NeQ[bxc - axd, 0] &% EqQ[a"2 - b2, 0]

Rule 3015

Int[Sqrt[(g_.)*sinl[(e_.) + (£_.)*(x_)]1]1/(Sartl(a_) + (b_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
] + Dist[cx(g/(b*c - a*d)), Int[Sqrt[a + bxSin[e + fx*x]]1/(Sqrt[g*Sin[e + f*
x]1*(c + d*Sinle + f*x])), x]1, x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[bxc - a*d, 0] && (EqQ[a”2 - b~2, 0] || EqQlc~2 - 42, 0])

Rubi steps

1 v/a+asin(e+fzx)
9 f \/gsin(e+fz)\/a+asin(e+fz) dz + (Cg) f \/gsin(e+fz)(ct+dsin(e+fx)) dz

c—d a(c—d)

1 acos(e+fx)
(2ag)Subst <f 2a2+agx? d.’L', L, Vgsin(e+fz)+/a+asin(e+fz) )

(c—d)f
1 acos(e+fx)
(2Cg)SUbSt (f act+ad+cgz? d.’II, Z, Vgsin(e+fz)\/a+a sin(e+fa:)>
(c—d)f

integral = —
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V2+/gsin(e+fz)\/a+asin(e+fz) . Vc+dy/gsin(e+fz)+/a+asin(e+fz)

Va(c—d)f Va(c—d)ve+df

V2,/g arctan < vaygcos(e+fz) > 24/c,/g arctan ( /ay/e\/g cos(e+fz) )

Mathematica [A] (verified)

Time = 5.90 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.69
Vgsin(e + fx)

Vva+asin(e + fz)(c+ dsin(e + fx))

(2\/5\/ —c2 + d? arctan <\/tan (%(e + fx))> —Vd—+v—-c+ d2(—c +d+V-c2+ d2) arctan (f%%

dr =

a

Jele — dyV—E + &

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + fxx
1)) ,x]

[Out] -(((2*Sqrt[c]l*Sqrt[-c~2 + d~2]*ArcTan[Sqrt[Tan[(e + f*x)/2]]] - Sqrtld - Sq
rt[-c”2 + d72]]*(-c + d + Sqrt[-c”2 + d~2])*ArcTan[(Sqrt[c]l*Sqrt[Tan[(e + £
*xx)/2]1]1)/Sqrt[d - Sqrt[-c”2 + d"2]]1] - (c - d + Sqrt[-c™2 + d"2])*Sqrt[d +
Sqrt[-c”2 + d~2]]*ArcTan[(Sqrt[c]l*Sqrt[Tan[(e + f*x)/2]])/Sqrt[d + Sqrt[-c~

2 + d°2]11]1)*Sqrt[g*Sin[e + f*x]1*(1 + Tan[(e + f*x)/2]1))/(Sqrtlcl*(c - d)*S
qrt[-c™2 + d72]*f*Sqrt[ax(1 + Sin[e + f*x])]*Sqrt[Tan[(e + f*x)/2]]))

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 588 vs. 2(131) = 262.

Time = 3.14 (sec) , antiderivative size = 589, normalized size of antiderivative = 3.55

method | result

Vgsin(fz+e) (\/— (c—d)(c+d) \/<\/— (c—d) (c+d)—d) ¢ arctan ( \(j;c(]?(i?@(fi(j)i;ﬁ))j) c—\/<\/m—d> ¢ arctan <

default

[In] int((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] 1/f*x(g*sin(f*x+e))~(1/2)*((-(c-d)*(c+d))~(1/2)*(((-(c-d)*(c+d))~(1/2)-d)*c)
~(1/2)*arctan((csc(f*x+e)-cot (f*x+e))~(1/2)*c/(((-(c-d)*(c+d) )~ (1/2)+d)*c)~
(1/2)) *c-(((-(c=d) *(c+d) )~ (1/2)-d) *c) ~(1/2) *arctan((csc (f*x+e) —cot (f*x+e) )~
(1/2) *c/ (((-(c=d) *(c+d) )~ (1/2)+d) *c) ~(1/2) ) *c~2+(((-(c-d) *(c+d) ) ~(1/2)-d) *c
)~ (1/2)*arctan((csc(f*x+e)-cot (f*x+e)) " (1/2)*c/(((-(c-d)*(c+d)) ~(1/2)+d) *c)
~(1/2))*c*d-(-(c-d) *(c+d) ) ~(1/2) * (((-(c-d) *(c+d) ) ~(1/2)+d) *c) ~(1/2) *arctanh
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((csc(f*x+e)-cot (fxx+e))~(1/2)*c/(((-(c-d)*(c+d))~(1/2)-d)*c)~(1/2))*c-(((-
(c-d)*(c+d))~(1/2)+d)*c) ~(1/2) *arctanh((csc(f*x+e)—cot (f*x+e)) ~(1/2)*c/ (((-
(c=d)*(c+d) )~ (1/2)-d) *c) ~(1/2) ) *c~2+(((-(c-d) *(c+d) ) ~(1/2)+d) *c) ~(1/2) *arct
anh ((csc(f*xx+e)-cot (fxx+e)) " (1/2) *c/ (((-(c-d)*(c+d) )~ (1/2)-d) *c) ~(1/2) ) *c*d
-2*arctan((csc(f*xx+e)-cot (f*xx+e))~(1/2))*(-(c-d) *(c+d) )~ (1/2)*(((-(c-d) *(c+
d))~(1/2)-d)*c)~(1/2)*(((-(c-d) *(c+d) ) ~(1/2)+d) *c) ~(1/2) ) ¥ (cos (f*x+e) +sin(f
*x+e)+1) / (1+cos(f*x+e))/(ax(1+sin(f*x+e))) ~(1/2)/(csc(f*x+e)-cot (f*x+e)) (1
/2)/(c-d)/(-(c-d)*(c+d) )~ (1/2) / (((-=(c=d)*(c+d) )~ (1/2)-d) *c)~(1/2) / (((-(c-d)
*x(c+d))~(1/2)+d) *c)~(1/2)

Fricas [A] (verification not implemented)

none

Time = 1.33 (sec) , antiderivative size = 3048, normalized size of antiderivative = 18.36

Vgsin(e + fz)

va+ asin(e + fz)(c + dsin(e + fx))

dx = Too large to display

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [-1/4*(sqrt(2)*sqrt(-g/a)*log((17*xg*cos(f*x + e)~3 - 4xsqrt(2)*(3*cos(f*x +
e)”2 + (3*cos(f*x + e) + 4)xsin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
X + e) + a)xsqrt(gxsin(f*x + e))*sqrt(-g/a) + 3xg*cos(f*x + e)~2 - 18xg*cos
(fxx + e) + (17*xgxcos(f*x + e)”2 + 1dxgxcos(f*x + e) - 4xg)*sin(f*x + e) -
4xg)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2*cos(f*x + e)
- 4)xsin(f*x + e) - 2*cos(f*x + e) - 4)) + sqrt(-c*xg/(a*xc + a*d))*log(((128
*C"4 + 256*%c”3%d + 160*%c”2+d"2 + 32*c*d"3 + d~4)*gkxcos(f*x + e)”5 - (128%c”
4 + 192%c”3*d + 64xc”2*%d"2 - 4xc*d”~3 - d"4)*gxcos(f*x + e)"4 - 2%(208%c”4 +
368xc~3*%d + 195%c”2*%d"2 + 32*cxd"3 + d~"4)*gkxcos(f*x + e)”3 + 2x(64%c”4 + 9
4xc”3*%d + 29%c”2xd"2 - 4xcxd"3 - d"4)*g*cos(f*x + e)"2 + (289%c”4 + 480%c”3
*d + 230*%c™2*d"2 + 32%c*d"3 + d"4)*gkcos(f*x + e) + 8x((16%c™4 + 40*c”™3*d +
34xc”2+%d"2 + 11*%cxd”™3 + d"4)*cos(f*x + e)”4 + 51xc”™4 + 110%c™3*d + T76*xc™2x
d~2 + 18xc*d”"3 + d”4 - (24*c”™4 + 52%c~3*d + 35%c"2xd"2 + T*xcxd~3)*cos(f*x +
e)”3 - (66%xc™4 + 149%c”3*d + 110%c”™2*d"2 + 29*c*xd~3 + 2xd~4)*cos(f*x + e)”
2 + (25%c™4 + B53xc”3xd + 35%c”2%d"2 + T*c*d"3)*cos(f*x + e) - (51xc™4 + 110
*C"3*%d + T6*c"2*%d"2 + 18*%c*xd”"3 + d74 - (16%c”4 + 40%c™3*d + 34%c”2xd"2 + 11
*xc*d™3 + d74)*cos(f*x + e)73 - (40%xc”4 + 92*c™3xd + 69xc”2%d"2 + 18xc*d"3 +
d~4)*cos(f*x + e)”2 + (26%c™4 + 57xc”3*d + 41*c™2*%d"2 + 11*cxd~3 + d~4)*co
s(fxx + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqr
t(-cxg/(axc + a*xd)) + (c™4 + 4xc™3*d + 6xc™2*%d"2 + 4xc*d”3 + d"4)*g + ((128
*C"4 + 256%c”3*d + 160*c”2%d"2 + 32%c*xd”3 + d”4)*gkcos(f*xx + e)"4 + 4x(64xc
"4 + 112%c”3*d + 56%c”2%d"2 + T*c*d"3)*gkcos(f*x + e)73 - 2x(80%xc”4 + 144x*c
“3xd + 83%c”2*%d"2 + 18*c*xd”3 + d"4)*gxcos(f*x + e)”2 - 4x(72*%c”™4 + 119%c™3x%
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d + 56%c”2%d"2 + Txcxd~3)*g*cos(f*x + e) + (c™4 + 4*c™3*d + 6*%c™2xd"2 + 4x*c
*d~3 + d"4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)~5 + (4*c*d™3 + d~4)*cos(f*x
+ e)74 + c74 + 4%c73xd + 6%cT2xd"2 + 4*cxd”3 + d74 - 2%(3*c"2*d"2 + d~4)*co
s(f*x + e)73 - 2%x(2%c™3%d + 3%c"2%d"2 + 4*c*d"3 + d"4)*cos(f*x + e)72 + (c~
4 + 6%c™2xd”2 + d74)*cos(f*x + e) + (d"4*cos(f*x + e)”4 - 4*cxd™3xcos(f*x +
e)”"3 + c74 + 4xc”3*kd + 6*c”2*d"2 + 4xc*kd”3 + d74 - 2% (3*%c72%d"2 + 2*cxd”3
+ d"4)*cos(f*x + e)”2 + 4x(c"3xd + c*d"3)*cos(f*x + e))*sin(f*x + e))))/((c
- d)*f), -1/4*%(sqrt(2)*sqrt(-g/a)*log((17*gxcos(f*x + e)~3 - 4*sqrt(2)*(3*
cos(fxx + e)72 + (3xcos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt
(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3*g*cos(f*x + e)"2 -
18xgxcos(f*x + e) + (17xg*cos(f*x + e)~2 + 14xgkcos(f*x + e) - 4*g)*sin(fx*
x + e) - 4xg)/(cos(f*x + e)~3 + 3xcos(f*x + e)"2 + (cos(f*x + e)~2 - 2xcos(
fxx + e) - 4)xsin(f*x + e) - 2xcos(f*x + e) - 4)) - 2*xsqrt(cxg/(axc + axd))
*xarctan(1/4*((8%c™2 + 8%c*d + d~2)*cos(f*x + )72 - 9%c™2 - 8xcxd - d72 + 2
*x(4*c”2 + 3*c*d)*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(gksin(f*x + e)
)*sqrt(c*xg/(a*c + axd))/((2%c™2 + c*d)*g*cos(f*x + e)~3 + c™2*xgxcos(f*x + e
)*¥sin(fxx + e) - (2xc™2 + cxd)*gxcos(f*x + e))))/((c - d)*f), -1/4x(2*xsqrt(
2)*sqrt(g/a)*arctan(1/4*sqrt (2) *sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e
))*sqrt(g/a)*(3*sin(f*x + e) - 1)/(gxcos(f*x + e)*sin(f*x + e))) + sqrt(-cx
g/ (axc + ax*d))*log(((128*%c™4 + 256%c~3*d + 160*c™2xd"2 + 32*c*d~3 + d~4)*g*
cos(fxx + e)75 - (128%c™4 + 192%c~3*d + 64*c~2xd"2 - 4*xcxd~3 - d~4)*g*cos(f
*X + e)”4 - 2%x(208*%c”™4 + 368*c”3*d + 195%c”"2xd"2 + 32%c*d”~3 + d~4)*gxcos (fx*
X + e)73 + 2%(64*xc™4 + 94xc”3*d + 29%c"2xd"2 - 4*xcxd"3 - d”4)*gkcos(f*x + e
)72 + (289%c”4 + 480%c”3*d + 230*%c”2*%d"2 + 32xcxd"3 + d"4)*g*cos(f*x + e) +
8% ((16%c~4 + 40%c™3*d + 34*c™2xd"2 + 11*c*d”3 + d~4)*cos(f*x + e)~4 + 5l*c
"4 + 110%c”3*d + 76%c"2%d"2 + 18*%c*d™3 + d74 - (24%c”4 + B52xc”3xd + 35%c”2*
d~2 + 7*c*xd"3)*cos(f*x + €)73 - (66%c™4 + 149*%c™3*d + 110%c™2xd"2 + 29*c*d”
3 + 2xd"4)*cos(f*x + e)”2 + (25%c™4 + B53*c”™3*d + 35%c”2*d"2 + 7*c*xd~3)*cos(
fxx + e) - (51*%c”™4 + 110%c™3*d + 76%c™2+%d"2 + 18*cxd"3 + d"4 - (16%c”4 + 40
*xC"3*d + 34%c”2%d"2 + 11*kc*d™3 + d74)*cos(f*x + e)”3 - (40%c™4 + 92%c”3*d +
69*c”"2%d"2 + 18*c*d”™3 + d"4)*cos(f*x + e)”2 + (26%c™4 + 57*c”3*d + 41xc”™2x
d”2 + 11xc*d”3 + d"4)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*
sqrt(gxsin(f*xx + e))*sqrt(-c*g/(a*c + axd)) + (c™4 + 4xc™3*d + 6xc™2+%d"2 +
4xcxd”3 + d"4)*g + ((128*%c”™4 + 256%c”~3*d + 160*c™2xd"2 + 32*c*d~3 + d~4)*g*
cos(f*x + e)74 + 4%(64*%c™4 + 112%c™3%d + 56%xc™2xd"2 + T*xcxd™3)*g*cos(f*x +
e)"3 - 2%(80*c™4 + 144*c™3%d + 83xc™2*d"2 + 18%cxd"3 + d~4)*gxcos(f*x + e)”
2 - 4x(72%c”4 + 119%c™3*d + 56*%c™2*%d"2 + Txcxd~3)*g*cos(f*x + e) + (c™4 + 4
*xC~3%d + 6%c”2%d"2 + 4xcxd”3 + d"4)*g)*sin(f*x + e))/(d"4*xcos(f*x + e)”5 +
(4%c*d~3 + d™4)*cos(f*xx + )74 + c™4 + 4%c™3xd + 6%c”2xd"2 + 4*cxd"3 + d~4
- 2%(3*xc72xd"2 + d"4)*cos(f*x + e€)73 - 2%(2%c”3*d + 3*xc"2xd"2 + 4xcxd”3 + d
“4)xcos(f*x + e)72 + (c™4 + 6%c™2xd"2 + d"4)*cos(f*x + e) + (d"4*cos(f*x +
e)”4 - 4xcxd"3*cos(f*xx + e)73 + c74 + 4%c”3*%d + 6%c”2*%d"2 + 4*c*d”3 + d74 -
2% (3%c™2%d"2 + 2%c*d”3 + d”4)*cos(f*x + €)72 + 4x(c”3xd + c*d"3)*cos(f*x +
e))*sin(f*x + e))))/((c - d)*f), -1/2x(sqrt(2)*sqrt(g/a)*arctan(1/4*sqrt(2
)xsqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(g/a)*(3*sin(f*x + e) -
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1)/(g*xcos(f*x + e)*sin(f*x + e))) - sqrt(c*g/(a*c + axd))*arctan(1/4*((8xc

T2 + 8kckxd + d72)*cos(fxx + e)72 - 9%cT2 - 8%ckd - d72 + 2%(4%cT2 + 3kckd)*
sin(fxx + e))*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sqrt(cxg/(axc +
a*d))/((2*%c™2 + c*d)*gxcos(f*x + e)~3 + c™2xgxcos(f*x + e)*sin(f*x + e) -
(2%c™2 + cxd)*gxcos(fxx + e))))/((c - d)*£)]

Sympy [F]

/ gsin(e + fz)
Vva+asin(e + fz)(c + dsin(e + fx))
Vgsin (e + fz) i

Va(sin (e + fz) + 1) (c+ dsin (e + fz))

dz

[In] integrate((g*sin(fx*x+e))**(1/2)/(c+d*sin(f*x+e))/(at+ta*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(a*(sin(e + f*x) + 1))*(c + d*sin(e + fx
x))), %)

Maxima [F]

gsin(e + fz) gsin (fz +e) i
\/a+asin(e+fx)(c+dsin(e+fx Vasin (fz +e€) +a(dsin(fz +¢€) +c)

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(axsin(f*x + e) + a)*(d*sin(f*x + e) +

c)), x)

Giac [F(-1)]

Timed out.
gsin(e + fz)
Vva+asin(e + fz)(c+ dsin(e + fx))

dxr = Timed out

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] Timed out
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Mupad [F(-1)]

Timed out.
va+ asin(e + fz)(c + dsin(e + fz))
:/ Vg sin(e+ fz)
Va+asin(e+ fz) (c+dsin(e+ fx))

[In] int((g*sin(e + £*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))

),x)
[Out] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + £*x))~(1/2)*(c + dxsin(e + f*x))

), X)
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1

3.28 f V/gsin(e+fz)+\/a+asin(e+ fz)(c+dsin(e+fz)) dz

Optimal result . . . . . . . . . . e 194
Rubi [A] (verified) . . . . . . . . 194
Mathematica [A] (verified) . . . . . . . . . ... 1961
Maple [B] (warning: unable to verify) . . . . . . ... ... . Lo 196!
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ..., 197
Sympy [F] . . o 199
Maxima [F] . . . . . . 199
Giac [F(-2)] . . . o o o 2001
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Optimal result

Integrand size = 39, antiderivative size = 168

1
dx
/ Vgsin(e + fr)\/a + asin(e + fz)(c+ dsin(e + fz))

Va,/g cos(e+fx) ) ( Vvay/c\/g cos(e+fx) >
\/E arctan ( V2+/gsin(e+fxz)+/a+asin(e+fz) 2d arctan Vet+dy/gsin(e+fz)/a+asin(e+fz)

=— -
Vale—d)f 3 Vave(c— d)ve+df g

[Out] -arctan(1/2*cos(f*x+e)*a~(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(ata*si

n(f*x+e))~(1/2))*2~(1/2)/(c-d)/£/a~(1/2) /g~ (1/2)+2*d*arctan(cos (f*x+e)*a~ (1

/2)xc~(1/2)*g~(1/2)/(c+d)~(1/2) / (g*sin(f*x+e) ) ~(1/2) / (a+axsin(f*x+e)) ~(1/2)

)/(c-d)/f/a~(1/2)/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 4 number of rules _ 0.103, Rules used

' integrand size
= {3017, 2861, 211, 3009}

1
dz
Vgsin(e + fr)\/a + asin(e + fz)(c + dsin(e + fz))
Va+/c,/g cos(e+fz) ) ( Va+/g cos(e+fx) )
_ 2darctan ( Vetdy/asin(e+fz)+ay/gsin(e+fz) _ \/5 arctan V2y/asin(e+fz)+a\/gsin(e+fz)
Vayef /glc—d)yve+d vaf\/g(c—d)

[In] Int[1/(SqrtlgxSin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + fx*x])),
x]

[Out] -((Sqrt([2]*ArcTan[(Sqrt[al*Sqrt[g]*Cos[e + fx*x])/(Sqrt[2]*Sqrt[g*Sin[e + fx*
x]]*Sqrt[a + a*Sin[e + f*x]])])/(Sqrtlal*(c - d)*fxSqrtlgl)) + (2xdxArcTan[
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(Sqrt[a]l *Sqrt [c]*Sqrt [g]l *Cos[e + f*x])/(Sqrtlc + d]*Sqrt([g*Sin[e + fx*x]]*Sq
rt[a + axSin[e + £xx]]1)])/(Sqrt[al*Sqrtlc]l*(c - d)*Sqrt[c + d]*f*Sqrt(gl)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2%b"2 - (a*c
- bxd)*x~2), x], x, b*(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Si
nle + f*x11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b~2, 0] &% NeQ[c™2 - 472, 0]

Rule 3009

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
d)*x(x_)]1*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Dist[-2x(b/f
), Subst[Int[1/(b*c + a*d + cxgxx~2), x], x, bx(Cos[e + f*x]/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]1]1))], x] /; FreeQl[{a, b, c, d, e, f, g}, xI
%& NeQ[b*c - a*d, 0] &% EqQ[a~2 - b~2, 0]

Rule 3017

Int[1/(Sqrtl(g_.)*sinl(e_.) + (£_.)*(x_)1]1*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_Ox(x )11x((c_) + (d_.)#*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[b/(b*
c - a*d), Int[1/(Sqrtlg*Sin[e + fxx]]*Sqrt[a + b*Sin[e + f*x]]1), x], x] - D
ist[d/(bxc - a*d), Int[Sqrt[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]1*(c +
d*Sinfe + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & NeQ[b*xc - ax*
d, 0] & (EqQ[a~2 - b~2, 0] || EqQlc™2 - d~2, 01)

Rubi steps

1 v/ a+tasin(e+fz)
f \/gsin(e+fz)\/a+asin(e+fz) dz . d f V/gsin(e+fz)(c+dsin(e+fz)) dx

c—d a(c —d)
1 acos(e+fx)
(2a)Subst <f 2a2taga? dx, z, Vgsin(e+fz)\/a+a sin(e—l—fw))
(c—a)f
(2d)Subst (f 1 d.’L‘, T acos(e+fx) )

actad+cgz? ? \/gsin(e+fz)\/a+asin(e+fz)

(c—d)f

Va,/g cos(e+fx) ) ( va/c\/g cos(e+fx) )
\/ﬁ arctan ( V2./gsin(e+fz)\/a+asin(e+fz) 2d arctan Vc+dy/gsin(e+fz)+/a+asin(e+fz)

integral =

+

T Va(c—d)f\/g " Vave(e— d)Ve+df /g
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Mathematica [A] (verified)

Time = 8.22 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.72

1
Vgsin(e + fr)\/a + asin(e + fz)(c + dsin(e + fz))

Ve ftan(§(e+s2)) V& ftan
d<1+ c—d ) arctan <(§)> d(—c+d+\/m) arctan(

dr =

Naveres) Va—v—2+2 Vi
— 1
2| —2arctan (\/tan (2 (e + fw))) + NN + VoV =Pt d Aty ta

(c—d)f+/gsin(e + fz)\/a(l +:

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + £
*x])) ,x]

[Out] (-2%(-2xArcTan([Sqrt[Tan[(e + f*x)/2]1]] + (d*(1 + (c - d)/Sqrt[-c”2 + d~2])x*
ArcTan[(Sqrt[c]*Sqrt[Tan[(e + £*x)/2]11)/Sqrtld - Sqrt[-c~2 + d~2]111)/(Sqrtl[
c]*Sqrt[d - Sqrt[-c~2 + d"2]]) + (d*(-c + d + Sqrt[-c~2 + d72])*ArcTan[(Sqr
t[c]*Sqrt[Tan[(e + f*x)/2]1]1)/Sqrt[d + Sqrt[-c~2 + d°2111)/(Sqrtlc]l*Sqrt[-c~

2 + d"2]#Sqrt[d + Sqrt[-c™2 + d~2]11))*Cos[(e + £*x)/2]1*(Cos[(e + fxx)/2] +
Sin[(e + fxx)/2])*Sqrt[Tan[(e + £*x)/2]1]1)/((c - d)*fxSqrt[g*Sin[e + fxx]]1*S
qrt[ax(1 + Sinle + £*x])])

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 579 vs. 2(133) = 266.

Time = 3.49 (sec) , antiderivative size = 580, normalized size of antiderivative = 3.45

method | result

Vese(fz+e)—cot(fz+e) (\/—(C—d)(C—i-d) \/(\/—(C—d)(c+d)—d>c arctan ( \/CEC(Jf(ti)d)(c:(;:;;);> d_\/<\/m_d>

default | —

[In] int(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ataxsin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] -1/f*(csc(f*xx+e)-cot(f*x+e)) ~(1/2)*((-(c-d)*(c+d))~(1/2)*(((-(c-d)*(c+d))~(
1/2)-d)*c)~(1/2)*arctan((csc(f*x+e)-cot (fxx+e) )~ (1/2) *c/(((-(c-d) *(c+d) )~ (1
/2)+d) *c) ~(1/2)) *d-(((-(c-d)*(c+d) )~ (1/2)-d)*c) ~(1/2) *arctan((csc (f*x+e)-co
t(fxx+e))~(1/2)*c/(((-(c-d)*(c+d))~(1/2)+d)*c)~(1/2) ) *c*d+(((-(c-d) *(c+d))~
(1/2)-d)*c)~(1/2) *arctan((csc(f*x+e)-cot (f*x+e) )~ (1/2) *c/ (((-(c-d) *(c+d) )~ (
1/2)+d)*c)~(1/2) ) *d"2-(-(c-d) *(c+d) )~ (1/2) * (((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/
2) *arctanh((csc(f*x+e)-cot (f*x+e)) " (1/2)*c/(((-(c-d)*(c+d))~(1/2)-d)*c)~(1/



197

2))*d-(((-(c=d)*(c+d))~(1/2)+d) *c) " (1/2) *arctanh ((csc(f*x+e)-cot (f*x+e) )~ (1
/2)*c/(((-(c-d)*(c+d))~(1/2)-d) *c) ~(1/2) ) *c*d+(((-(c-d) *(c+d) ) ~(1/2)+d) *c)~
(1/2) *arctanh((csc(f*x+e)-cot (f*x+e))~(1/2)*c/(((-(c-d)*(c+d))~(1/2)-d) *c)~
(1/2))*d"2-2*arctan((csc(f*x+e)-cot (f*x+e)) ~(1/2) ) *(-(c-d)*(c+d) )~ (1/2) * (((
-(c-d)*(c+d))~(1/2)-d) *c)~(1/2) * (((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(1/2) ) *(cos (f*
x+e)+sin(f*x+e)+1)/(ax(1+sin(f*x+e))) ~(1/2)/(gxsin(f*x+e))~(1/2)/(c-d)/(-(c
=d)*(c+d))~(1/2)/ (((-(c=-d) *(c+d))~(1/2)-d) *c)~(1/2) / (((-(c-d) *(c+d) )~ (1/2)+
d)*c)~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 310 vs. 2(133) = 266.

Time = 1.58 (sec) , antiderivative size = 3175, normalized size of antiderivative = 18.90

1
Vgsin(e + fr)\/a + asin(e + fz)(c + dsin(e + fz))

dxz = Too large to display

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(a+a*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] [-1/4*(sqrt(2)*(axc™2 + axcxd)*gxsqrt(-1/(a*g))*Llog((4*sqrt(2)*(3*cos(f*x +
e)”2 + (3%cos(f*x + e) + 4)xsin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
x + e) + a)xsqrt(gxsin(f*x + e))*sqrt(-1/(a*xg)) + 17xcos(f*x + e)~3 + 3*cos
(f*x + )72 + (17*cos(f*x + e)”2 + 14*cos(f*x + e) - 4)*sin(f*x + e) - 18*c
os(fxx + e) - 4)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)”2 - 2xc
os(f*x + e) - 4)*sin(f*x + e) - 2*%cos(f*x + e) - 4)) - sqrt(-(a*c™2 + axc*d
) *g) *d*log(((128*a*c™4 + 256%a*c”~3*d + 160*a*xc”2+d”2 + 32*axcxd~3 + a*xd™4)*
gxcos(f*x + e)”5 - (128%a*c™4 + 192%a*c”3*d + 64*axc”2*%d"2 - 4*a*xc*d™3 - ax
d~4) *g*cos (f*x + e)”™4 - 2%(208*a*xc™4 + 368*axc”3xd + 195*axc”2xd"2 + 32*a*c
*d~3 + axd"4)*gxcos(f*x + e)”3 + 2x(64*axc™4 + 94xaxc”3*d + 29*axc”2xd"2 -
4xaxc*d”™3 - axd~4)*gxcos(f*x + e)”2 + (289xa*c”4 + 480%a*c”~3*d + 230*a*xc”2x
d~2 + 32xa*xc*d”3 + axd”4)x*gxcos(f*x + e) + 8*%((16%c™3 + 24*c™2xd + 10*c*d™2
+ d"3)*cos(f*xx + e)”4 - (24%c™3 + 28xc”2xd + Txcxd"2)*cos(f*x + e)~3 + 51x
c™3 + B9*%c72+d + 17*c*d”2 + d73 - (66%c™3 + 83*c”2xd + 27*cxd"2 + 2*d~3)*co
s(f*x + e)72 + (256*%c™3 + 28%c™2+d + T*xcxd~2)*cos(f*x + e) + ((16%c™3 + 24%*c
~2%d + 10%c*d”2 + d"3)*cos(f*x + €)”3 - 51%c”3 - 59*c™2*d - 17*c*d"2 - 473
+ (40%c™3 + 52xc™2xd + 17*c*d™2 + d~3)*cos(f*x + e)”2 - (26%c™3 + 31*c~2*d
+ 10%c*d~2 + d"3)*cos(f*x + e))*sin(f*x + e))*sqrt(-(axc™2 + axc*d)*g)*sqrt
(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (axc™4 + 4*xaxc™3*d + 6xa*xc”2%d”
2 + 4xaxc*d”™3 + axd"4)*g + ((128%a*c”4 + 256%a*c”~3*d + 160*a*xc”2xd"2 + 32*a
xcxd~3 + axd~4)*gxcos(f*x + e)”"4 + 4x(64*axc”4 + 112%axc”3*d + 56*akxc”2xd"2
+ Txaxc*d~3)*g*xcos(f*x + e)~3 - 2x(80%a*c™4 + 144*a*xc”3*d + 83xa*xc™2*d"2 +
18*axc*d~3 + axd~4)*gxcos(f*x + e)”2 - 4*(72*axc™4 + 119*axc~3*d + 56*a*xc”
2%xd~2 + T*akxcxd~3)*gxcos(f*x + e) + (akc™4 + 4*axc™3xd + 6*kaxc™2%d"2 + 4*ax
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c*d™3 + axd~4)x*g)*sin(f*x + e))/(d"4*cos(f*x + e)”5 + (4xc*d”3 + d~4)x*cos(f
*x + )74 + c74 + 4%c”3xd + 6%cT2xd"2 + 4xcxd™3 + d74 - 2%(3*%c”2xd"2 + d~4)
xcos(f*x + e)73 - 2%(2%c™3xd + 3%c72xd"2 + 4*cxd”3 + d”4)*cos(f*x + e)”2 +
(c™4 + 6%c™2%d™2 + d™4)*cos(f*x + e) + (d"4*cos(f*x + e)”4 - 4*c*d 3*cos(f*
X +e)73 + c74 + 4%c73xd + 6%cT2xd"2 + 4xcxd™3 + d74 - 2%(3*%cT2xd"2 + 2%cxd
“3 + d74)*cos(f*x + e)72 + 4%(c”3*%d + cxd"3)*cos(f*x + e))*sin(f*x + e))))/
((a*c™3 - a*xc*xd™2)*f*xg), 1/4%(2*sqrt(2)*(axc™2 + a*xc*d)*gksqrt(1/(a*g))*arc
tan(1/4*sqrt(2) *sqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(1/(a*g))
*(3xsin(f*x + e) - 1)/(cos(f*x + e)*sin(f*x + e))) + sqrt(-(axc™2 + axcxd)x*
g)*d*xlog(((128*%a*xc™4 + 256%axc”3*d + 160*a*xc”2*d"2 + 32xaxc*d”™3 + axd™4)*g*
cos(fxx + e)75 - (128%a*c”™4 + 192%a*xc”3xd + 64xa*c”™2*d"2 - 4*axcxd™3 - a*xd”
4)*gxcos(f*x + e)”4 - 2x(208xaxc”4 + 368*a*xc”3*kd + 195*a*xc”2xd"2 + 32*a*xc*d
"3 + a*d”4)*gkxcos(f*x + e)”3 + 2x(64*a*c”4 + 94*xaxc”3*d + 29%akxc”2xd"2 - 4%
axcxd~3 - axd"4)*gxcos(f*x + e)”2 + (289*axc”4 + 480*a*xc”3*d + 230*a*xc”2xd~
2 + 32%axcxd”3 + axd"4)*gxcos(f*x + e) + 8%((16%c™3 + 24%c™2*d + 10%*c*d~2 +
d"3)*cos(f*x + e)"4 - (24xc™3 + 28%c”2*xd + T*c*d~2)*cos(f*x + e)~3 + Blxc”
3 + 59%c™2xd + 17*c*d”2 + d73 - (66*%c”™3 + 83%c™2xd + 27*c*d"2 + 2*d~3)*cos(
f*x + e)72 + (25%c”3 + 28%c”2*d + Txckd"2)*cos(fxx + e) + ((16%c™3 + 24xc”2
*d + 10%c*d"2 + d"3)*cos(f*x + )73 - 51%c™3 - 59*c™2*d - 17*c*d"2 - d~3 +
(40%c™3 + B2%c™2%d + 17*c*d"2 + d73)*cos(f*x + e)72 - (26%c™3 + 31*%c™2xd +
10%c*xd™2 + d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(-(a*c”™2 + axc*d)*g)*sqrt(a
xsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (axc™4 + 4xaxc™3*d + 6xaxc”2*d"2
+ 4xa*xc*d”™3 + axd”4)x*g + ((128xa*c”4 + 256xa*c”3*d + 160*a*xc™2xd"2 + 32%a*c
*d~3 + axd"4)*gxcos(f*x + e)”4 + 4x(64*axc™4 + 112%axc™3*d + 56*akxc™2xd"2 +
Txaxckd™3) *gxcos (f*xx + e)~3 - 2%(80%a*c™4 + 144*a*xc”3*d + 83*a*xc™2*d™2 + 1
8*axcxd~3 + axd~4)*xgxcos(f*x + e)”2 - 4x(72*%axc”4 + 119%axc~3*d + 56*akxc”™2x
d~2 + T*akxcxd~3)*gxcos(f*x + e) + (a*c™4 + 4*a*xc™3xd + 6*axc™2xd"2 + 4*axcx
d"3 + a*d"4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)~5 + (4*c*d™3 + d~4)*cos(f*x
+ e)74 + c74 + 4%c73xd + 6%cT2xd"2 + 4*cxd”3 + d74 - 2%(3*xc"2*%d"2 + d”4)*c
os(f*xx + e)73 - 2%(2xc™3*d + 3*xc™2*d"2 + 4*xc*xd”3 + d74)*cos(f*x + e)”2 + (c
T4 + 6%c”2xd”2 + d"4)*cos(fxx + e) + (d74*cos(fxx + e)”4 - 4xc*kd™3*cos(f*x
+ e)73 + c74 + 4%c”3*d + 6%cT2+%d"2 + 4xc*xd”"3 + d74 - 2%x(3*xc”2xd"2 + 2%c*xd”3
+ d"4)*cos(f*x + e)”2 + 4x(c”3xd + c*d"3)*cos(f*x + e))*sin(f*x + e))))/((
axc”™3 - akxckd"2)xfxg), -1/4*(sqrt(2)*(a*c™2 + a*c*d)*gxsqrt(-1/(a*g))*log((
4xsqrt (2) *(3*cos(f*x + e)72 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(f*x +
e) - 4)x*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-1/(axg)) + 17*
cos(fxx + e)”3 + 3%cos(f*x + e)”2 + (17xcos(f*x + e)~2 + 14xcos(f*x + e) -
4)*sin(f*x + e) - 18*cos(f*x + e) - 4)/(cos(f*x + e)~3 + 3*cos(f*x + e)"2 +
(cos(f*x + e)72 - 2xcos(f*x + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4))
+ 2xsqrt((a*xc™2 + axc*d)*g)*d*arctan(1/4*x((8*c”™2 + 8xc*d + d~2)*cos(f*x + e
)72 - 9%c”2 - 8*ckd - d72 + 2x(4xc”2 + 3*kcxd)*sin(f*x + e))*sqrt((a*c”2 + a
xcxd) *xg) *sqrt (a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e))/((2%a*c™3 + 3*a*xc™2x%
d + a*xc*d"2)*gkcos(f*x + e)~3 + (a*c”™3 + a*xc”2*d)*gkcos(f*x + e)*sin(f*xx +
e) - (2%a*c”3 + 3*a*c”™2xd + axc*d"2)*gkcos(f*x + e))))/((a*c™3 - axc*d™2)*f
xg), 1/2%(sqrt(2)*(axc™2 + a*c*d)*g*ksqrt(1/(a*xg))*arctan(1/4*sqrt(2)*sqrt(a
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xsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(1/(axg))*(3*xsin(f*x + e) - 1)/
(cos(f*x + e)*sin(f*xx + e))) - sqrt((a*c”™2 + axc*d)*g)*d*arctan(1/4*((8xc~2
+ 8xckd + d"2)*cos(f*x + )72 - 9%c”2 - 8kcxd - d72 + 2%(4*c”2 + 3xckd)*si
n(f*x + e))*sqrt((a*xc™2 + axcxd)*g)*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(f*x
+ e))/((2xa*c™3 + 3*xa*xc™2xd + akxc*xd~2)*gxcos(f*x + e)~3 + (axc™3 + axc™2*d
)*g*xcos(fxx + e)*sin(f*x + e) - (2%axc™3 + 3*xaxc™2*d + axcxd~2)*gxcos(f*x +
e))))/((axc™3 - axcxd™2)*fxg)]

Sympy [F]

1

Vgsin(e + fz)\/a + asin(e + fz)(c + dsin(e + fz))
1

N / Va(sin(e+ fz) + 1)\/gsin (e + fz) (c + dsin (e + fx))

dz

dz

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))**(1/2)/(ataxsin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(a*(sin(e + fx*x) + 1))*sqrt(g*sin(e + f*x))*(c + dxsin(e +
fxx))), x)

Maxima [F]

1

Vgsin(e + fzr)\/a + asin(e + fz)(c + dsin(e + fz))
1

N / Vasin (fz +e€) +a(dsin (fz +€) + ¢)\/gsin (fz + €)

dz

dxr

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] integrate(1l/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)
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Giac [F(-2)]

Exception generated.

1

dz = Exception raised: eError
Vgsin(e + fr)\/a + asin(e + fz)(c + dsin(e + fz)) P R

[In] integrate(1/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="giac")
[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP

UT:sage2:=int (sage0,sageVARx) : ;OUTPUT: index.cc index_m operator + Error: Ba
d Argument Valueindex.cc index_m operator + Error: Bad Argument ValueDone

Mupad [F(-1)]
Timed out.

1

Vgsin(e + fzr)\/a + asin(e + fz)(c + dsin(e + fz))
1

=/\/g sin(e+ fz)y/a+asin(e+ fz) (c+dsin(e+ fz))

dz

dz

[In] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))),x)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))), %)
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3.99 f csc(e+fx)+/a+bsin(e+fz) du

ctcsin(e+fx)
Optimal result . . . . . . . . . . e 20T]
Rubi [A] (verified) . . . . . . . . . 202
Mathematica [C] (verified) . . . . . . . . . . ... 205
Maple [A] (verified) . . . . . . . . .. 205
Fricas [F(-1)] . . . . . . o 2061
Sympy [F] . . o o
Maxima [F] . . . . . . 206
Giac [F] . . 207
Mupad [F(-1)] . . o o 207

Optimal result

Integrand size = 33, antiderivative size = 238

dz

csc(e + fz)\/a + bsin(e + fx)
/ ¢+ csin(e + fx)

E(3(e—%+ fx) a+b) v/a+ bsin(e + fz)

Cf a+bsin(e+fz)

at+b
(a — b) EllipticF (1 (e — 5 + fz), a+b) \/@Jﬁzﬂ”oﬂ)
- Cf\/a-I-bsm(e-l—fx)
+ 20 EllipticPi (2,5 (e — 5 +/2)  avs) \/@ + cos(e + fz)+/a + bsin(e + fz)
cf\/a-l-bsm( + fx) f(c+ csin(e + fz))

[Out] cos(f*x+e)*(at+b*sin(f*x+e))”~(1/2)/f/(c+c*ksin(f*x+e))-(sin(1/2*xe+1/4%Pi+1/2x%
£xx)~2)~(1/2) /sin(1/2*%e+1/4*Pi+1/2xf*x) *E1llipticE(cos(1/2*e+1/4*Pi+1/2xf*x)
,27(1/2) % (b/ (a+b) )~ (1/2) ) * (a+b*sin(f*x+e) ) ~(1/2) /c/f/ ((atb*xsin(f*x+e)) /(atb
))~(1/2)+(a-b) *(sin(1/2*%e+1/4xPi+1/2*f*x)~2) ~(1/2) /sin(1/2*e+1/4*Pi+1/2*f*x
)*EllipticF(cos(1/2xe+1/4%Pi+1/2*xf*x),27(1/2)*(b/(atb))~(1/2))*((atb*sin(f*
x+e))/(a+b))~(1/2)/c/f/ (a+b*sin(f*xx+e) )~ (1/2)-2*a*(sin(1/2*e+1/4*Pi+1/2*f*x
)"2)"(1/2)/sin(1/2%e+1/4%Pi+1/2*f*x)*E11lipticPi(cos(1/2*e+1/4%Pi+1/2*f*x) ,2
,27(1/2) % (b/ (a+b) )~ (1/2) ) *((atb*sin(f*x+e) )/ (a+b) ) ~(1/2) /c/f/ (a+b*sin(f*x+e
))~(1/2)
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, number of rules _ 0.273, Rules used
integrand size

= {3014, 2886, 2884, 2847, 2831, 2742, 2740, 2734, 2732}

/csc(e+fx)\/a—|—bsin(e+fx) i

¢+ csin(e + fx)
_ cos(e+ fz)\/a+ bsin(e + fz) B (@ —b)y MS?—WEIHPHCF (3(e+fz—%) ,a2_fb>
a f(esin(e + fz) +¢) cf\/a+ bsin(e + fz)

N \/a+bsin(e+fx)E(%(e+fx_ 72_r) %})
cf\/@
2a,/ P9 BllipticPi (2, 4 (e + fz — ), 2)

cfy/a+ bsin(e + fz)

+

[In] Int[(Cscle + f*x]*Sqrt[a + b*Sin[e + f*x]])/(c + c*Sin[e + f*x]),x]

[Out] (EllipticE[(e - Pi/2 + f*x)/2, (2*b)/(a + b)]1*Sqrtl[a + bxSin[e + f*x]])/(c*
f*Sqrt[(a + b*Sin[e + f*x])/(a + b)]) - ((a - b)*EllipticF[(e - Pi/2 + f*x)

/2, (2%¥b)/(a + b)]1*Sqrt[(a + bxSin[e + f*xx])/(a + b)])/(cxfxSqrt[a + b*Sin[

e + fxx]]) + (2xaxEllipticPi[2, (e - Pi/2 + f*x)/2, (2*b)/(a + b)]*Sqrt[(a

+ bxSinfe + f*xx])/(a + b)])/(cxfxSqrt[a + b*Sin[e + f*x]]) + (Cos[e + f*x]x*
Sqrt[a + bxSin[e + f*x]])/(fx(c + c*Sin[e + f*x]))

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt[a +
b*Sin[c + d*x]]/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrt[a/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2,
0] & 'GtQ[a + b, 0]

Rule 2740

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, O]



203

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ b*Sin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtla/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b"2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(bxc - a*d)/b, Int[1/Sqrt[a + b*Sin[e + f*x]
1, x], x] + Dist[d/b, Int[Sqrtl[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - a*xd, 0] && NeQ[a"2 - b~2, 0]

Rule 2847

Int[((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)1)"(m_)/((a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-b~2)*Cos[e + f*x]*((c + d*Sin[e + f*xx])~(
n + 1)/(axf*(b*c - a*d)*(a + b*Sin[e + f*x]))), x] + Dist[d/(ax(bxc - ax*d))
, Int[(c + d*Sin[e + f*x]) n*(a*n - bx(n + 1)*Sin[e + f*x]), x], x] /; Free
Ql{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 - "2, 0] && NeQlc
"2 - d72, 0] & LtQ[n, 0] &% (IntegerQ[2*n] || EqQl[c, 0])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11), x_Symbol] :> Simp[(2/(f*(a + b)*Sqrtl[c + d]))*EllipticPil[
2x(b/(a + b)), (1/2)*(e - Pi/2 + f*x), 2%(d/(c + d))], x] /; FreeQ[{a, b, c
, d, e, £}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b2, 0] && NeQ[c~2 - 472,

0] && GtQ[c + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)1]), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + dxSin[e + f*x]], Int[1/((a + bxSin[e + f*x])*Sqrtlc/(c + d) + (d/(c +
d))*Sin[e + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd
, 0] && NeQ[a"2 - b"2, 0] && NeQ[c"2 - 4”2, 0] && !GtQ[c + d, 0]

Rule 3014

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11/(sin[(e_.) + (f_.)*(x_)1*((c
) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[a/c, Int[1/(Sin[e +
fxx]*Sqrt[a + b*Sin[e + f*x]]1), x], x] + Dist[(b*c - a*d)/c, Int[1/(Sqrtl[a
+ b*Sin[e + f*x]]*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f
}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 - b~2, 0]
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Rubi steps
csc(e+fx)
1 af a+bsin(e+fx dz
integral = (—a + b) / dy + ——Yetbsin(etfo)
va+ bsin(e + fz)(c+ csin(e + fz)) c
i b f 5 2051n(e+f:1:) dr
_ cos(e + fzx) va+bsin(e+ fz) Jatbsin(et f2)
f(c+ csin(e + fz)) c?
a+bsin(e+fx) csc(e+fx)
(o2 ) il o
+ a a
cy/a+ bsin(e + fx)
| 2EllipticPi (2, (e — § + fx), 2) /)
cf\/a+ bsin(e + fz)
cos(e + fz)+/a + bsin(e + fz)
f(c+ csin(e + fz))
1
+ [\/a+bsin(e + fz)dz B (@a—0b)J \/(mdx
2c 2c
_ 2aEllipticPi (2, (e — § + fz), ) \/ 5
cf\/a+ bsin(e + fz)

cos(e + fz)+\/a + bsin(e + fz) 4 Va+bsin(e + fz) [ \/a+b + bsméf,;fz) dz

f(c+ csin(e + fz)) % /a+bs;rﬁ+fz)
/ a+bsin(e+fz)
((a' - b) a——{-b) f ﬂ_'_bsin(jjgfa:)
2c\/a + bsin(e + fz)
E(3(e— 3+ f2) |235) Va+bsin(e + fz)

B a+bsin(e+fz)
cf \/a:w
(a = D EllipticF (3(e — § + fz) , %) \/210esi)

cf\/a+bsin(e + fz)
N 2a EllipticPi (2, 3 (e — £ + fz), a+b) \/@
cf+/a+ bsin(e + fz)

cos(e + fz)\/a + bsin(e + fz)
f(c+ csin(e + fz))
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.05 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.90

csc(e + fz)\/a + bsin(e + fz)
/ ¢+ csin(e + fx)

(cos (X (e+ fz)) +sin (2(e + fz))) (—8 sin (1(e + fz)) v/a+ bsin(e + fz) + (cos (3(e + fz)) + sin (;

dz

[In] Integrate[(Csc[e + f*x]*Sqrt[a + bxSin[e + f*x]])/(c + c*Sin[e + f*x]),x]

[Out] ((Cos[(e + fxx)/2] + Sin[(e + f#*x)/2])*(-8*Sin[(e + f#*x)/2]*Sqrt[a + b*Sin[
e + fxx]] + (Cos[(e + fxx)/2] + Sin[(e + £*x)/2])*(((-2%I)*(-2*a*x(a - b)*El
lipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a
- b)] + b*(-2*a*EllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + bxSin[e +
fxx]]], (a2 + b)/(a - b)] + bxEllipticPi[(a + b)/a, I*ArcSinh[Sqrt[-(a + b)
~(-1)]1*Sqrt[a + bxSin[e + f*x]]1], (a + b)/(a - b)]))*Secle + f*xx]*Sqrt[-((b
*(-1 + Sinf[e + f*x]))/(a + b))]1*Sqrt[-((b*(1 + Sin[e + fx*x]))/(a - b))]1)/(a
*xbxSqrt[-(a + b)~(-1)]) + 4xSqrt[a + b*Sin[e + f*x]] - (4*b*xEllipticF[(-2x*e
+ Pi - 2+fxx)/4, (2*b)/(a + b)]*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrtla
+ bxSin[e + f*x]] - (2%(4xa + b)*EllipticPi[2, (-2%e + Pi - 2*f*x)/4, (2*b
)/(a + b)]1*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrt[a + b*Sinf[e + f*x]]1)))/
(4xc*xf*(1 + Sin[e + f*x]))

Maple [A] (verified)

Time = 1.32 (sec) , antiderivative size = 593, normalized size of antiderivative = 2.49

method | result

a in(fz+e —sin(fz+e —sin(fz+e)— a in(fz+e —g+1)b
2(go1),/eEbsinfere) | [(sin(feteb [(sin(fziel=1b bn(\/ shsin(frre) (“§+1)

v/ —(=bsin(fz+e)—a)(cos?(fz+e)) | —
\/—(—b sin(fz+e)—a) (cos2 (fz+e))

default

[In] int((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+cxsin(f*x+e)),x,method= RETURNVERB
0SE)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*x+e)~2)"(1/2)/cx(-2*x(1/b*a-1)*((a+b*sin(f*x+e))/(
a-b))~(1/2)*(1/(a+b) *(1-sin(f*x+e) ) *b) ~(1/2)*(1/(a-b) *(-sin(f*x+e)-1) *b) ~ (1
/2) /(- (~b*sin(f*x+e)-a)*cos (f*x+e) ~2) ~(1/2)*b*E1llipticPi(((at+b*sin(f*x+e))/
(a-b))~(1/2) ,-(-1/b*a+1)*b/a, ((a-b) /(a+b) ) ~(1/2))+(-at+b) * (- (-b*sin (f*x+e) "2
-a*sin(f*x+e)+bxsin(f*x+e)+a)/(a-b)/((1+sin(f*x+e) ) *(sin(f*x+e)-1)*(-b*sin(
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fxx+e)-a)) " (1/2)-2*xb/(2*a-2xb) * (1/b*a-1)*((a+b*sin(f*x+e))/(a-b))~(1/2)*(1/
(a+b) * (1-sin(f*x+e))*b) ~(1/2) *(1/(a-b) *(-sin(f*x+e)-1) *b) ~(1/2) /(- (~b*sin(f
xx+e)-a)*cos (f*x+e) "2) ~(1/2)*EllipticF(((at+b*sin(f*x+e))/(a-b))~(1/2), ((a-b
)/ (a+b))~(1/2))-b/(a-b) *(1/b*a-1) * ((atb*sin(f*x+e))/(a-b)) ~(1/2)*(1/ (a+b) *(
1-sin(f*x+e))*b) ~(1/2)*(1/(a-b) *(-sin(f*x+e)-1)*b) ~(1/2) /(- (-b*sin(f*x+e)-a
)*cos (fxx+e)~2)~(1/2)*((-1/b*a-1)*EllipticE(((a+b*sin(f*x+e))/(a-b))~(1/2),
((a-b)/(a+b))~(1/2))+E1llipticF(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))
~(1/2)))))/cos(f*x+e) /(atbxsin(f*x+e))~(1/2)/f

Fricas [F'(-1)]

Timed out.

dz = Timed out

csc(e + fz)\/a + bsin(e + fz)
/ ¢+ csin(e + fx)

[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]
v/a+bsin (e+ fx
/ csc(e + fz)\/a + bsin(e + fz) iz f sinZ (e:fw)+il:(£+fx) dx
¢+ csin(e + fx) B c

[In] integrate((a+b*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+cksin(f*x+e)),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sin(e + f*x)**2 + sin(e + f*x)), x)/c

Maxima [F]

dx

/csc(e—l—fx )v/a + bsin( e-l—fac Vbsin(fz +e)+a
¢+ csin(e + fx) (csin(fz+e)+c)sin(fz +e)

[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cksin(f*x + e) + c)*sin(f*x + e)), x)
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Giac [F]

/csc(e+fa: )v/a + bsin( e+fx Vbsin (fz+e) +a p
¢+ csin(e + fx) (csin(fz +e)+c)sin(fz +e) v

[In] integrate((atb*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="

giac")
[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cksin(f*x + e) + c)*sin(f*x + e)), x)

Mupad [F(-1)]

Timed out.

/csc(e—l—fx)\/a+bsin(e+fm)d _/ Va+bsin(e+ fz) p
¢+ csin(e + fx) v sin(e+ fz) (c+csin(e+ fz)) v

[In] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*sin(e + f*x))),x)

[Out] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*sin(e + f*x))), x)
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3.30 f ' csc(e+fx) . dr
va+bsin(e+fz)(c+csin(e+fz))

Optimalresult . . . ... ... . ... ... . 208
Rubi [A] (verified) . . . . . . . .. . 209
Mathematica [C] (verified) . . . . . . . . . .. L 217
Maple [A] (verified) . . . . . . . . .. 212
Fricas [F(-1)] . . . . o o 213
Sympy [F] . . . 213
Maxima [F] . . . . . .o 213
Giac [F] . . . o o 214
Mupad [F(-1)] . . . oo 214

Optimal result
Integrand size = 33, antiderivative size = 246
csc(e + fx)
v/a+ bsin(e + fz)(c + csin(e + fz))

_ E(3(e—3+fz)|25) Va+bsin(e+ fz)
a (CL . b)Cf a+bsin(e+fx)

dz

a+b
ElhptlcF ( (e -5+ fm) , a+b) MSLH—W
cf\/a+bsm(e+ fz)
2EllipticPi (2, 3 (e — § + fz) a+b) %fbﬂcm) + cos(e + fz)/a + bsin(e + fz)
cf\/a+bsm(e+fm) (a —b)f(c+ csin(e+ fx))

[Out] cos(f*x+e)*(atb*sin(f*x+e)) " (1/2)/(a-b)/f/(ctcksin(f*x+e))-(sin(1/2*%e+1/4*P
i+1/2xfxx)"2)~(1/2) /sin(1/2*e+1/4*Pi+1/2*f*x)*EllipticE(cos(1/2*e+1/4%Pi+1/
2%fxx),27(1/2)*(b/ (a+b) )~ (1/2) ) *(a+b*sin(f*x+e) )~ (1/2)/(a-b) /c/f/((a+b*sin(
fxx+e))/(a+b)) " (1/2)+(sin(1/2*e+1/4*Pi+1/2xf*x)~2)~(1/2) /sin(1/2*e+1/4*Pi+1
/2*f*x)*E1llipticF (cos(1/2xe+1/4*Pi+1/2*xf*xx) ,27(1/2)*(b/(a+b))~(1/2))*((at+b*
sin(f*x+e))/(a+b))~(1/2)/c/f/(a+tb*sin(f*x+e)) " (1/2)-2*(sin(1/2*e+1/4%Pi+1/2
*fxx)~2)~(1/2) /sin(1/2*e+1/4*Pi+1/2+f*x)*E1lipticPi(cos(1/2*e+1/4xPi+1/2*f*
x),2,27(1/2)*(b/(a+b) )~ (1/2) )*((a+b*sin(f*x+e)) /(a+b))~(1/2) /c/f/(a+b*sin(f
xx+e)) ~(1/2)
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, number of rules _ 0.273, Rules used
integrand size

= {3020, 2886, 2884, 2847, 2831, 2742, 2740, 2734, 2732}

/ csc(e + fx)
Va+bsin(e + fz)(c+ csin(e + fz))
_ cos(e+ fz)y/a+bsin(e + fr) MSZH—W EllipticF (3(e + fz — 3), 25)
~ f(a—Db)(csin(e + fz)+c) cf\/a + bsin(e + fz)
N Va+bsin(e+ fz)E(3(e+ fz — ) f—f_’b)

cf(a _ b) a+b slr:(_z+fz)

2,/ 4SS D) BllipticPi (2,1 (e + fz — ), 2)

cf\/a+ bsin(e + fz)

dx

+

[In] Int[Csc[e + f*x]/(Sqrtl[a + b*Sinl[e + f*x]I*(c + c*Sin[e + f*x])),x]

[Out] (EllipticE[(e - Pi/2 + fx*x)/2, (2*b)/(a + b)]*Sqrt[a + b*Sin[e + fx*x]])/((a
- b)*cxfxSqrt[(a + bxSin[e + f*x])/(a + b)]) - (EllipticF[(e - Pi/2 + fxx)

/2, (2%b)/(a + b)]*Sqrt[(a + bxSin[e + f*x])/(a + b)])/(cxf*Sqrt[a + b*Sin[

e + f*x]]) + (2#EllipticPi[2, (e - Pi/2 + fx*x)/2, (2*b)/(a + b)]1*Sqrt[(a +
bxSin[e + fxx])/(a + b)])/(c*xf*Sqrt[a + b*Sin[e + f*x]]) + (Cos[e + f*x]*Sq

rt[a + bxSin[e + fxx]]1)/((a - b)*f*(c + c*Sin[e + f*x]))

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrtl[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[2"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([a +
b*Sin[c + d*x]]1/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtl[a/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2,
0] & !'GtQ[a + b, 0]

Rule 2740

Int[1/Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, 0]
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Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ b*Sinf[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtla/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 -
b~2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(bxc - a*d)/b, Int[1/Sqrt[a + b*Sin[e + f*x]
1, x], x] + Dist[d/b, Int[Sqrtl[a + b*Sinl[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0]

Rule 2847

Int[((c_.) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(m_)/((a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-b~2)*Cos[e + f*x]*((c + d*Sin[e + f*xx])~(
n + 1)/(axf*(b*c - a*d)*(a + b*Sin[e + f*x]))), x] + Dist[d/(ax(bxc - a*d))
, Int[(c + d*Sin[e + f*x]) n*(a*n - bx(n + 1)*Sin[e + f*x]), x], x] /; Free
Ql{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] && NeQlc
"2 - d72, 0] & LtQ[n, 0] &% (IntegerQ[2*n] || EqQ[c, 0])

Rule 2884

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11), x_Symbol] :> Simp[(2/(f*(a + b)*Sqrtl[c + d]))*EllipticPil[
2x(b/(a + b)), (1/2)x(e - Pi/2 + fxx), 2x(d/(c + d))]1, x] /; FreeQ[{a, b, c
, d, e, £}, x] && NeQ[b*xc - a*d, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2 - d~2,

0] && GtQlc + d, 0]

Rule 2886

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*(x_)1)*Sqrt[(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)1]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + dxSin[e + f*x]], Int[1/((a + bxSin[e + f*x])*Sqrtlc/(c + d) + (d/(c +
d))*Sin[e + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd
, 0] && NeQ[a"2 - b"2, 0] && NeQ[c"2 - 4”2, 0] && !GtQ[c + d, 0]

Rule 3020

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1]1*(
(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[1/(Sin[e
+ f*x]*Sqrt[a + b*Sin[e + f*x]]), x], x] - Dist[d/c, Int[1/(Sqrt[a + b*Sin
[e + f*x]]*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0]
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Rubi steps
_ csc(etfx) 1
integral = — atbsin e+fx — dx
c Va+bsin(e + fzr)(c+ csin(e + fz))
csm(e—}-fm) / a+bsin(e+fz) csc(e+fz) d
_cos(e+ fz)\/a+ bsin(e + fz) b2 \/(m dz atb f |/ ap+ beinletfa) !
(a —b)f(c+ csin(e + fz)) (@ —b)c? cy/a+ bsin(e + fx)
2E111pt1cP1 (2,2(e—Z + fz), a+b) MS?—W
cfy/a+ bsin(e + fz)
1
cos(e + fz)y/a +bsin(e + fz) J Tatsemers 92 N [V/a+bsin(e + fz)dz
(a —b)f(c+ csin(e + fx)) 2c 2(a—b)c
_ 2EllipticPi (2,5(e—5+fz), ) ms;n—w +cos(e + fz)\/a + bsin(e + fz)
cf\/a—I—bsm(e—l—fx) (@ —b)f(c+ csin(e + fz))

a+bsin(e+fx)
Va+bsin(e + fz) [ \/ oy bt ) g 1/ mierfa) f b+bsm(e+ﬂ) dx
_|_ a
2(a — b)c /Wsin—(c;rfx) 2c\/a + bsin(e + fz)
a+

E(%(e— 5 +fm) a+b) V/a+ bsin(e + fz)

(CL . b)C a+bs;riz+fx)

ElhptlcF (3(e—Z+fz),2) \/@

cf\/a+bsm(e+ fz)

2 EllipticPi (2,1 (e — 2 + fz), a+b) \ “*”;—W
+
cf\/a—i-bsm(e-i-fJC)

cos(e + fz)+/a + bsin(e + fz)
(@ —b)f(c+ csin(e + fx))

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 5.99 (sec) , antiderivative size = 462, normalized size of antiderivative = 1.88

csc(e + fx)
Va+ bsin(e + fz)(c+ csin(e + fz))

(cos (3(e+ fz)) +sin (3(e+ fz))) (—8 sin (3(e + fz)) /a+ bsin(e + fz) — (cos (1(e + fz)) +sin (;

dz
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[In] Integrate[Cscle + f*x]/(Sqrt[a + bxSin[e + f*x]]1*(c + c*Sinl[e + f*x])),x]

[Out] ((Cos[(e + fxx)/2] + Sin[(e + f*x)/2])*(-8*Sin[(e + f#*x)/2]*Sqrt[a + b*Sin[
e + fxx]] - (Cos[(e + fxx)/2] + Sin[(e + £*x)/2])*(((2*I)*(-2*ax(a - b)*Ell
ipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a
- b)] + b*(-2*a*EllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + bxSin[e +
fxx]]], (a + b)/(a - b)] + b*EllipticPi[(a + b)/a, I*ArcSinh[Sqrt[-(a + b)~
(-1)]1*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a - b)]))*Sec[e + f£xx]*Sqrt[-((b*
(-1 + Sinfe + f*x]))/(a + b))]1*Sqrt [-((b*(1 + Sin[e + f*x]))/(a - b))]1)/(ax
bxSqrt[-(a + b)~(-1)]) - 4*Sqrt[a + b*Sin[e + f*xx]] + (4xbxEllipticF[(-2xe
+ Pi - 2%fxx)/4, (2*b)/(a + b)]1*Sqrt[(a + b*Sin[e + f*x])/(a + b)])/Sqrtla
+ bxSin[e + fxx]] + (2%(4xa - 3*%b)*EllipticPi[2, (-2xe + Pi - 2xfx*x)/4, (2x
b)/(a + b)]*Sqrt[(a + b*Sin[e + fx*x])/(a + b)])/Sqrt[a + bxSin[e + f*x]])))
/(4x(a - b)*c*xf*(1 + Sinl[e + £xx]))

Maple [A] (verified)

Time = 1.25 (sec) , antiderivative size = 587, normalized size of antiderivative = 2.39

method | result

a—b a—

2(%_1)\/a+bsin(fz+e) (lfsix;(f_;)hLe))b\/(7sin(£aiﬁ;e)71)b bn(\/a+bsin(fz+e),_ (7%:1)17

Y

v/ —(=bsin(fz+e)—a)(cos?(fz+e)) | —
\/7(71) sin(fz+e)—a) (cos2 (fz+e)) a

default

[In] int(1/sin(f*x+e)/(c+c*sin(f*x+e))/(at+b*sin(f*x+e))~(1/2),x,method=_RETURNVE
RBOSE)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*x+e)~2)"(1/2)/cx(-2*x(1/b*a-1)*((a+b*sin(f*x+e))/(
a-b))~(1/2)*(1/(a+b)*(1-sin(f*x+e) ) *b) ~(1/2)*(1/(a-b) *(-sin(f*x+e)-1) *b) ~ (1
/2) /(- (-b*sin(f*x+e)-a)*cos(f*x+e) ~2) ~(1/2)*b/a*xE1lipticPi(((at+b*sin(f*x+e)
)Y/ (a-b))~(1/2) ,-(-1/b*a+1)*b/a, ((a-b)/(a+b)) "~ (1/2))+(-b*sin(f*x+e) “2-a*sin(
fxx+e)+b*sin(f*x+e)+a)/(a-b)/((1+sin(f*x+e)) *(sin(f*x+e)-1) *(-b*sin(f*x+e)-
a))~(1/2)+2%b/(2*a-2xb)*(1/b*a-1)* ((atb*sin(f*x+e))/(a-b))~(1/2)*(1/(a+b) *(
1-sin(f*x+e))*b) ~(1/2)*(1/(a-b) *(-sin(f*x+e)-1)*b) ~(1/2) /(- (-b*sin(f*x+e)-a
) *cos (f*x+e)~2)~(1/2)*EllipticF (((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b)
)~(1/2))+b/(a-b) *(1/b*a-1) * ((a+b*sin(f*x+e))/(a-b))~(1/2)*(1/(a+b) *(1-sin(f
*x+e) ) *b) ~(1/2)*(1/(a-b)*(-sin(f*x+e)-1)*b) ~(1/2) /(- (-b*sin(f*x+e) -a) *cos (f
xx+e) ~2) " (1/2)*((-1/b*a-1)*E1llipticE(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/
(a+b))~(1/2))+E1llipticF(((at+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))~(1/2))
))/cos(f*xx+e) /(at+tb*sin(f*x+e))~(1/2)/f
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Fricas [F(-1)]

Timed out.

/ csole + fz) dz = Timed out
V/a+bsin(e + fz)(c+ csin(e + fz))

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F]

csc(e + fx)

Va+bsin(e + fz)(c+ csin(e + fz))
1
_ f \/a+bsin (e+fz) sin? (e+fz)++/a+bsin (e+ fz) sin (e+fz) dz

c

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))**(1/2),x)
[Out] Integral(l/(sqrt(a + bxsin(e + f*x))*sin(e + f*x)**2 + sqrt(a + b*sin(e + f

xx))*sin(e + f*x)), x)/c
Maxima [F]

/ csc(e + fzx) s
va+ bsin(e + fz)(c+ csin(e + fz))

:/ ! dx
Vbsin (fz +e€) + a(csin (fz + €) + ¢) sin (fz + ¢)

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm

="maxima")
[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*ksin(f*x + e) + c)*sin(f*x + e)), x

)
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Giac [F]

csc(e + fx) d

/ Va+bsin(e + fz)(c+ csin(e + fz))
1

:/ dx
Vbsin (fz +e€) +a(csin (fz + €) + ¢) sin (fz + €)

[In] integrate(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x, algorithm

="giac")
[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*ksin(f*x + e) + c)*sin(f*x + e)), x

)

Mupad [F(-1)]
Timed out.

csc(e + fx) i

/ va+ bsin(e + fz)(c+ csin(e + fz))
=/ 1 dx
sin(e+ fz) \/a+bsin(e+ fz) (c+csin(e+ fz))

[In] int(1/(sin(e + f*x)*(a + bxsin(e + f*x))~(1/2)*(c + c*sin(e + f*x))),x)

[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))), x)
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3.31 f v/ gsin(e+fx)+/a+bsin(e+fx) do

ctcsin(e+f)
Optimal result . . . . . . . . . . . e 215
Rubi [A] (verified) . . . . . . . . . 215
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... ... 217
Maple [C] (warning: unable to verify) . . . . . . .. . ... .. L 217
Fricas [F] . . . . . . 2T8]
Sympy [F] . . o o 218
Maxima [F] . . . . . . 218
Giac [F] . . . o o 218
Mupad [F(-1)] . . . o 219

Optimal result

Integrand size = 39, antiderivative size = 267

/ Vgsin(e + fz)\/a + bsin(e + fz) q
x
¢+ csin(e + fx)
Va+b\/gsin(e+fx) a—b a(l—sin(e+fz)) /a(l+sin(e+fz)) .
2\/_ EllipticPi ( 43 arcsin (\/g\/ﬁisin(e”x)) a+b> sec(e + fx)\/ atbein(et T2) \/ aTbein(er o) (@ T bsin
va+ bcf

gE <arcsin (11251516:4{;x)> a_+b> \/m\/a + bsinfe + fo)
+bsin(e+fz)
cf \/m (afb)(ls—t;ilel(effx))

[Out] 2*EllipticPi((a+b)~(1/2)*(gxsin(f*x+e))~(1/2)/g"~(1/2)/(atb*sin(f*x+e))~(1/2
),b/(a+b), ((-a+b)/(a+b)) ~(1/2)) *sec(f*x+e) * (a+b*sin(f*x+e) ) *g~ (1/2) *(ax(1-s
in(f*x+e))/(atbxsin(f*x+e))) ~(1/2)*(a* (1+sin(f*x+e) )/ (atb*sin(f*x+e)))~(1/2
)/c/f/(at+b)~(1/2)+g*EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-at+b)/(a+b))~(1/2
))*(sin(f*x+e)/(1+sin(f*x+e))) ~(1/2) *(atbxsin(f*x+e))~(1/2)/c/f/(gxsin(f*x+
e))~(1/2)/ ((at+b*sin(f*x+e))/(a+b) /(1+sin(f*x+e)))~(1/2)

+

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 267, normalized size of antiderivative = 1.00,

— 3. number of rules _ 077,

' integrand size Rules used

number of steps used = 3, number of rules used =
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= {3007, 2890, 3011}

/ Vgsin(e + fzr)\/a + bsin(e + fz)
: dz
c+ csin(e + fx)

_ 9/t /ot bsin(e + Fo)B (aresin (CEL ) - 5)
. a+bsin(e+fx
cf+/gsin(e + fx)\/(aﬂ:;(sin((e:fj;)lrl)

a(1—sin(e+fx)) a(sin(e+fz)+1) . T s b : —Va"'b\/‘m
2\/§SEC(€ + ffL') \/ a+bsin(e+fz) a+bsin(e+fz) (a +b SlIl(@ + fx)) ElhpthPI (a-i—b’ arcsin <\/§\/a+bT(c~l—fx)
cfva+b

+

[In] Int[(Sqrtlg*Sin[e + f*x]]1*Sqrt[a + b*Sin[e + f*x]])/(c + c*Sin[e + f*x]),x]

[Out] (2#Sqrt[gl*EllipticPi[b/(a + b), ArcSin[(Sqrt[a + b]*Sqrt[g*Sin[e + £*x]]1)/
(Sqrt[gl*Sqrt[a + b*Sinf[e + f*x]11)], -((a - b)/(a + b))]*Secle + fxxI*Sqrtl

(ax(1 - Sin[e + f*x]))/(a + bxSin[e + fxx])]*Sqrt[(ax(1 + Sin[e + f*x]))/(a

+ bxSin[e + fxx])]*(a + b*Sin[e + f*x]))/(Sqrt[a + bl*cxf) + (g*EllipticE[
ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*Sqrt[Sin[e + £
*x]/(1 + Sin[e + f*x])]*Sqrt[a + bxSin[e + f*x]])/(cxf*xSqrt[g*Sin[e + fxx]]
xSqrt[(a + bxSin[e + f*x])/((a + b)*(1 + Sin[e + f*x]))])

Rule 2890

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£f_.)*(x_)]], x_Symbol] :> Simp[2*((a + b*Sin[e + fx*x])/(d*f*Rt[(a + b)/
(c + d), 2]*Cos[e + fx*x]))*Sqrt[(b*c - a*d)*((1 + Sin[e + f*xx])/((c - d)*(a
+ b*Sinf[e + f*x])))I*Sqrt[(-(bxc - axd))*((1 - Sin[e + f*x]1)/((c + d)*(a +
bxSin[e + f*x])))]*EllipticPil[b*((c + d)/(d*(a + b))), ArcSin[Rt[(a + b)/(
c + d), 2]1*(Sqrtlc + d*Sin[e + f*x]]/Sqrt[a + b*Sin[e + f*x]1])], (a - b)*((
c+d)/((a+b)*x(c - d)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b2, 0] && NeQ[c~2 - 42, 0] && PosQ[(a + b)/(c + d)]

Rule 3007

Int[(Sqrtl(g_.)*sinl(e_.) + (£_.)*(x_)11*Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
)*(x_)11)/((c) + (d_.)*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + bxSin[e + f*x]]/Sqrt[g*Sin[e + f*x]], x], x] - Dist[c*(g/d), Int
[Sqrt[a + b*Sin[e + f*x]]1/(Sqrt[g*Sinfe + f*x]1*(c + d*Sinl[e + f*x])), x],

x] /; FreeQ[{a, b, c, d, e, £, g}, x] & NeQ[bxc - axd, 0] && (EqQ[a"2 - b~
2, 0] |l EqQ[c™2 - d72, 0])

Rule 3011

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sin[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(-Sqrt[
a + bxSinf[e + f*x]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + f*x]))]/(d*f*Sqrt
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[gxSin[e + f*x]]*Sqrt[c~2*((a + bxSin[e + f*x])/((a*c + bxd)*(c + d*Sin[e +
£xx])))]1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
a*d)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*xc - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c™2 - 472, 0]

Rubi steps

v/ gsin(e+fz)

(&

integral = — va+ bsin(e + fx)
Vgsin(e + fz)(c+ csin(e + fz

Va+b\/gsin(e+fz) a—b a(l—sin(e+fz)) /a(l+sin(e+fx))
2\/_ Elllpt1cP1< 245> aresin (\/gx/a—ij])sin(e-i-fx)) a+b> sec(e + fx) \/ (sinlei/a)) | [ollisineifz) ’

Va+bef
gE(arcsin (%) |—Zﬁlz> A /%\/a + bsin(e + fr)
/gsin(e + fz) +bsin(e+fz)
Cf g SlIl e+ f.’IJ (a-lizb)(ls—l-suc; e—l—xfz))

Mathematica [C] (warning: unable to verify)

gf v/a+bsin(e+fx) dx
dz
)

_|_

Result contains complex when optimal does not.

Time = 32.78 (sec) , antiderivative size = 13199, normalized size of antiderivative = 49.43

\/g sine + f x).\/a + bsin(e + f2) dxr = Result too large to show
¢+ csin(e + fx)

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]])/(c + c*Sin[e + f*
x]) ,x]
[Out] Result too large to show

Maple [C] (warning: unable to verify)

Result contains complex when optimal does not.
Time = 2.60 (sec) , antiderivative size = 9956, normalized size of antiderivative = 37.29

method | result size

default | Expression too large to display | 9956

[In] int((g*sin(f*x+e))~(1/2)*(a+bxsin(f*x+e)) ~(1/2)/(c+cxsin(f*x+e)) ,x,method=_
RETURNVERBOSE)
[Out] result too large to display
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Fricas [F]

/ Vgsin(e + fz)\/a + bsin(e + fz) Vbsin (fz +e€) +ay/gsin (fz + €)
. dr = - dz
¢+ csin(e + fx) csin(fx+e)+c

[In] integrate((g*sin(f*x+e))~(1/2)*(atbxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a

lgorithm="fricas")
[Out] integral(sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(c*sin(f*x + e) + c)

, X)
Sympy [F]
sin (e+ fx)\/a+bsin (e+fz
Vgsin(e + fz)\/a+ bsin(e + fz) dp — / Vs (Str’f(e)ffgﬂ (et/2) dg
¢+ csin(e + fx) c

[In] integrate((g*sin(f*x+e))**(1/2)*(a+b*sin(f*x+e))**(1/2)/(c+cxsin(f*x+e)) ,x)
[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f*x))/(sin(e + f*x) + 1),
x)/c

Maxima [F|

/ Vgsin(e + fz)\/a + bsin(e + fz) \Vbsin (fz +€) +ay/gsin (fz +e)
. dxr = - dz
¢+ csin(e + fx) csin(fx+e)+c

[In] integrate((g*sin(f*x+e))~(1/2)*(at+b*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a

lgorithm="maxima")
[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(cxsin(f*x + e) + ¢

), %)

Giac [F]

V/gsin(e + fzr)\/a+ bsin(e + fz) Vbsin (fz + €) +av/gsin (fz +€)
- dr = - dz
/ ¢+ csin(e + fx) / csin(fr+e)+c

[In] integrate((g*sin(f*x+e))~(1/2)*(a+bxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a

lgorithm="giac")
[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(c*sin(f*x + e) + c

), x)
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Mupad [F(-1)]

Timed out.

/ Vgsin(e + fz)\/a + bsin(e + fz) Vgsin(e+ fz)\/a+bsin(e+ fz)
- dzr = - dz
¢+ csin(e + fz) c+csin(e+ fx)

[In] int(((g*sin(e + f*x))~(1/2)*(a + b*sin(e + £*x))~(1/2))/(c + c*sin(e + f*x)

) ,x)
[Out] int(((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2))/(c + c*sin(e + f*x)

), x)
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3.32 f \/a+bsin(e+fx) dr
Vgsin(e+fz)(ct+csin(e+fz))

Optimal result . . . . . . . . . . . . e 220
Rubi [A] (verified) . . . . . . . . .. 220
Mathematica [B] (warning: unable to verify) . . . . . . . ... ... ... ... ... 221]
Maple [B| (warning: unable to verify) . . . . . ... ... L 223]
Fricas [F] . . . . . . .
Sympy [F] . . o 225
Maxima [F] . . . . . . o 225
Giac [F] . . . o o
Mupad [F(-1)] . . . 226

Optimal result

Integrand size = 39, antiderivative size = 116

V/a+ bsin(e + fz) p
x
Vv gsin(e + fz)(c+ csin(e + fx))
. cos(e+fx) a—b sin(e+fx) i
E(arcsm (m) —m> \/ Trsin(et 7o) v/a+ bsin(e + fz)
- a+bsin(e+fx)
cf+/gsin(e + fz) \/ (a+b)(1+sin(e+fz))
[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+s

in(f*x+e)))~(1/2)*(atbxsin(f*x+e))~(1/2)/c/f/(g*sin(f*x+e))~(1/2)/((atb*sin
(fxx+e))/(a+b)/(1+sin(f*x+e)))~(1/2)

Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.00,

_ number of rules
number of steps used = 1, number of rules used = 1, integrand size = 0.026, Rules used
= {3011}

V/a+ bsin(e + fz)

dx
Vgsin(e + fz)(c + csin(e + fz))
sin(e+fx cos(e+fx a—
M\/a + bsin(e + fz)E (arcsm (Sln(e(—l-fx)-',)-1> _ml;>
a+bsin(e+ fx)
Cf\/m\/(a+b)(sin(e+fx)+l)

[In] Int[Sqrt[a + bxSin[e + f*x]]1/(Sqrtlg*Sin[e + f*x]]1*(c + c*Sinle + f*x])),x]
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[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]*Sqrt[a + bxSin[e + f*x]])/(cxf*Sqrt[g*
Sin[e + f*x]]1*Sqrt[(a + bxSin[e + f*x])/((a + b)*(1 + Sin[e + £*x]))]))

Rule 3011

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
Y*x(x_)11*((c_) + (d_.)#*sin[(e_.) + (f_.)*(x_)1)), x_Symbol]l :> Simp[(-Sqrt[
a + bxSin[e + f*xx]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[gxSin[e + f*x]]*Sqrt[c~2*((a + bxSin[e + f*x])/((a*c + bxd)*(c + dxSin[e +
£xx]1)))1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
axd)/(bxc + axd)], x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[bxc - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c~2 - d~2, 0]

Rubi steps

E(arcsin <%) |—Zﬁ’;> %\/GL + bsin(e + fz)

- a+bsin(e+fx
cf g SlIl(e + fx) \/(a_{_lj)_(l—i-s(in—(i_e]-ci-}iﬂ))

integral = —

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 3415 vs. 2(116) = 232.

Time = 28.98 (sec) , antiderivative size = 3415, normalized size of antiderivative = 29.44

V/a+ bsin(e + fz)

Vv gsin(e + fz)(c+ csin(e + fx))

dx = Result too large to show

[In] Integrate[Sqrt[a + b*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]]*(c + c*Sin[e + f*x
1)) ,x]

[Out] (-2*Sin[(e + f*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])#*Sin[e + f*x]*Sqr
t[a + b*Sin[e + f*x]])/(f*Sqrt[g*Sin[e + f*x]]1*(c + c*Sin[e + f*x])) + ((Co
s[(e + f*x)/2] + Sin[(e + £*x)/2])"2xSqrt[a + b*Sin[e + f*x]]*((a*Sqrt[Sin[
e + £xx]])/(2xSqrt[a + b*Sin[e + f*x]]) - (b*Sqrt[Sin[e + fx*x]])/(2xSqrt[a
+ bxSin[e + fxx]]) + (axCot[(e + f*x)/2]*Sqrt[Sin[e + f*x]])/(2*Sqrt[a + bx
Sin[e + f*x]]) + (b*Cot[(e + f*x)/2]*Sqrt[Sin[e + f*x]])/(2+Sqrt[a + b*Sin[
e + f*x]]) - (b*Cos[(3*(e + f*x))/2]*Csc[(e + f*x)/2]*Sqrt[Sinl[e + f*x]1])/(
2xSqrt[a + b*Sin[e + f*x]]) + (b*Csc[(e + f*x)/2]*Sqrt[Sin[e + f*x]]1*Sin[(3
x(e + £xx))/2])/(2*Sqrt[a + bxSin[e + f*xx]]1))*(1 - Cos[e + f*x] + Sin[e + £
*xx] - (2*ax(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a"2 + b~2] - a*Tan[(e + f*x)/
21)/Sqrt[-a~2 + b~2]11/Sqrt[2]1], (2%Sqrt[-a~2 + b~2])/(-b + Sqrt[-a~2 + b~2]
)]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(
e + f*x)/2])/Sqrt[-a~2 + b~2]11/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a"~
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2 + b~2])]*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])]*Sqrt[-((a*Tan
[(e + £*x)/2])/(b + Sqrt[-a”2 + b~2]))]1))/(Sqrt[-a~2 + b~2]*Sqrt[(axSec[(e
+ fxx)/2]"2x(a + bxSin[e + f*x]))/(a"2 - b~2)]1*Sqrt[(a*Tan[(e + £*x)/2]1)/(-
b + Sqrt[-a~2 + b72])])))/(f*xSqrt[g*Sin[e + f*x]]1*(c + c*Sin[e + f*xx])*((b*
Cos[e + f*x]*(1 - Cos[e + f*x] + Sin[e + f*x] - (2*a*(EllipticE[ArcSin[Sqrt
[(-b + Sqrt[-a"2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]/Sqrt[2]], (
2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a"2 + b~2])]x*Tan[(e + f*x)/2] + EllipticF[A
rcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]11/Sq
rt[2]], (2%Sqrt[-a~2 + b~2])/(b + Sqrt[-a”2 + b~2])]*Sqrt[(a*Tan[(e + f*x)/
2])/(-b + Sgrt[-a"2 + b~2])]1*Sqrt[-((axTan[(e + £*x)/2])/(b + Sqrt[-a"2 + b
~21))1))/(Sqrt[-a~2 + b~2]*Sqrt[(a*xSec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))
/(a”2 - b™2)]1*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])])))/(2*Sqrt
[Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]) - (Cos[e + f*x]*Sqrt[a + bxSin[e +
fxx]]*(1 - Cos[e + f*xx] + Sin[e + fx*x] - (2%ax(EllipticE[ArcSin[Sqrt[(-b +
Sqrt[-a~2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2*Sqrt
[-a”2 + p"2])/(-b + Sqrt[-a~"2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[
Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]]
, (2x#Sqrt[-a”2 + b"2])/(b + Sqrt[-a"2 + b~2])]x*Sqrt[(a*xTan[(e + f*x)/2])/(-
b + Sqrt[-a”2 + b~2])]1*Sqrt[-((a*xTan[(e + £*x)/2])/(b + Sqrt[-a"2 + b~2]))]
))/(Sqrt[-a~2 + b~2]*Sqrt[(a*Sec[(e + f*x)/2]"2+(a + bxSin[e + f*x]))/(a"2
- b~2)]*Sqrt[(axTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2]1)])))/(2*Sin[e + f*
x]17(3/2)) + (Sqrt[a + bxSin[e + f*x]]*(Cos[e + f*x] + Sin[e + f*x] + (a~2*S
ec[(e + f*x)/2]"2*(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - axTan[(e
+ f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a”2
+ b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] +
a*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + S
qrt[-a”2 + b~2])]*Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]1*Sqrt[-
((a*Tan[(e + £*xx)/2])/(b + Sqrt[-a”2 + b~2]))]1))/(2xSqrt[-a"2 + b~2]*(-b +
Sqrt[-a"2 + b~2])*Sqrt[(a*Sec[(e + f*x)/2]"2%(a + b*Sin[e + f*x]))/(a"2 - b
~2)]1*((a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2]))~(3/2)) + (ax((a*b*Cos[e
+ f*x]*Sec[(e + f*x)/2]172)/(a"2 - b72) + (a*xSec[(e + f*x)/2]72x(a + b*Sin[
e + fxx])*Tan[(e + £*x)/2])/(a"2 - b~2))*(EllipticE[ArcSin[Sqrt[(-b + Sqrt[
-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2
+ b~2])/(-b + Sqrt[-a”2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(
b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*S
qrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])]*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sq
rt[-a"2 + b~2])]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a~2 + b~2]1))]1))/(Sq
rt[-a”2 + b"2]*((axSec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))/(a"2 - b72))~(3
/2)*Sqrt [(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])]) - (2*a*x((EllipticE[
ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/
Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(-b + Sqrt[-a"2 + b~2])]1*Sec[(e + f*x)/2]72)
/2 - (a*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/S
qrt[-a”2 + b~2]]1/Sqrt[2]], (2#Sqrt[-a~2 + b~2])/(b + Sqrt[-a"2 + b~2])]*Sec
[(e + f*x)/2]"2+Sqrt[(axTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2]1)]1)/(4x(b +
Sqrt[-a”"2 + b~2])*Sqrt[-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a"2 + b~2]))]) +
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(axEllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-
a~2 + b~2]]1/8qrt[2]], (2#Sqrt[-a~2 + b"2])/(b + Sqrt[-a"2 + b~2])]*Sec[(e +
fxx) /2] "2*Sqrt [-((a*Tan[(e + £*x)/2])/(b + Sqrt[-a"2 + b~2]))]1)/(4*(-b + S
qrt[-a”2 + b~2])*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]) - (a*S
ec[(e + f*x)/2]"2xTan[(e + f*x)/2]*Sqrt[1l - (-b + Sqrt[-a”2 + b~2] - axTan[
(e + £*%x)/2])/(-b + Sqrt[-a~2 + b~2])]1)/(4*Sqrt[2]*Sqrt[-a~2 + b~2]*Sqrt[(-
b + Sqrt[-a~2 + b"2] - a*Tan[(e + f#*x)/2])/Sqrt[-a"2 + b~2]]*Sqrt[1 - (-b +
Sqrt[-a”2 + b~2] - a*Tan[(e + f*x)/2])/(2%Sqrt[-a~2 + b~2])]) + (a*Sec[(e
+ fxx)/2]"2xSqrt [(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]*Sqrt[-((a*Ta
nl[(e + £*x)/2]1)/(b + Sqrt[-a~2 + 172]1))]1)/(4xSqrt[2]*Sqrt[-a~2 + b~2]*Sqrt[
(b + Sqrt[-a”2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a~2 + b~2]]*Sqrt[1 - (b +
Sqrt[-a~2 + b"2] + a*Tan[(e + f*x)/2])/(2%Sqrt[-a~2 + b~2])]1*Sqrt[1 - (b +
Sqrt[-a~2 + b~2] + axTan[(e + f*x)/2])/(b + Sqrt[-a"2 + b~2])]1)))/(Sqrt[-a
~2 + b"2]*Sqrt[(axSec[(e + f*x)/2]"2*(a + b*Sin[e + f*x]))/(a"2 - b~2)]*Sqr

t[(a*Tan[(e + f*x)/2]1)/(-b + Sqrt[-a~2 + b~2])])))/Sqrt[Sin[e + f*x]]))

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 3006 vs. 2(108) = 216.

Time = 2.16 (sec) , antiderivative size = 3007, normalized size of antiderivative = 25.92

method | result size
default | Expression too large to display | 3007

[In] int((atbxsin(f*x+e))~(1/2)/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)

[Out] 1/2/c/f/(g/((1-cos(f*x+e)) ~2*csc(f*x+e) "2+1)*x(csc(f*x+e)-cot (f*xx+e)))~(1/2)
*((ax(1-cos(f*x+e)) "2*csc(f*xx+e) "2+2xbx (csc(f*x+e)—cot (f*x+e) ) +a)/ ((1-cos(f
*xx+e)) "2*csc(fxx+e) "2+1) )~ (1/2) *((1/(b+(-a"2+b"2) ~(1/2) ) *(a*x(csc(f*x+e)-cot
(fxx+e))+(-a~2+b~2) " (1/2)+b))~(1/2)*(1/(-a~2+b"2) ~(1/2) ¥ (-a*x(csc(f*x+e) -cot
(f*x+e))+(-a"2+b~2)~(1/2)-b))~(1/2)*(-a/ (b+(-a~2+b~2) " (1/2) ) * (csc (f*x+e) -co
t(fxx+e)))~(1/2)*EllipticF((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e
N+(-a"2+b"2)"(1/2)+b) )~ (1/2),1/2x2~(1/2) * ((b+(-a~2+b~2)~(1/2) )/ (-a~2+b"2) "~
(1/2))°(1/2))*(—a"2+b"2) ~(1/2) %2~ (1/2) *a* (csc (f*x+e) —cot (f*x+e) ) +(1/ (b+(-a~
2+b72) " (1/2) ) *(ax(csc(f*x+e)—cot (f*x+e) )+(-a"2+b"2)~(1/2)+b) )~ (1/2)*(1/(-a~
2+b~2) " (1/2) *(—a*x (csc(f*x+e) —cot (f*x+e) ) +(-a~2+b"2) ~(1/2)-b)) ~(1/2) *(-a/ (b+
(-a™2+b~2)~(1/2) ) *(csc(f*x+e) —cot (f*x+e)) )~ (1/2) *E1llipticF ((1/(b+(-a~2+b"2)
~(1/2))*(ax(csc(f*xx+e)-cot (fxx+e) )+ (-a~2+b"2)~(1/2)+b)) ~(1/2) ,1/2%x2~(1/2) *(
(b+(-a~2+b"2)"(1/2))/(~a~2+b"2)~(1/2))~(1/2))*2~ (1/2) *a~2* (csc (f*x+e) -cot (f
xx+e) )+(1/(b+(-a~2+b"2) ~(1/2)) * (a* (csc(f*x+e)-cot (f*x+e) ) +(-a~2+b"2)~(1/2)+
b))~ (1/2)*x(1/(-a"2+b"2) ~(1/2) *(-a* (csc (f*xx+e) —cot (fxx+e) ) +(-a~2+b~2) " (1/2) -
b))~ (1/2)*(-a/(b+(-a~2+b"2) " (1/2) ) *(csc(f*x+e) -cot (f*x+e)) )~ (1/2) *EllipticF
((1/ (b+(-a~2+b~2) " (1/2) ) *(a*(csc(f*x+e) —cot (f*x+e) )+(-a~2+b"2) " (1/2)+b))~ (1
/2),1/2%27(1/2) % ((b+(-a~2+b"2) " (1/2) )/ (-a~2+b~2) " (1/2) ) ~(1/2) ) ¥2~ (1/2) *a*b*
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(csc(f*x+e)-cot (f*x+e))+2x(1/(b+(-a~2+b"2) " (1/2) ) *(a* (csc(f*x+e) —cot (f*xx+e)
)+(—a”2+b72) " (1/2)+b) )~ (1/2)*(1/(-a~2+b"2) ~ (1/2) * (—a* (csc (f*x+e) —cot (f*xx+e)
)+(—a”2+b72) " (1/2)-b)) " (1/2) *(-a/ (b+(-a"2+b"2) ~(1/2) ) * (csc (f*x+e) —cot (f*xx+e
)))~(1/2)*EllipticE((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e))+(-a~
2+b~2)~(1/2)+b))~(1/2) ,1/2%2~(1/2)*((b+(-a"2+b~2)~(1/2)) /(-a~2+b~2)~(1/2) )"
(1/2))*(-a~2+b~2) " (1/2)*2"(1/2) ¥*b* (csc (f*x+e) —cot (f*x+e) ) -2x(1/ (b+(-a~2+b"2
)~ (1/2))*(ax(csc(f*x+e)—cot (f*x+e))+(-a"2+b"2)~(1/2)+b))~(1/2)*(1/(-a~2+b"2
)~ (1/2)*(-ax(csc(f*x+e)—cot (f*x+e))+(-a"2+b"2)~(1/2)-b))~(1/2) *(-a/ (b+(-a"2
+b~2)~(1/2) ) *(csc(f*x+e)-cot (f*x+e))) ~(1/2)*E1llipticE((1/(b+(-a~2+b~2)~(1/2
))*(ax(csc(f*xx+e)-cot (f*x+e))+(-a~2+b"2) ~(1/2)+b)) ~(1/2) ,1/2%2~(1/2) * ((b+(-
a~2+b"2)"(1/2))/(-a"2+b"2)"(1/2))~(1/2))*2~(1/2) *a~2* (csc (f*x+e) —cot (f*x+e)
)+2%(1/ (b+(-a~2+b"2) " (1/2) ) * (ax(csc(f*x+e) —cot (f*x+e) ) +(-a"2+b"2)~(1/2)+b))
~(1/2)*(1/(-a~2+b"2) " (1/2) *(-a* (csc (f*x+e) —cot (f*x+e) ) +(-a~2+b"2) " (1/2)-b))
~(1/2)*(~a/(b+(-a"2+b~2) " (1/2) ) *(csc (f*x+e) —cot (f*x+e) ) ) ~(1/2) *E1lipticE((1
/ (b+(-a~2+b"2) " (1/2) ) * (a* (csc (f*x+e) -cot (f*xx+e) ) +(-a~2+b"2) ~(1/2)+b)) ~(1/2)
,1/72%27(1/2) x((b+(-a~2+b"2) " (1/2))/ (ma~2+b"2)~(1/2))~(1/2))*2~(1/2) *b~2* (cs
c(fxx+e)-cot (fxx+e))+(1/(b+(-a"2+b"2)~(1/2)) *(a*x(csc(f*x+e)-cot (f*x+e))+(-a
~2+b~2) " (1/2)+b)) " (1/2)*(1/(-a"2+b"2) ~(1/2) *(—a* (csc(f*x+e) —cot (f*x+e) )+(-a
~2+b~2)~(1/2)-b)) " (1/2)*(-a/ (b+(-a~2+b~2) " (1/2) ) *(csc(f*x+e) —cot (f*x+e) ) ) ~(
1/2)*E1lipticF ((1/(b+(-a~2+b~2) " (1/2))*(a*(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2
)= (1/2)+b))~(1/2),1/2%27(1/2) *((b+(-a~2+b~2) " (1/2)) / (~a~2+b~2) ~(1/2))~(1/2)
)*x(—a”2+b72) " (1/2) %27 (1/2) *a+(1/ (b+(-a"2+b"2) ~(1/2) ) * (a* (csc(f*x+e) -cot (f*x
+e))+(-a~2+b~2) " (1/2)+b)) " (1/2)*2~(1/2)*(1/(-a"2+b"2) ~(1/2) *(-~a* (csc (f*xx+e)
-cot (fxx+e))+(-a~2+b"2)~(1/2)-b)) ~(1/2)*(-a/ (b+(-a~2+b"2) ~(1/2) ) *(csc (f*x+e
)-cot (f*xx+e)))~(1/2)*EllipticF((1/(b+(-a"2+b"2)~(1/2))*(a*(csc(f*x+e)-cot (£
*x+e))+(-a”2+b"2) " (1/2)+b))~(1/2) ,1/2x2-(1/2) *((b+(-a~2+b"2)~(1/2))/(-a~2+b
~2)7(1/2))"(1/2))*a"2+(1/ (b+(-a"2+b"2) ~(1/2) ) * (a*x (csc (f*x+e) —-cot (f*x+e) )+ (-
a~2+b"2)"(1/2)+b))~(1/2)*(1/(-a"2+b"2) ~(1/2) * (—a* (csc (f*x+e) —cot (f*x+e) )+ (-
a~2+b"2)"(1/2)-b))~(1/2)*(-a/(b+(-a~2+b~2) " (1/2) ) *(csc(f*x+e)-cot (f*x+e)) )~
(1/2)*#E1lipticF((1/(b+(-a~2+b~2) ~(1/2) ) *(a*x (csc(f*x+e) -cot (f*x+e) ) +(-a~2+b~
2)°(1/2)+b))~(1/2) ,1/2x2~(1/2) * ((b+(-a~2+b~2)~(1/2))/(-a~2+b~2)~(1/2))~(1/2
))*27(1/2) *axb+2* (1/ (b+(-a~2+b"2) ~(1/2) ) *(a* (csc(f*x+e) -cot (f*xx+e) ) +(-a~2+b
~2)7(1/2)+b))"(1/2)*(1/(-a~2+b"2) ~(1/2) *(—a* (csc (f*xx+e) —cot (f*xx+e) ) +(-a~2+b
~2)7(1/2)-b))"(1/2)*(~a/ (b+(-a~2+b"2) ~(1/2) ) * (csc (f*x+e) —cot (f*x+e) ) ) ~(1/2)
*E11lipticE((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e))+(-a"2+b~2) " (1
/2)+b))~(1/2) ,1/2*x27(1/2)*((b+(-a"2+b"2) " (1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) * (-
a~2+b"2) " (1/2)*27(1/2) ¥b-2x(1/ (b+(-a~2+b"2) " (1/2) ) * (ax (csc (f*x+e) —cot (f*x+e
))+(—a”2+b"2) " (1/2)+b)) " (1/2)*(1/(-a~2+b"2) ~(1/2) * (~a* (csc (f*xx+e) —cot (f*xx+e
))+(-a”2+b"2) " (1/2)-b)) " (1/2) *(-a/ (b+(-a"2+b"2) ~(1/2) ) * (csc (f*x+e) —cot (f*x+
e)))~(1/2)*EllipticE((1/(b+(-a~2+b~2)~(1/2))*(a*x(csc(f*x+e)-cot (f*x+e))+(-a
“2+b72)~(1/2)+b))~(1/2) ,1/2%2~(1/2) * ((b+(-a~2+b~2) " (1/2) )/ (-a~2+b"2)~(1/2))
~(1/2))*27(1/2) *a~2+2*% (1/ (b+(-a~2+b"2) ~(1/2) ) * (a* (csc (f*x+e) —-cot (f*x+e) ) + (-
a~2+b"2)"(1/2)+b) )~ (1/2)*(1/(-a"2+b"2) ~(1/2) * (—a* (csc (f*x+e) —cot (f*x+e) )+ (-
a~2+b"2)"(1/2)-b))~(1/2)*(-a/(b+(-a~2+b~2) " (1/2) ) *(csc(f*x+e) -cot (f*x+e)) )"~
(1/2)*E1lipticE((1/(b+(-a~2+b~2)~(1/2) ) *(a* (csc(f*x+e) -cot (f*x+e) ) +(-a~2+b~
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2)"(1/2)+b))~(1/2),1/2%27(1/2) *((b+(-a~2+b~2) " (1/2) )/ (-a~2+b~2)~(1/2))~(1/2
))*27(1/2) *b~2+2*csc (f*xx+e) "3*a~2* (1-cos (f*x+e) ) “3+4*csc (f*x+e) "2*a*xbx(1-co
s(fxx+e)) "2+2xa”~ 2% (csc (f*xx+e) —cot (f*x+e))) /(—cot (f*xx+e)+csc(fxx+e)+1) /(ax (1
-cos (f*xx+e)) “2xcsc(fxx+e) "2+2*b* (csc (f*xx+e) —cot (fxx+e))+a)*2~(1/2) /a

Fricas [F]

\/a+ bsin(e + fz) da:—/ Vbsin(fz +e)+a s
Vgsin(e + fz)(c+ csin(e + fz)) B (csin (fz+e)+c)\/gsin(fx +e)

[In] integrate((a+b*sin(f*x+e))~(1/2)/(ctc*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(cxgxcos(f*x + e)~2
- cxgxsin(f*x + e) - c*g), x)

Sympy [F]

. v/a+bsin (e+fx)
\/a +b sm(e + fa:) de — f \/gsin (e+fz) sin (e+fz)++/g sin (e+fz) dz

Vgsin(e + fz)(c+ csin(e + fz)) ! c

[In] integrate((a+b*sin(f*x+e))**(1/2)/(c+cxsin(f*x+e))/(gxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(g*sin(e + f#*x))*sin(e + f*x) + sqrt
(gxsin(e + f*x))), x)/c

Maxima [F]
Va+bsin(e + fz) dz—/ Vbsin(fz +e)+a I
Vgsin(e + fz)(c+ csin(e + fx)) B (csin (fz +e) +c)\/gsin (fz + €)

[In] integrate((a+b*sin(f*x+e))”~(1/2)/(c+cxsin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((c*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)
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Giac [F]

V/a+ bsin(e + fz) dz—/ Vbsin (fz+e€) +a d
Vysin(e + fz)(c+csin(e+ fr))  J (csin(fz +e€) +c)\/gsin (fz + e)

[In] integrate((a+b*sin(f*x+e))”(1/2)/(ctcksin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="giac")
[Out] integrate(sqrt(b*sin(f*x + e) + a)/((c*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

Mupad [F(-1)]

Timed out.

v/a+ bsin(e + fz) va+bsin(e+ f ) dr

dz =
Vgsin(e + fz)(c+ csin(e + fx)) Vgsin(e+ fz) (c+csin(e+ fz))

[In] int((a + b*sin(e + £*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + c*sin(e + f*x))

) %)
[Out] int((a + b*sin(e + f*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + c*sin(e + f*x))

), x)
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3.33 f \/gsin(e+fx) dz
V/a+tbsin(e+fz)(ct+csin(e+fz))

Optimal result . . . . . . . . . . . e
Rubi [A] (verified) . . . . . . . . 227
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... .. 229
Maple [B| (warning: unable to verify) . . . . . . .. ... oL 2311
Fricas [F] . . . . . . . 233
Sympy [F] . . o o 234
Maxima [F] . . . . . . o 234
Giac [F] . . 234
Mupad [F(-1)] . . . o 234

Optimal result

Integrand size = 39, antiderivative size = 252

gsin(e + fz)
Va+bsin(e + fz)(c+ csin(e + fz))
B gE (arcsin (%) —Z—ji) 111:1516:-{123) V/a+ bsin(e + fz)
_ a+bsin(e+fx)
(a —b)cf+/gsin(e + fz) (a+b)(1+sin(et fz))

a(l—csc(e+fz a(l+4csc(e+fz oo . v a+bsin(e+fz a
) wa+ \/ﬁ\/ (a aib+f ) [a(l+ a_(b+f ) EllipticF (arcsm <\/ffﬁjgsmgei;z;> ,—a—J_rg> tan(e + fx)
(@ —b)cf

[Out] g*EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+
sin(f*x+e)))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((
atbxsin(f*x+e))/(atb)/(1+sin(f*x+e)))~(1/2)-2*xE1llipticF(g~(1/2)*(a+b*sin(f*
x+e))~(1/2)/(a+b)~(1/2) / (gxsin(f*x+e)) ~(1/2), ((-a-b)/(a-b))~(1/2))*(a+b)~(1
/2)*g~(1/2) * (a* (1-csc(f*x+e))/(a+b) ) ~(1/2) * (ax (1+csc(f*x+e))/(a-b)) ~(1/2) *t
an(f*x+e)/(a-b)/c/f

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.00,

3. humber of rules _ 077,

' integrand size Rules used

number of steps used = 3, number of rules used =
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= {3015, 2895, 3011}

gsin(e + fz)
v/a+ bsin(e + fz)(c + csin(e + fz))

_ 9\t v/t bsine + Fa) B (aresin (e ) |- 05)
) a+bsin(e+fx
cf(a—b)\/gsin(e + fx)\/(aH:)L(Sm((effj;))Jrl)
2,/gva + btan(e + fz)\/ a(1=csc(etf) “(CSC(ZJ:{)“’)H) EllipticF (arcsin (ﬁ atbsin(e+/ z)> , —“—""’)

dz

a+b Va+by/gsin(e+fz) a—b
cf(a—"b)

[In] Int([Sqrtl[g*Sin[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + c*Sin[e + f*x])),x]

[Out] (g*EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]1*Sqrt[a + bxSin[e + f*x]])/((a - b)*c*f

*xSqrt [gxSin[e + fxx]]1*Sqrt[(a + b*Sin[e + f*x])/((a + b)*(1 + Sin[e + f*x])

)1) - (2%Sqrt[a + b]l*Sqrtlgl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)]*Sqrt[(a*(

1 + Cscle + f*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*
x]1)/(Sqrt[a + bl*Sqrt[g*Sin[e + f*x]])], -((a + b)/(a - b))]*Tan[e + f*x])

/((a - b)*cxf)

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_I)*x(x)11), x_Symbol] :> Simp[-2*(Tan[e + fx*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))]1*Sqrt[ax((1 + Csc[e + f*x])/(a - b))I*E1li
pticF[ArcSin[Sqrt[a + b*Sin[e + fx*x]]/Sqrt[d*Sin[e + f*x]]/Rt[(a + b)/d, 2]
1, -(a +b)/(a - b)], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0]
&% PosQ[(a + b)/d]

Rule 3011

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11/(Sqrt[(g_.)*sin[(e_.) + (f_.
Y*x(x_)11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)1)), x_Symbol]l :> Simp[(-Sqrt[
a + bxSin[e + fxx]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[gxSin[e + f*x]]*Sqrt[c~2*((a + bxSin[e + f*x])/((a*c + bxd)*(c + d*Sin[e +
£xx]1)))]1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
a*d)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c™2 - d~2, 0]

Rule 3015

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
dx(x_)]11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-a)*(g
/(bxc - a*d)), Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x
] + Dist[cx(g/(bxc - a*d)), Int[Sqrt[a + b*Sin[e + f*x]]/(Sqrt[g*Sin[e + f*
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x]1*(c + d*Sin[e + f*x1)), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[bxc - a*d, 0] && (EqQ[a~2 - b~2, 0] || EqQ[c™2 - 42, 01)

Rubi steps
\/a+bsin(e+fz) 1
integral _ _gf \gsin(e+fz)(c+csin(e+fz)) dzx I (a’g) f \/gsin(e+fz)\/a+bsin(e+fz) dz
a—>b (a—b)c
B gE(arcsin <%) |—%> %\/a+bsin(e+fx)

(a —b)ef+/gsin(e + fz) (af;)'(blir;fz’(';’f}z))

29"/a+ b\/g\/“(l_"ﬁ?fw)) “(H“ZC_(Z”“”)) EllipticF (arcsin (%M) ; —%ﬁ) tan(e +
(@ —b)cf

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 4464 vs. 2(252) = 504.

Time = 28.85 (sec) , antiderivative size = 4464, normalized size of antiderivative = 17.71

gsin(e + fx)
va+ bsin(e + fz)(c+ csin(e + fz))

dz = Result too large to show

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + b*Sin[e + f*x]]*(c + c*Sin[e + f*x
1)) ,x]

[Out] (2+Sin[(e + f*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sqrt[gxSin[e + fx*
x]]*Sqrt[a + b*Sin[e + f*x]])/((a - b)*fx(c + c*Sinl[e + fxx])) + (Cot[(e +
f*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])~2+Sqrt[g*Sin[e + f*x]]*Sqrt[a
+ bxSin[e + fxx]]*(-1/2x(a*Sqrt[Sin[e + f*x]])/((a - b)*Sqrt[a + b*Sin[e +
f*xx]]) - (b*Sqrt[Sin[e + f*x]])/(2x(a - b)*Sqrt[a + b*Sin[e + f*x]]) - (b*
Cos[(3%(e + f*xx))/2]*Sec[(e + f*x)/2]*Sqrt([Sin[e + f*x]]1)/(2x(a - b)*Sqrt[a
+ bxSin[e + f*x]]) - (b*Sec[(e + f#*x)/2]*Sqrt[Sin[e + f*x]]*Sin[(3*(e + f*
x))/21)/(2*(a - b)*Sqrt[a + b*Sin[e + f*x]]) + (a*Sqrt[Sin[e + f*x]]*Tan[(e
+ £*xx)/2])/(2%(a - b)*Sqrt[a + bxSin[e + f*x]]) - (b*Sqrt[Sin[e + f*x]]*Ta
nl(e + £*x)/2])/(2*(a - b)*Sqrt[a + bxSin[e + f*x]]))*(-2xTan[(e + f*x)/2]*
(1 + Tan[(e + £*x)/2]) + (2%Sqrt[-a"2 + b~2]*Sqrt[(a*Sec[(e + f*x)/2]"2x(a
+ bxSin[e + fx*x]))/(a"2 - b"2)]1*(-(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a~2 +
b~2] - axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt[2]], (2#Sqrt[-a~2 + b~2])
/(b + Sqrt[-a”2 + b~2])]*Tan[(e + f*x)/2]) + EllipticF[ArcSin[Sqrt[(b + Sq
rt[-a”2 + b™2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2*Sqrtl[-a
2 + b72])/(b + Sqrt[-a~2 + b~2])]1*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"~
2 + b~2])]*Sqrt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a"2 + b~2]))]1))/((a + b*S
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in[e + f*x])*Sqrt[(a*Tan[(e + £*x)/2])/(-b + Sqrt[-a"2 + b~2])]1)))/(2*(a -
b)*fx(c + cxSin[e + f*x])*((b*Cos[e + f*xx]*Cot[(e + fxx)/2]*Sqrt[Sin[e + f*
x]]1*(-2%Tan[(e + fx*x)/2]*(1 + Tan[(e + f*x)/2]) + (2xSqrt[-a”2 + b~2]*Sqrt[
(axSec[(e + f*x)/2]72*(a + b*Sinf[e + f*x]))/(a"2 - b~2)]*(-(EllipticE[ArcSi
n[Sqrt[(-b + Sqrt[-a~2 + b~2] - a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[
211, (2#Sqrt[-a”2 + b~2])/(-b + Sqrt[-a~2 + b~2])]*Tan[(e + f*x)/2]) + E1lli
pticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a"2 + b
~2]11/8qrt[2]], (2+Sqrt[-a~2 + b~2])/(b + Sqrt[-a"2 + b~2])]*Sqrt[(a*xTan[(e
+ f*x)/2])/(-b + Sqrt[-a~2 + b~2])]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-
a”2 + b72]1))]1))/((a + bxSin[e + fxx])*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrtl[
-a”2 + b72])1)))/(4*(a - b)*Sqrt[a + b*Sin[e + f*x]]) + (Cos[e + f*xx]*Cot[(
e + fxx)/2]*Sqrt[a + bxSin[e + fxx]]1*(-2*Tan[(e + f*x)/2]*(1 + Tan[(e + f*x
)/2]) + (2*Sqrt[-a~2 + b~2]*Sqrt[(a*Sec[(e + f*x)/2]"2*(a + b*Sin[e + f*x])
)/ (@2 - b72)]*(-(E1llipticE[ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - a*Tan[(e +
f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(-b + Sqrt[-a™2
+ b~2])]*Tan[(e + f*x)/2]) + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] +
a*xTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2*Sqrt[-a"2 + b~2])/(b + S
qrt[-a”2 + b~2])]*Sqrt[(axTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]1*Sqrt[-
((a*Tan[(e + £*x)/2])/(b + Sqrt[-a”2 + b~2]))]1))/((a + bxSin[e + f*x])*Sqrt
[(axTan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b72])]1)))/(4*x(a - b)*Sqrt[Sin[e + f
*x]]) - (Cscl(e + £*x)/2]"2xSqrt[Sin[e + f*x]]*Sqrt[a + bxSin[e + f*x]]*(-2
*Tan[(e + f*x)/2]*(1 + Tan[(e + f*x)/2]) + (2*Sqrt[-a~2 + b~2]*Sqrt[(a*Sec[
(e + f*x)/2]72x(a + b*Sin[e + fx*x]))/(a"2 - b"2)]1*(-(EllipticE[ArcSin[Sqrt[
(-b + Sqrt[-a”2 + b"2] - a*Tan[(e + f*x)/2])/Sqrt[-a"2 + b~2]1/Sqrt[2]], (2
*Sqrt[-a”2 + b~2])/(-b + Sqrt[-a”2 + b~2])]1*Tan[(e + f*x)/2]) + EllipticF[A
rcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sq
rt[2]], (2%Sqrt[-a~2 + b~2])/(b + Sqrt[-a”2 + b~2])]*Sqrt[(a*Tan[(e + f*x)/
2]1)/(-b + Sqrt[-a~2 + b~2])]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b
~21))1))/((a + b*Sin[e + f*x])*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a~2 +
b~2])1)))/(4x(a - b)) + (Cot[(e + f*x)/2]*Sqrt[Sin[e + f*x]]*Sqrt[a + b*Sin
[e + f*x]]1*(-(Sec[(e + f*x)/2]"2+Tan[(e + f*x)/2]) - Sec[(e + f*x)/2]172x(1
+ Tan[(e + f*x)/2]) - (a*Sqrt[-a~2 + b~2]*Sec[(e + fx*x)/2] ~2*Sqrt[(a*Sec[(e
+ fxx)/2]"2%(a + bxSin[e + f*x]))/(a"2 - b~2)]1*(-(EllipticE[ArcSin[Sqrt[(-
b + Sqrt[-a~2 + b"2] - a*Tan[(e + f#*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2*S
qrt[-a”2 + b~2])/(-b + Sqrt[-a”2 + b~2])]*Tan[(e + f*x)/2]) + EllipticF[Arc
Sin[Sqrt[(b + Sqrt[-a~2 + b~2] + ax*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt
[2]]1, (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])]*Sqrt[(a*Tan[(e + f*x)/2]
)/(-b + Sqrt[-a”2 + b~2])]*Sqrt[-((a*xTan[(e + f*x)/2])/(b + Sqrt[-a~2 + b~2
1)1))/(2*%(-b + Sqrt[-a"2 + b~2])*(a + b*Sin[e + f*x])*((a*Tan[(e + f*x)/2]
)/(-b + Sqrt[-a~2 + b~2]))"(3/2)) - (2*b*Sqrt[-a~2 + b~2]*Cos[e + f*x]*Sqrt
[(axSec[(e + f*x)/2]72%(a + b*Sinl[e + f*x]))/(a"2 - b~2)]1*(-(EllipticE[ArcS
in[Sqrt[(-b + Sqrt[-a~2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]1/Sqrt
[2]]1, (2xSqrt[-a”2 + b~2])/(-b + Sqrt[-a~2 + b~2])]1*Tan[(e + f*x)/2]) + Ell
ipticF[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 +
b~2]11/8qrt[2]1]1, (2#Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])]1*Sqrt[(a*xTan[(e
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+ £xx)/2])/(-b + Sqrt[-a"2 + b~2])]*Sqrt[-((a*xTan[(e + f*x)/2])/(b + Sqrtl[
-a”2 + ©72]))1))/((a + b*Sin[e + f*x])~2xSqrt[(a*Tan[(e + f*x)/2])/(-b + Sq
rt[-a”2 + b72])]) + (Sqrt[-a~2 + b~2]*((a*b*Cos[e + f*x]*Sec[(e + f*x)/2]72
)/(a”2 - b72) + (a*Sec[(e + fx*x)/2]"2%(a + bxSin[e + f*xx])*Tan[(e + f*xx)/2]
)/ (@2 - ©°2))*(-(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a~2 + b~2] - a*Tan[(e +

f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(-b + Sqrt[-a~2
+ b~2])]*Tan[(e + f*x)/2]) + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] +
axTan[(e + £*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(b + S
qrt[-a”2 + b~2])]*Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])]*Sqrt[-

((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b72]))]))/((a + b*Sin[e + f*x])*Sqrt
[(axSec[(e + f*x)/2]"2%(a + b*Sin[e + f*x]))/(a"2 - b~2)]*Sqrt[(a*xTan[(e +
fxx)/2]1)/(-b + Sqrt[-a~2 + b"2])]) + (2+Sqrt[-a~2 + b~2]*Sqrt[(axSec[(e + £
*xx)/2]"2%(a + bxSin[e + £*x]))/(a"2 - b~2)]1*(-1/2*x(EllipticE[ArcSin[Sqrt[(-
b + Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2*S
qrt[-a~2 + b™2]1)/(-b + Sqrt[-a~2 + b~2])I*Sec[(e + f*x)/2]"2) - (a*Elliptic
F[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]
/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a~2 + b~2])]*Sec[(e + f*x)/2] 2%
Sqrt[(a*Tan[(e + £*x)/2]1)/(-b + Sqrt[-a~"2 + b~2])])/(4*(b + Sqrt[-a”2 + b~2
1)xSqrt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a~2 + b~2]))]) + (axEllipticF[Arc
Sin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]/Sqrt
[2]1], (2#Sqrt[-a~2 + b~2])/(b + Sqrt[-a”2 + b~2])]*Sec[(e + f*x)/2]"2*Sqrt[
-((a*Tan[(e + f*xx)/2])/(b + Sqrt[-a”2 + b~2]))]1)/(4*(-b + Sqrt[-a"2 + b~2])
xSqrt [(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]) + (a*Sec[(e + fx*x)/2]"
2xTan[(e + f*x)/2]*Sqrt[1 - (-b + Sqrt[-a~2 + b~2] - a*Tan[(e + f*x)/2])/(-
b + Sqrt[-a~2 + b~2])])/(4*Sqrt[2]*Sqrt[-a”2 + b~2]*Sqrt[(-b + Sqrt[-a~2 +
b~2] - axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]*Sqrt[1 - (-b + Sqrt[-a~2 + b~2
] - axTan[(e + £*x)/2])/(2*Sqrt[-a~2 + b~2])]) + (a*Sec[(e + f*x)/2]"2*Sqrt
[(axTan[(e + £*x)/2])/(-b + Sqrt[-a~2 + b~2])]1*Sqrt[-((a*Tan[(e + f*x)/2])/
(b + Sqrt[-a”2 + b72]))]1)/(4*Sqrt[2] *Sqrt[-a"2 + b~2]*Sqrt[(b + Sqrt[-a~2 +

b~2] + axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]*Sqrt[1 - (b + Sqrt[-a”2 + b~2
] + a*Tan[(e + f*x)/2])/(2+Sqrt[-a”2 + b~2])]1*Sqrt[1 - (b + Sqrt[-a”2 + b~2
] + axTan[(e + £*x)/2])/(b + Sqrt[-a”2 + b~2])])))/((a + b*Sin[e + f*x])*Sq
rt[(a*Tan[(e + f*xx)/2])/(-b + Sqrt[-a”2 + b~2]1)]1)))/(2x(a - b))))

Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 3056 vs. 2(232) = 464.

Time = 2.48 (sec) , antiderivative size = 3057, normalized size of antiderivative = 12.13

method | result size

default | Expression too large to display | 3057

[In] int((g*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e))/(a+b*sin(f*x+e))~(1/2),x,method=_
RETURNVERBOSE)
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[Out] 1/2/c/fx(g/((1-cos(f*x+e)) ~2*csc(f*x+e) "2+1)*x(csc(f*x+e)-cot (f*xx+e)))~(1/2)
*((1-cos(f*x+e)) "2*xcsc(fxx+e) "2+1) *((a*x(1-cos(f*x+e)) "2*csc(f*x+e) "2+2*b* (c
sc(f*xx+e)-cot (fxx+e))+a)/((1-cos(f*x+e)) "2*xcsc(fxx+e) ~2+1))~(1/2)*((1/ (b+(-
a~2+b"2) " (1/2) ) *(ax(csc(f*x+e)-cot (f*x+e) )+(-a~2+b"2) " (1/2)+b) )~ (1/2)*(1/ (-
a~2+b~2) " (1/2) *(-ax(csc(f*x+e)—-cot (f*x+e))+(-a~2+b~2) ~(1/2)-b) ) ~(1/2)*(-a/(
b+(-a"2+b~2)~(1/2) ) *(csc(f*x+e) —cot (f*x+e)) )~ (1/2)*E1llipticF ((1/(b+(-a~2+b~
2)~(1/2))*(ax(csc(fxx+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)+b))~(1/2) ,1/2%2"(1/2)
*((b+(-a"2+b"2)~(1/2))/(~a~2+b"2)~(1/2) )~ (1/2) ) *(-a~2+b~2) ~(1/2) *2~ (1/2) *xa*
(csc(f*x+e)-cot (f*xx+e))-2x(1/(b+(-a~2+b"2) " (1/2)) *(a*(csc(f*x+e)—cot (f*x+e)
)+(~a”~2+b~2) " (1/2)+b) )~ (1/2) *(1/(-a~2+b~2) " (1/2) * (—a* (csc (f*x+e) —cot (fxx+e)
)+(—a"2+b72) " (1/2)-b))~(1/2) *(-a/ (b+(-a"2+b"2) ~(1/2) ) * (csc (f*x+e) —cot (f*xx+e
)))~(1/2)*E11lipticE((1/(b+(-a~2+b~2)~(1/2))*(ax(csc(f*x+e) —cot (f*x+e))+(-a"
2+b~2) " (1/2)+b))~(1/2) ,1/2%27 (1/2)*((b+(-a"2+b~2)~(1/2)) /(-a~2+b~2)~(1/2))"
(1/2))*(-a~2+b~2) " (1/2)*2~(1/2) ¥*b* (csc (f*x+e) —-cot (f*x+e) ) -(1/(b+(-a"2+b"2) "
(1/2) ) *(ax(csc(f*xx+e)-cot (f*x+e) )+ (-a~2+b~2)~(1/2)+b)) ~(1/2)*(1/(-a"2+b~2) "~
(1/2) *(—a*x(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)~(1/2)-b))~(1/2)*(-a/(b+(-a~2+b
~2)7(1/2))*(csc(f*x+e)—cot (f*x+e)) )~ (1/2)*E1llipticF ((1/(b+(-a~2+b"2)~(1/2))
* (ax(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)+b))~(1/2),1/2%2~(1/2) *((b+(-a~
2+b72)"(1/2))/(-a~2+b~2)~(1/2))~(1/2))*2~(1/2) *a~2x (csc (f*x+e) —-cot (f*x+e) ) +
(1/(b+(-a"2+b"2) " (1/2) ) *(ax(csc(f*x+e) -cot (f*x+e) )+ (-a~2+b"2) " (1/2)+b) )~ (1/
2)*(1/(-a"2+b"2) "~ (1/2) *(—a* (csc(f*x+e) —cot (fxx+e) ) +(-a~2+b"2) ~(1/2)-b))~(1/
2)*(~a/(b+(-a~2+b~2)~(1/2) ) *(csc(f*x+e) -cot (f*x+e))) ~(1/2) *E1llipticF ((1/(b+
(-a"2+b"2) " (1/2)) *(a*(csc(f*x+e)-cot (f*x+e) ) +(-a~2+b"2)~(1/2)+b))~(1/2),1/2
*27(1/2)*((b+(-a"2+b"2)~(1/2))/(-a~2+b~2)~(1/2) )~ (1/2))*2~(1/2) *axbx (csc (f*
x+e)-cot (fxx+e) ) +2*x (1/ (b+(-a"2+b"2) ~(1/2) ) *(a*x (csc (f*x+e) -cot (f*x+e) ) +(-a"2
+b72) " (1/2)+b) ) ~(1/2)*(1/(-a~2+b~2) ~(1/2) * (-a* (csc (f*x+e) —cot (f*x+e) ) +(-a~2
+b72)"(1/2)-b)) "~ (1/2)*(-a/ (b+(-a~2+b"2) ~(1/2) ) *(csc (f*x+e) —cot (f*x+e))) ~(1/
2)*E1lipticE((1/(b+(-a~2+b"2)~(1/2) ) *(a*(csc(f*x+e) -cot (f*x+e) )+(-a~2+b"2)~
(1/2)+0))~(1/2) ,1/2x27 (1/2) * ((b+(-a~2+b~2) ~(1/2)) / (-a~2+b~2) " (1/2) )~ (1/2) ) *
27 (1/2) *a"2*x(csc(f*x+e)-cot (f*x+e) ) -2%(1/(b+(-a~2+b"2) ~(1/2)) *(a*(csc(f*x+e
)-cot (f*xx+e))+(-a"2+b~2)~(1/2)+b))~(1/2)*(1/(-a"2+b"2) " (1/2) *(-a* (csc (f*x+e
)-cot (f*x+e))+(-a"2+b"2) " (1/2)-b))~(1/2) *(-a/ (b+(-a"2+b"2) ~(1/2) ) * (csc (f*x+
e)-cot(f*x+e)))~(1/2)*E1llipticE((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot(
fxx+e))+(-a~2+b"2) " (1/2)+b))~(1/2),1/2*x2~(1/2) *((b+(-a"2+b~2)~(1/2))/(-a~2+
b~2)"(1/2))~(1/2))*2~(1/2) *b~2* (csc (f*x+e) -cot (fxx+e) ) +(1/(b+(-a"2+b"2) " (1/
2))*(ax(csc(fxx+e)-cot (f*x+e))+(-a~2+b~2) " (1/2)+b) ) ~(1/2)*(1/(-a~2+b"2) ~(1/
2)*(—ax(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)-b))~(1/2) *(-a/ (b+(-a"2+b"2)
~(1/2))*(csc(f*x+e) -cot (f*xx+e))) ~(1/2) *E1lipticF ((1/(b+(-a~2+b~2)~(1/2))*(a
*(csc(f*xx+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)+b))~(1/2),1/2%2°(1/2) * ((b+(-a~2+b
~2)7(1/2))/(-a"2+b~2)~(1/2))~(1/2))*(-a~2+b~2) ~(1/2)*2~ (1/2) *a-2* (1/ (b+(-a~
2+b~2) " (1/2) ) *(a* (csc(f*x+e) —cot (f*x+e) ) +(-a~2+b"2) ~(1/2)+b) ) ~(1/2)*(1/(-a~
2+b72) " (1/2) *(—ax(csc(f*x+e)—cot (f*x+e) )+(-a"2+b"2) "~ (1/2)-b) )~ (1/2) *(-a/ (b+
(-a~2+b~2)~(1/2) ) *(csc(f*x+e) —cot (f*x+e)) )~ (1/2) *E1llipticE((1/(b+(-a~2+b"2)
~(1/2))*(ax(csc(f*x+e)—cot (fxx+e))+(-a~2+b"2) ~(1/2)+b))~(1/2) ,1/2%2~(1/2) *(
(b+(-a"2+b~2)~(1/2))/(-a~2+b~2)~(1/2))~(1/2))*(-a~2+b~2) " (1/2) %2~ (1/2) *b- (1
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/(b+(-a~2+b"2)~(1/2)) *(a*(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)~(1/2)+b))~(1/2)
*27(1/2)*%(1/(-a”~2+b"2) " (1/2) * (—a* (csc(f*x+e) —cot (f*xx+e) )+(-a~2+b"2) " (1/2)-b
D))~ (1/2)*(-a/ (b+(-a~2+b"2) ~(1/2) ) *(csc(f*x+e) -cot (fxx+e) )) ~(1/2) *E1lipticF(
(1/(b+(-a~2+b~2) " (1/2) ) *(a*x(csc(f*x+e) —cot (f*x+e) )+(-a~2+b"2) " (1/2)+b) )~ (1/
2),1/2%x27(1/2) *((b+(-a~2+b~2)~(1/2) )/ (-a~2+b~2)~(1/2))~(1/2) ) *a~2+(1/(b+(-a
~2+b~2) " (1/2) ) *(a*x(csc(f*x+e)—cot (f*x+e) )+(-a~2+b"2) " (1/2)+b))~(1/2)*(1/(-a
~2+b~2) " (1/2) *(—a*x (csc (f*x+e) —cot (f*x+e) )+ (-a~2+b"2) " (1/2)-b) )~ (1/2)*(-a/ (b
+(-a"2+b~2) " (1/2)) *(csc(f*x+e) —cot (f*x+e)) )~ (1/2) *E1lipticF ((1/(b+(-a~2+b"2
)~ (1/2))*(a*x(csc(f*xx+e)-cot (fxx+e))+(-a"2+b"2)~(1/2)+b))~(1/2) ,1/2*x2~(1/2) *
((b+(-a~2+b"2)"(1/2))/(-a~2+b~2)~(1/2))~(1/2) )*2~(1/2) *axb+2* (1/ (b+(-a~2+b~
2)7(1/2)) *(a*(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)~(1/2)+b)) " (1/2)*(1/(-a~2+b~
2)~(1/2)*(—a*(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)-b))~(1/2)*(-a/ (b+(-a~
2+b~2) " (1/2) ) *(csc(f*x+e) —cot (f*x+e)) )~ (1/2) *E1llipticE((1/(b+(-a~2+b"2) ~(1/
2))*x(ax(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)~(1/2)+b))~(1/2),1/2%2~(1/2) * ((b+(
-a"2+b"2)"(1/2))/(-a~2+b"2)~(1/2))~(1/2))*2~(1/2) *a~2-2* (1/ (b+(-a"2+b~2) ~ (1
/2)) *(a*x(csc(fxx+e)—cot (f*x+e))+(-a~2+b"2) " (1/2)+b))~(1/2)*(1/(-a~2+b"2)~ (1
/2)*(—a*x(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2) " (1/2)-b))~(1/2)*(-a/(b+(-a~2+b"2
)~ (1/2) ) *(csc(f*x+e)-cot (f*x+e))) ~(1/2)*E11lipticE((1/ (b+(-a"2+b~2)~(1/2))*(
a* (csc(f*x+e)-cot (f*xx+e))+(-a~2+b"2)~(1/2)+b))~(1/2),1/2%2~(1/2) *((b+(-a~2+
b"2)"(1/2))/(-a~2+b"2)~(1/2))~(1/2))*2~(1/2) *b~2-2*csc (f*x+e) “3*a~2* (1-cos(
f*xx+e)) "3-4dxcsc(fxx+e) "2xaxb* (1-cos(f*x+e)) "2-2xa~2x (csc (f*x+e)-cot (f*x+e))
)/ (—cot (f*x+e)+csc(f*x+e)+1) /(a*(1-cos(f*x+e)) "2xcsc(f*x+e) ~2+2*xb* (csc (f*x+
e)-cot (f*x+e))+a)/(1-cos(f*x+e))*sin(f*x+e)*2°(1/2)/(a-b)/a

Fricas [F]
Vgsin(e + fx) dp — gsin (fz +e) i
v/a+ bsin(e + fz)(c + csin(e + fz)) Vbsin (fz + €) + a(csin (fz + €) + ¢)

[In] integrate((gxsin(fx*x+e))~(1/2)/(ctcxsin(fxx+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(b*c*cos(f*x + e)~2
- (a + b)*cxsin(f*xx + e) - (a + b)*c), x)
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Sympy [F]
- v/ gsin (e+fx)
vV 9 Sln(e + fx) dr — f \/a+bsin (e+fx) sin (e+fz)++/a+bsin (e+ fz) dz
V/a+ bsin(e + fz)(c+ csin(e + fz)) c

[In] integrate((g*sin(f*x+e))**(1/2)/(c+c*xsin(f*x+e))/(a+tb*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(a + b*sin(e + f*x))*sin(e + f*x) + sqrt
(a + b*xsin(e + £*x))), x)/c

Maxima [F]

Vgsin(e + fz) d — / gsin(fz +e) dr

/ Va+ bsin(e + fz)(c+ csin(e + fz)) Vbsin (fz +¢€) +a(csin(fz +¢€) +c)

[In] integrate((g*sin(f*x+e))~(1/2)/(c+cxsin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(f*x + e) +

c)), x)

Giac [F]
Vgsin(e + fz) dp — gsin (fz +e) i
va+bsin(e + fz)(c+ csin(e + fz)) V/bsin (fz + €) + a(csin (fz + €) + ¢)

[In] integrate((g*sin(f*x+e))~(1/2)/(c+cxsin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(f*x + e) +

c)), x)

Mupad [F(-1)]

Timed out.

vV gsin(e + fz)

Va+bsin(e + fz)(c+ csin(e + fz))

:/ Vg sin(e+ fz) i
Va+bsin(e+ fz) (c+csin(e+ fz))

dx
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[In] int((g*sin(e + £*x))~(1/2)/((a + bxsin(e + £*x))~(1/2)*(c + c*sin(e + £*x))

) ,X)
[Out] int((g*sin(e + £*x))~(1/2)/((a + bxsin(e + £*x))~(1/2)*(c + c*sin(e + £*x))

), X)
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1

3.34 f \/gsin(e+fz)+/a+bsin(e+fz)(c+csin(e+fz)) dz

Optimal result . . . . . . . . . . . e 236
Rubi [A] (verified) . . . . . . . .. 230
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... .. ... 238
Maple [B] (warning: unable to verify) . . . . . . ... ... ... Lo L. 240
Fricas [F] . . . . . . 2421
Sympy [F] . . o o 242
Maxima [F] . . . . . . 243
Giac [F] . . . o o e 243
Mupad [F(-1)] . . . 243

Optimal result
Integrand size = 39, antiderivative size = 256

1
Vgsin(e + fr)\/a + bsin(e + fz)(c + csin(e + fz)) e

E(arcsin (%) |—%) \ /%\/a + bsin(e + fx)
. bsin
(a—b)cf+/gsin(e + fz) \/ (af;)r(ﬁsgf,?e]f}x))

a(l—csc(e+fz)) [a(l+csc(et+fz)) N . Vgvatbsin(e+fz)\  atb
2bv/a + b\/ o = EllipticF (arcsm ( Vatb/psm(er fx)> , a_b> tan(e + fx)
a(a—b)cf/g

+

[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+s
in(f*x+e)))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((a
+b*sin(f*x+e))/(a+b) /(1+sin(f*x+e)) )~ (1/2)+2*¥b*E1llipticF (g~ (1/2) * (a+b*sin(f
xx+e)) " (1/2)/(a+b)~(1/2) / (g*xsin(f*x+e)) ~(1/2), ((-a-b)/(a-b))~(1/2))*(a+b) ~(
1/2)*(a*x(1-csc(f*x+e))/(a+b)) ~(1/2) *(a* (1+csc(fxx+e) )/ (a-b)) ~(1/2) *tan (f*x+
e)/a/(a-b)/c/f/g~(1/2)

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, number of rules _ 0.077, Rules used
integrand size
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= {3017, 2895, 3011}

1
dz
Vgsin(e + fz)\/a + bsin(e + fz)(c + csin(e + fz))
2bv/a + btan(e + fx) \/ allzese(etfm) | Jaleseletfa)t]) giiptick (arcsin (‘@V atbsin(etf ””)> , _m)

a+b a— Va+by/gsin(e+fx) a—b
acf+/g(a —b)
in(e+fz) : : (etfz) —b
S;(ejfz)ﬁl Va+bsin(e + fz)E (arcsm <si‘;‘zsejfx)x+l> |—Z—+b>

_ bsin

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + c*Sinl[e + fx*x])),
x]

[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]I*S
qrt[Sin[e + f*x]/(1 + Sin[e + f*x])]1*Sqrt[a + bxSin[e + f*x]])/((a - b)*c*f

*Sqrt [g*Sin[e + f*x]]*Sqrt[(a + bxSin[e + f*x])/((a + b)*(1 + Sin[e + f*x])

)1)) + (2xbxSqrt[a + bl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)1*Sqrt[(a*x(1 + C

scle + f*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/
(Sqrt[a + bl*Sqrt[gxSin[e + f*xx]1)], -((a + b)/(a - b))]*Tan[e + £*x])/(ax(

a - b)*cxfxSqrt[g])

Rule 2895

Int[1/(Sqrt[(d_.)*sin[(e_.) + (£_.)*(x_)11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)]1]1), x_Symbol] :> Simp[-2*%(Tan[e + fx*x]/(axf))*Rt[(a + b)/d, 2]*Sqr
t[ax((1 - Cscle + f*x])/(a + b))]1*Sqrt[ax((1 + Csc[e + f*x])/(a - b))I*E1li
pticF[ArcSin[Sqrt[a + b*Sin[e + fx*x]]/Sqrt[d*Sin[e + f*x]]/Rt[(a + b)/d, 2]
1, -(a +b)/(a - b)], x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b~2, 0]
&& PosQ[(a + b)/d]

Rule 3011

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
dx(x_)11*((c_) + (d_.)*sinl[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(-Sqrt[
a + bxSin[e + fxx]])*(Sqrt[d*(Sin[e + f*x]/(c + d*Sin[e + fx*x]))]/(d*f*Sqrt
[g*Sin[e + f*x]]*Sqrt[c”2*((a + b*Sin[e + f*x])/((a*c + b*d)*(c + d*Sin[e +
fxx])))]1))*EllipticE[ArcSin[c*(Cos[e + f*x]/(c + d*Sin[e + f*x]))], (b*c -
a*d)/(bxc + axd)], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd,
0] && NeQ[a"2 - b~2, 0] && EqQ[c~2 - d~2, 0]

Rule 3017

Int[1/(Sqrtl(g_.)*sin[(e_.) + (£_.)*(x_)11*Sqrt[(a_) + (b_.)#*sin[(e_.) + (£
_O*(x)11x((c) + (d_.)xsinl(e_.) + (f_.)*(x_)1)), x_Symbol] :> Dist[b/(b*
c - a*d), Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]1), x], x] - D
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ist[d/(b*c - axd), Int[Sqrt[a + b*Sin[e + fx*x]]/(Sqrt[g*Sinl[e + f*x]]*(c +
d*Sinle + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - ax*
d, 0] & (EqQ[a™2 - b~2, 0] || EqQ[c™2 - 472, 01)

Rubi steps

d c f 7 Sm« /a+bsin(e+ fz) dr

1
. . b f \/gsin(e+fz)\/a+bsin(e+fz) L in(e+fz)(c+csin(e+fx))
integral = — -
(a —b)c —ac+ be

. cos(e+fx sin(et+fz
_ _ E (arCSIH <1+s151(e+f36)> a+b> V 1+5151(€+f)$) \/a +b SlIl e+t f.’L')
(a—befv/gsin(e + fo),/ mtmerte

a(l—csc(e+fz)) /a(l+csc(e+fz)) . __atb
2bva + \/ it s EllipticF (arcsm ( Vath/asmier fx)) , a_b> tan(e + fx)
+
a(a —b)cf./g

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 19.75 (sec) , antiderivative size = 1667, normalized size of antiderivative = 6.51

1
Vgsin(e + fr)\/a + bsin(e + fz)(c + csin(e + fz)) e
_ 2sin (3(e + fz)) (cos (3(e + fz)) +sin (3(e + fz))) sin(e + fz)\/a + bsin(e + fz)

(a —b)f+/gsin(e + fz)(c+ csin(e + fz))

2(1 _ _ CSC2 (% (—E
4a(a—b)\/(a+b) cot (_?a(+be+% fm)) EllipticF (arcsin (

(cos (3(e+ fz)) +sin (3(e+ fx)))2 sin(e + fx)

[In] Integrate[1/(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + cxSin[e + £
*x])) ,x]

[Out] (-2*Sin[(e + f*x)/2]*(Cos[(e + fx*x)/2] + Sin[(e + f*x)/2])*Sin[e + f*x]*Sqr
t[a + bxSin[e + f*x]]1)/((a - b)*f*Sqrt[gxSin[e + f*x]]1*(c + c*Sin[e + f*x])
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) + ((Cos[(e + fxx)/2] + Sin[(e + f*x)/2])"2*Sqrt[Sin[e + f*x]]*((4*a*x(a -
b)*Sqrt[((a + b)*Cot[(-e + Pi/2 - f#*x)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqr
t[(Csc[(-e + Pi/2 - £f*x)/2]"2*(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a
+ b)]*Sec[e + f*x]*Sin[(-e + Pi/2 - fx*x)/2]"4*Sqrt[-(((a + b)*Csc[(-e + Pi
/2 - f*xx)/2]"2+Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b*Si
nle + f*xx]))/al)/((a + b)*Sqrt[Sin[e + f*x]]*Sqrt[a + bxSin[e + fxx]]) + (2
xaxArcTanh [(Sqrt [b] *Sqrt[Sin[e + f*x]])/Sqrt[a + b*Sin[e + f*x]]]*Cos[e + £
*x]72)/(Sqrt[b]*(1 - Sin[e + f*x]~2)) + 4xa~2x((Sqrt[((a + b)*Cot[(-e + Pi/
2 - £xx)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqrt[(Csc[(-e + Pi/2 - fx*x)/2] 2%
(a + bxSinl[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a + b)]*Sec[e + f*x]*Sin[(-e +
Pi/2 - fxx)/2]"4*xSqrt[-(((a + b)*Csc[(-e + Pi/2 - f*x)/2]"2+Sin[e + fx*x])/a
)I1*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*%(a + b*Sin[e + f*x]))/al)/((a + b)*Sqrt
[Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]]) - (Sqrt[((a + b)*Cot[(-e + Pi/2 -
f*xx)/2]172)/(-a + b)]*EllipticPi[-(a/b), ArcSin[Sqrt[(Csc[(-e + Pi/2 - fx*x)/
2]"2x(a + b*Sinl[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a + b)I*Secle + f*xx]*Sin[(
-e + Pi/2 - fxx)/2]74*xSqrt[-(((a + b)*Csc[(-e + Pi/2 - f*x)/2]"2*Sin[e + fx*
x])/a)]1*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2x(a + b*Sin[e + fx*x]))/al)/(b*Sqrt(
Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])) - 2*b*((Cos[e + f*x]*Sqrt[a + b*Si
nle + £xx]])/(bxSqrt[Sin[e + f*x]]) + (I*Cos[(-e + Pi/2 - fx*x)/2]*Cscle + £
*x]*E1lipticE[I*ArcSinh[Sin[(-e + Pi/2 - f*x)/2]/Sqrt[Sin[e + f*x]]1], (-2*a
)/(-a - b)]*Sqrt[a + b*Sin[e + f*x]1])/(b*Sqrt[Cos[(-e + Pi/2 - fxx)/2]"2%Cs
cle + £xx]1*Sqrt[(Cscle + fxx]*(a + bxSin[e + f*x]))/(a + b)]) + (2*xax((axS
qrt[((a + b)*Cot[(-e + Pi/2 - f*x)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqrt[(C
sc[(-e + Pi/2 - fxx)/2]"2x(a + bxSin[e + f*x]))/al/Sqrt[2]], (-2*a)/(-a + b
)]1xSec[e + f*x]*Sin[(-e + Pi/2 - f*x)/2]"4xSqrt[-(((a + b)*Csc[(-e + Pi/2 -
fxx)/2]"2*Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - fxx)/2]"2*(a + bx*Sin[e
+ fxx]))/al)/((a + b)*Sqrt[Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]) - (a*Sqr
t[((a + b)*Cot[(-e + Pi/2 - f*x)/2]"2)/(-a + b)]*EllipticPi[-(a/b), ArcSin[
Sqrt[(Csc[(-e + Pi/2 - f#*x)/2]"2*(a + b*Sin[e + fx*x]))/al/Sqrt[2]], (-2%a)/
(-a + b)]*Sec[e + f*xx]*Sin[(-e + Pi/2 - fxx)/2]"4*Sqrt[-(((a + b)*Csc[(-e +
Pi/2 - f*x)/2]"2+Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b
xSin[e + fxx]))/al)/(bxSqrt[Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])))/b) +
(2xbxCot [e + f*x]*(-((a*ArcTanh[(Sqrt[b]l*Sqrt[Sin[e + f*x]])/(-Sqrt[al + Sq
rt[a + bxSin[e + £*xx]1)]1)/b~(3/2)) + (Sqrt[Sin[e + f*x]]*Sqrt[a + bxSin[e +
fxx]])/(2%b))*Sin[2%(e + £*x)])/(1 - Sinl[e + £*x]72)))/(2%(a - b)*f*Sqrt[g
*Sin[e + f*x]]*(c + c*Sin[e + f*x]))
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 3937 vs. 2(236) = 472.

Time = 2.61 (sec) , antiderivative size = 3938, normalized size of antiderivative = 15.38

method | result size

default | Expression too large to display | 3938

[In] int(1/(c+c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(a+b*sin(f*x+e))~(1/2),x,method
=_RETURNVERBOSE)

[Out] 1/2/c/f/(g/((1-cos(f*x+e)) " 2*xcsc(f*x+e) "2+1)*(csc(f*x+e)-cot (fxx+e)))~(1/2)
*((a*x(1-cos(f*xx+e)) "2xcsc(fxx+e) ~2+2*b* (csc(f*x+e) —cot (fxx+e) )+a)/((1-cos(f
*xx+e)) "2*csc(fxx+e) "2+1))~(1/2) *((1/(b+(-a"2+b"2) " (1/2) ) * (a*x (csc(f*x+e)-cot
(fxx+e))+(-a~2+b"2) " (1/2)+b))~(1/2)*(1/(-a"2+b"2) "~ (1/2) ¥ (-a*x (csc(f*x+e) -cot
(fxx+e))+(-a"2+b"2)~(1/2)-b))~(1/2)*(-a/ (b+(-a~2+b"2) ~(1/2) ) *(csc (f*x+e)-co
t(f*x+e))) ~(1/2)*E1llipticF((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e
))+(-a"2+b"2) " (1/2)+b))~(1/2) ,1/2%27(1/2) *((b+(-a~2+b"2)~(1/2) )/ (-a~2+b~2) "
(1/2))7(1/2))*(—a"2+b"2) ~(1/2) %2~ (1/2) *a* (csc (f*x+e) —cot (f*xx+e) ) —-2%2~(1/2) *
(-a"2+b"2)"(1/2)*(1/ (b+(-a~2+b"2) " (1/2) ) * (a* (csc(f*x+e) —cot (fxx+e) ) +(-a~2+b
~2)7(1/2)+b)) " (1/2)*(1/(-a~2+b~2) " (1/2) * (—a* (csc (f*x+e) —cot (fxx+e) ) +(-a~2+b
~2)°(1/2)-b))"(1/2)*(~a/ (b+(-a~2+b"2) ~(1/2) ) *(csc (f*x+e) -cot (fxx+e))) ~(1/2)
*E1lipticF((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e))+(-a~2+b~2)~ (1
/2)+b))~(1/2) ,1/2*x27(1/2)*((b+(-a"2+b"2) " (1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) *bx*
(csc(f*x+e)-cot (f*xx+e))+2x(1/(b+(-a~2+b"2) " (1/2) ) *(a* (csc(f*x+e) —-cot (f*xx+e)
)+(—a”2+b72) " (1/2)+b) )~ (1/2)*(1/(-a~2+b"2) ~ (1/2) * (-a* (csc (f*x+e) —cot (f*x+e)
Y+(-a~2+b"2) " (1/2)-b))~(1/2)*(-a/ (b+(-a~2+b"2) " (1/2) ) *(csc(f*x+e) —cot (f*x+e
)))~(1/2)*EllipticE((1/(b+(-a~2+b~2) " (1/2) ) *(a* (csc(f*x+e) -cot (fxx+e) ) +(-a”
2+b~2)~(1/2)+b))~(1/2) ,1/2%2= (1/2)*((b+(-a"2+b~2)~(1/2)) /(-a~2+b~2)~(1/2))"
(1/2))*(-a~2+b~2) " (1/2) *2~(1/2) *b* (csc (f*x+e) —cot (f*xx+e) ) +(1/ (b+(-a"2+b"2) "
(1/2)) *(a*x(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)~(1/2)+b))~(1/2)*x(1/(-a~2+b~2) "
(1/2)*(-a*(csc(f*x+e)-cot (f*x+e) ) +(-a~2+b"2) " (1/2)-b) )~ (1/2)*(-a/ (b+(-a~2+b
~2)~(1/2) ) *(csc(f*xx+e)-cot (f*x+e))) ~(1/2)*E1llipticF((1/(b+(-a~2+b~2)~(1/2))
*(ax(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2)"(1/2)+b))~(1/2),1/2%2~(1/2) *((b+(-a~
2+b72)"(1/2))/(-a~2+b"2)~(1/2))~(1/2))*2~(1/2) *a~2* (csc(f*x+e) —cot (f*x+e) ) +
(1/ (b+(-a~2+b"2) " (1/2) )*(a*x(csc (f*x+e) —cot (f*x+e) ) +(-a~2+b"2) ~(1/2)+b) ) ~(1/
2)*(1/(-a"2+b"2) "~ (1/2) *(—a* (csc(f*x+e) —cot (f*x+e) )+(-a"2+b"2) ~(1/2)-b))~(1/
2)*(-a/(b+(-a"2+b~2) ~(1/2) ) *(csc(f*x+e) -cot (f*x+e))) ~(1/2) *E1llipticF ((1/ (b+
(-a~2+b"2) " (1/2)) *(a*(csc(f*x+e)—cot (f*x+e) )+ (-a~2+b"2) " (1/2)+b))~(1/2) ,1/2
*27(1/2) *((b+(-a~2+b"2)~(1/2))/(-a~2+b"2) " (1/2))~(1/2) ) %2~ (1/2) *a*b* (csc (f*
x+e)-cot (f*xx+e))-2x27(1/2) *(1/(b+(-a"2+b"2) ~(1/2) ) * (a*x (csc(f*x+e) —cot (f*x+e
))+(~a”2+b"2) " (1/2)+b) )~ (1/2)*(1/(-a~2+b~2) ~(1/2) * (-~a* (csc (f*xx+e) —-cot (f*xx+e
))+(-a"2+b"2) " (1/2)-b))~(1/2) *(-a/ (b+(-a"2+b~2) ~(1/2) ) * (csc (f*xx+e) —cot (f*xx+
e)))~(1/2)*EllipticF ((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x+e))+(-a
~2+b72)~(1/2)+b))~(1/2) ,1/2%x2~(1/2) * ((b+(-a~2+b~2)~(1/2) )/ (-a~2+b"2)~(1/2))
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~(1/2))*b"2* (csc(f*x+e)—cot (f*x+e) ) -2x(1/(b+(-a~2+b"2) " (1/2) ) *(ax(csc(f*x+e
)—cot (f*x+e))+(-a"2+b"2) " (1/2)+b))~(1/2)*(1/(-a~2+b"2) ~(1/2) *(-a* (csc (f*x+e
)-cot (f*x+e))+(-a"2+b~2)~(1/2)-b)) "~ (1/2)*(-a/ (b+(-a~2+b~2) ~(1/2) ) * (csc (f*x+
e)-cot(fxx+e)))~(1/2)*EllipticE((1/(b+(-a"2+b"2)~(1/2))*(a*(csc(f*x+e)-cot(
fxx+e))+(-a~2+b"2) " (1/2)+b))~(1/2),1/2x2~(1/2) * ((b+(-a~2+b~2)~(1/2))/(-a~2+
b"2)"(1/2))7(1/2))*27(1/2) *a"2* (csc(f*x+e) —cot (f*x+e) ) +2x (1/ (b+(-a~2+b~2) ~ (
1/2))*(ax(csc(f*x+e)—cot (f*x+e))+(-a"2+b"2)~(1/2)+b)) "~ (1/2)*(1/(-a~2+b~2) ~(
1/2)*(-ax(csc(f*x+e)-cot (f*x+e))+(-a"2+b"2)~(1/2)-b))~(1/2) *(-a/ (b+(-a~2+b"
2)~(1/2)) *(csc(f*x+e)-cot (f*x+e)) )~ (1/2)*E1llipticE((1/(b+(-a~2+b~2)~(1/2))*
(ax(csc(f*x+e)-cot (f*xx+e) ) +(-a~2+b"2)~(1/2)+b))~(1/2) ,1/2%2(1/2) * ((b+(-a"2
+b72)7(1/2))/(-a~2+b"2)"(1/2))~(1/2))*2~(1/2) *b~2* (csc (f*x+e) —cot (f*xx+e) ) +(
1/ (b+(-a~2+b"2) " (1/2) ) *(a*(csc(f*x+e) -cot (f*xx+e) )+ (-a~2+b"2) ~(1/2)+b) )~ (1/2
Yx(1/(-a~2+b"2) " (1/2)*(-ax(csc (f*x+e) —cot (f*x+e) ) +(-a~2+b"2) " (1/2)-b))~(1/2
)*(-a/(b+(-a~2+b"2)~(1/2) ) *(csc(f*x+e)-cot (f*x+e))) ~(1/2) *E1llipticF ((1/ (b+(
-a~2+b"2) " (1/2) ) *x(a*(csc(f*x+e) -cot (f*x+e) )+(-a~2+b"2) ~(1/2)+b)) ~(1/2) ,1/2*
27 (1/2)*((b+(-a~2+b"2)~(1/2))/(-a~2+b"2)~(1/2) )~ (1/2) ) *(-a~2+b~2) = (1/2) *2~(
1/2)*a-2x2"(1/2)*(-a~2+b"2) " (1/2)*(1/ (b+(-a~2+b"2) ~(1/2) ) * (a* (csc (f*x+e) -co
t (f*x+e))+(-a"2+b"2) " (1/2)+b))~(1/2)*(1/(-a~2+b"2) ~(1/2) *(-a* (csc (f*x+e) -co
t (f*x+e))+(-a"2+b"2) " (1/2)-b))~(1/2) *(~a/ (b+(-a~2+b~2) ~(1/2) ) *(csc(f*x+e) -c
ot (f*x+e)) )~ (1/2)*E1lipticF ((1/ (b+(-a~2+b"2)~(1/2) ) *(a* (csc(f*x+e)-cot (£*x+
e))+(-a~2+b"2)"(1/2)+b))~(1/2) ,1/2%2~(1/2) *((b+(-a~2+b"2)~(1/2) )/ (-a~2+b"2)
~(1/2))7(1/2) ) *b+2*x (1/ (b+(-a~2+b"2) ~(1/2) ) * (a* (csc (f*x+e) —cot (f*x+e) ) +(-a~2
+b72)"(1/2)+b)) " (1/2)*(1/(-a~2+b~2) " (1/2) * (—a*(csc (f*x+e) —cot (f*x+e) ) +(-a"2
+b72)"(1/2)-b)) "~ (1/2)*(-a/ (b+(-a~2+b"2) ~(1/2) ) *(csc (f*x+e) —cot (f*x+e))) ~(1/
2)*EllipticE((1/(b+(-a"2+b~2)~(1/2)) *(a*(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)"~
(1/2)+b))~(1/2),1/2%27(1/2) * ((b+(-a~2+b~2) " (1/2)) / (-a"2+b~2)~(1/2) )~ (1/2) ) *
(-a"2+b"2) " (1/2) %27 (1/2) *b+(1/ (b+(-a~2+b"2) ~(1/2) ) * (a* (csc (f*xx+e) —cot (f*xx+e
))+(—a”2+b"2) " (1/2)+b) )~ (1/2) %2~ (1/2)*(1/ (-a~2+b~2) ~(1/2) * (—a* (csc (f*x+e) -c
ot (fxx+e))+(-a~2+b~2)~(1/2)-b))~(1/2)*(-a/ (b+(-a~2+b~2) ~(1/2) ) *(csc(f*x+e) -
cot (f*x+e)))~(1/2)*EllipticF((1/(b+(-a~2+b~2)~(1/2))*(a*(csc(f*x+e)-cot (f*x
+e))+(-a~2+b~2) " (1/2)+b) )~ (1/2) ,1/2*2~(1/2) *((b+(-a"2+b~2)~(1/2) )/ (-a~2+b~2
)7(1/2))°(1/2))*a"2+(1/(b+(-a"2+b"2) " (1/2) ) *(a*x(csc(f*x+e) —cot (f*x+e) ) +(-a~
2+b72)"(1/2)+b))~(1/2)*(1/(-a~2+b"2) ~(1/2) *(—a* (csc (f*x+e) —cot (f*x+e) ) +(-a~
2+b72)"(1/2)-b))~(1/2) *(-a/ (b+(-a"2+b"2) ~(1/2) ) * (csc (f*x+e) —cot (f*x+e) ) ) ~ (1
/2)*E1lipticF((1/(b+(-a~2+b~2)~(1/2))*(a*x(csc(f*x+e)-cot (f*x+e))+(-a~2+b"2)
~(1/2)+b))~(1/2),1/2%2~(1/2) *((b+(-a~2+b~2)~(1/2))/(-a~2+b"2)~(1/2))~(1/2))
*27(1/2) *a*xb-2x2"(1/2)*(1/ (b+(-a"2+b"2) " (1/2) ) * (a*x (csc(f*x+e) —cot (f*x+e) ) +(
-a"2+b"2) " (1/2)+b)) " (1/2)*(1/(-a"2+b"2) ~(1/2) * (—a* (csc(f*x+e) —cot (f*x+e) ) +(
-a~2+b”"2) " (1/2)-b)) " (1/2)*(-a/ (b+(-a~2+b~2) " (1/2) ) *(csc(f*x+e) —cot (f*x+e)))
~(1/2)*EllipticF ((1/(b+(-a~2+b~2)~(1/2) ) *(a*x(csc(f*x+e)-cot (f*x+e))+(-a~2+b
~2)7(1/2)+b))~(1/2) ,1/2%27(1/2) *((b+(-a~2+b"2)~(1/2) )/ (-a~2+b~2)~(1/2))~(1/
2))*b"2-2*%(1/(b+(-a~2+b"2) ~(1/2) ) *(a* (csc(f*x+e) -cot (f*x+e) ) +(-a~2+b"2) "~ (1/
2)+b))~(1/2)*(1/(-a"2+b"2) "~ (1/2) * (—a* (csc(f*x+e) -cot (f*x+e) )+(-a~2+b"2)~(1/
2)-b))~(1/2)*(~a/ (b+(-a"2+b~2) "~ (1/2) ) *(csc(f*x+e) —cot (f*x+e))) ~(1/2) *E1llipt
icE((1/(b+(-a~2+b"2)~(1/2)) *(a*(csc(f*x+e)-cot (f*x+e) )+ (-a~2+b"2) ~(1/2)+b))
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~(1/2),1/2%x27(1/2) *((b+(-a~2+b~2)~(1/2) )/ (-a~2+b~2)~(1/2))~(1/2) ) %2~ (1/2) *a
~2+2%(1/ (b+(-a~2+b"2) " (1/2) ) * (ax(csc(f*x+e) —cot (f*x+e) ) +(-a~2+b"2) ~(1/2) +b)
)" (1/2)*%(1/(-a"2+b"2) " (1/2) * (—a* (csc(f*x+e) -cot (f*x+e) ) +(-a~2+b"2) ~(1/2)-b)
)~ (1/2)*(-a/ (b+(-a~2+b~2) ~(1/2) ) *(csc(f*x+e) -cot (f*x+e) ) ) ~(1/2) *E1l1lipticE((
1/ (b+(-a~2+b~2)~(1/2) ) *(ax(csc(f*x+e)-cot (f*x+e) ) +(-a~2+b~2) ~(1/2)+b)) ~(1/2
),1/2%27(1/2) *((b+(-a~2+b~2)~(1/2))/(-a~2+b~2) ~(1/2))~(1/2) ) *2~(1/2) *b~2+2%
csc(f*xx+e) “3*xa~2x(1-cos (f*x+e)) "3+4*csc(f*x+e) "2xaxb*x (1-cos (f*xx+e)) "2+2*a”~2
*(csc(f*x+e)-cot (f*xx+e)))/(-cot (f*x+e)+csc(f*x+e)+1)/(a*x(1-cos(f*x+e)) "2*cs
c (f*x+e) "2+2*b* (csc(f*x+e)-cot (f*x+e))+a)*2~(1/2)/a/(a-b)

Fricas [F]

1

Vgsin(e + fz)\/a + bsin(e + fz)(c + csin(e + fz)) e
1

Vbsin (fz +€) + a(csin (fz + €) + ¢)y/gsin (fz + €)

dz

[In] integrate(1/(c+c*sin(f*x+e))/(g*sin(f*x+e))”(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/((a + b)*cxg*cos(f*
X + e)”2 - (a + b)xcxg + (b*ckgkcos(f*x + e€)”2 - (a + b)*ckg)*sin(f*x + e))
» X)

Sympy [F]

1
Vgsin(e + fz) \/a-{—bsm(e+fx)(c+csm(e—|—fx))

f \/gsin (e+fx)+/a+bsin (e+fz) sin (e+fz )++/gsin (e+fz)\/a+bsin (e+fx) dx
Cc

[In] integrate(1/(c+c*sin(f*x+e))/(gksin(f*x+e))**(1/2)/(atb*sin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f#*x))*sin(e + f*x) + sq
rt(g*sin(e + f*x))*sqrt(a + bxsin(e + f*x))), x)/c
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Maxima [F]

1
Vgsin(e + fz)\/a + bsin(e + fz)(c + csin(e + fz)) e
—/ ! dz
B Vbsin (fz + €) + a(esin (fz + €) + ¢)\/gsin (fz + €)

[In] integrate(1/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(a+bxsin(f*x+e))~(1/2),x,
algorithm="maxima")
[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*ksin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)
Giac [F]

1
dx
(e + fz)(c+ csin(e + fz))
=/ L dz
Vbsin (fz + €) + a(esin (fz + €) + ¢)\/gsin (fz + e)

/ Vgsin(e + fz)/a+ bsin

[In] integrate(1/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="giac")
[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sqrt(g*sin(f*x +

e))), x)

Mupad [F(-1)]

Timed out.

1
dz
Vgsin(e + fzr)\/a + bsin(e + fz)(c + csin(e + fz))
1
= dz
/ Vgsin(e+ fz)\/a+bsin(e+ fz) (c+csin(e+ fz))

[In] int(1/((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x

))),x%)
[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x

))), %)
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3.35 [ escle+fz)\/a+ asin(e + fr)\/c+ dsin(e + fr) da

Optimal result . . . . . . . . . . e 244
Rubi [A] (verified) . . . . . . . . . 244
Mathematica [C] (warning: unable to verify) . . . . . . ... .. ... ... ... .. 246
Maple [B] (warning: unable to verify) . . . . . . ... ... Lo o L 247
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ...... 247
Sympy [F] . . o 249
Maxima [F] . . . . . 249]
Giac [F(-1)] . . . o o o 2500
Mupad [F(-1)] . . . oo 2500

Optimal result

Integrand size = 35, antiderivative size = 123

/csc(e + fz)\/a+ asin(e + fz)\/c+ dsin(e + fz) dx
vav/dcos(e+fx) )
. 2\/5\/3 arctan ( Va+asin(e+fz)\/ct+dsin(e+fz)

f

vay/ccos(etfz) >
. 2\/5\/Ear0tanh < Va+asin(e+fz)\/c+dsin(e+fz)

f

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)*c~(1/2)/(a+axsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
))"(1/2))*a~(1/2)*c~(1/2) /f-2*arctan(cos (f*x+e)*a~(1/2)*d~(1/2) / (a+a*sin(fx*
x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2))*a~(1/2)*d~(1/2) /£

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 143 Ryles used

' integrand size
= {3028, 2854, 211, 3022, 212}

/csc(e + fx)\/a +asin(e + fx)\/c + dsin(e + fz)dzx

Vav/dcos(e+fi) )
~ 2/av/darctan ( Vasin(et+fz)+a/ctdsin(etf7)

f
24/a+/carctanh ( v/ay/ecos(etfa) )

Vasin(e+fz)+a+\/ctdsin(e+fz)

f

[In] Int[Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]]1*Sqrtlc + d*Sinl[e + f*x]],x]
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[Out] (-2*Sqrt[al*Sqrt[d]*ArcTan[(Sqrt[a]l*Sqrt[d]*Cos[e + f*x])/(Sqrtl[a + a*Sin[e
+ fxx]]1*Sqrt[c + d*Sin[e + f*x]])]1)/f - (2xSqrt[al*Sqrt[c]*ArcTanh[(Sqrt[a

1#Sqrt[c]*Cos[e + f*x])/(Sqrt[a + axSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])

1/t

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2854

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]1], x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b + d*x~2), x], x
, bx(Cos[e + fxx]/(Sqrt[a + bxSin[e + f*x]]*Sqrtlc + d*Sin[e + f*x]]))], x]
/; FreeQ[{a, b, c, d, e, f}, x] &% NeQ[b*c - axd, 0] && EqQ[a~2 - b~2, 0]
&& NeQ[c™2 - 42, 0]

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(sinl(e_.) + (£f_.)*(x_)]1*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - a*c*x~2), x], x, Cos[e + f*x]/(Sqrtl[a + b*Sin[e + f*x]]1*Sqrtlc
+ d*Sin[e + f*x]])], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*d, O
] && EqQ[a”2 - ™2, 0] && NeQ[b*c + axd, 0]

Rule 3028

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]11)/sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[d, Int[Sqrtl[a +
bxSin[e + fxx]]/Sqrtlc + d*Sin[e + f*x]], x], x] + Dist[c, Int[Sqrtl[a + bx*
Sin[e + f*x]]/(Sinl[e + f*x]*Sqrt[c + d*Sinl[e + f*x]]), x], x] /; FreeQ[{a,
b, c, d, e, £}, x] && NeQ[bxc - axd, 0] && (NeQ[a"2 - b"2, 0] || NeQ[c~2 -
d~2, 01)

Rubi steps

, _[csc(e+ fz)\/a+asin(e+ fz) Va+ asin(e + fz)
integral = C/ Ve +dsin(e + fz) do +d v+ dsin(e + fz) d
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1 cos(e+fx)
(QQC)SHbSt (f 1—acz? d.’L', z, Va+tasin(e+fz)\/ctdsin(e+fz) >

f

1 acos(e+fzx)
(2ad) SubSt (f atdz2 dJI, .'.U; \/a+a sin(e-i-fa:) \/C+d sin(e-‘,—f;z;) )

f

Vav/dcos(e+fx) ) ( Vay/ccos(e+fz) >
. 2 \/&\/C_l arctan ( Va+asin(e+fz)\/ct+dsin(e+fz) 2\/5\/5&1‘013&1’111 Va+asin(e+fz)+/ct+dsin(e+fz)

f f

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 2.90 (sec) , antiderivative size = 567, normalized size of antiderivative = 4.61

/csc(e—I—fw)\/a—l-asin(e—l—fx)\/c+dsin(e+fz) dx =

(l_,_i)e—% _\/ic(_1+ei(8+fm))_z‘\/id(1+ei(e+fz))+2¢\/5 2cei(etfo) —id(—14-e2i(etfa)) | f (l_,_i)e-
<\/Elog< i ( v > +/clog | =2

53/2 (]_+ei(5+fz))

[In] Integrate[Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]]1*Sqrtl[c + d*Sinl[e + f*x]],x]

[Out] -(((Sqrtl[cl*Logl((1/2 + I/2)*(-(Sqrt[2]*c*(-1 + E~(I*(e + f*x)))) - I*Sqrtl[
2]*%d*(1 + E"(I*x(e + f*x))) + (2*%I)*Sqrtlc]*Sqrt[2*c*+E~(I*x(e + f*x)) - I*dx*(
-1 + ET((2*D*(e + £xx))) 1) *£)/(c™(3/2)*E"((I/2)*e)*(1 + E~(Ix(e + £*x))))]
+ Sqrt[c]*Logl[((1/2 + I/2)*((-I)*Sqrt[2]*d*(-1 + E~(I*(e + f*x))) + Sqrt[2
Ixcx(1 + E"(Ix(e + fxx))) + 2+Sqrtlcl*Sqrt[2*c*E~(I*x(e + f*x)) - Ixd*(-1 +
E"((2xI)x(e + £xx)))]1)*£)/(c™(3/2)*E~((I/2)*e)*x(-1 + E~(I*(e + £*x))))] - I
*Sqrt [d]*(Log[(2%((-1)~(3/4)*d + (-1)~(1/4)*c*E~(I*(e + f*x)) + I*Sqrt[d]*S
qrt [2*xc*+E~ (I*x(e + f*x)) - Ixd*(-1 + ET((2*%I)*(e + £*x)))]1)*£)/(d~(3/2)*E" ((
I/2)*(e + 2%f*x)))] - Log[((1 + I)*Sqrt[2]*(c - I*d*Cos[e + f*xx] + d*Sin[e
+ fxx] + (1 - I)*Sqrt[d]*Sqrt[(Cos[e + f*xx] + IxSin[e + fx*x])*(c + d*Sin[e
+ £xx])]))/Sqrt[d]]))*(Cos[(e + f*x)/2] + I*Sin[(e + f*x)/2])*Sqrt[a*x(1 + S
in[e + f*x])]1*Sqrt[c + d*Sin[e + f*x]])/(£*(Cos[(e + f*x)/2] + Sin[(e + f*x
)/2]1)*Sqrt[(Cos[e + f*x] + I*Sin[e + f*x])*(c + d*Sin[e + f*x])]))
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 5065 vs. 2(99) = 198.

Time = 0.84 (sec) , antiderivative size = 5066, normalized size of antiderivative = 41.19
output too large to display

[In] int((a+a*sin(f*x+e))~(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x)
[Out] result too large to display

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 333 vs. 2(99) = 198.

Time = 1.02 (sec) , antiderivative size = 3539, normalized size of antiderivative = 28.77

/csc(e + fr)\/a +asin(e + fx)\/c + dsin(e + fz)dz = Too large to display

[In] integrate((at+a*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/4*(sqrt(axc)*log(((a*c™4 - 28xaxc~3xd + 7O0*a*c~2+%d"2 - 28*axc*d"3 + a*xd”
4)xcos(fxx + e)”5 + a*c™4 + 4*xaxc™3xd + 6xaxc”2*%d"2 + 4*axckd™3 + axd”4 - (
31*xaxc™4 - 196%axc”3*d + 154*axc”2*%d"2 - 4xaxc*d™3 - axd”"4)*cos(f*x + e)”4
- 2x(81*a*xc™4 - 252*%a*xc”3*d + 150*a*c™2xd"2 - 28*a*cxd~3 + a*d~4)*cos(f*x +
e) "3 + 2% (79*%axc™4 - 100*axc~3*d + T74*a*c™2*d"2 - 4*xaxcxd™3 - a*d~4)*cos(f
*Xx + e)”2 - 8%((c™3 - 7*c™2xd + T*c*d"2 - d"3)*cos(f*x + e)"4 - 2%(5*c”3 -
14xc~2xd + 5xc*xd~2)*cos(f*x + e€)~3 + 51%c™3 - 59*c™2*d + 17*c*d"2 - d°3 - 2
*(18%c™3 - 33*%c”2*%d + 12*xc*xd"2 - d"3)*cos(f*x + e)”~2 + 2% (13*%c™3 - 14*c™2*d
+ B5xcxd"2)*cos(f*x + e) + ((c™3 - 7*c™2*d + 7*xc*d™2 - d~3)*cos(f*x + e)~3
- B1%c™3 + 59*%c”2xd - 17*c*d"2 + 4”3 + (11*%c”™3 - 35%xc™2xd + 17*c*d"2 - 473)
xcos(f*x + e)”2 — (25%c™3 - 31*%c™2*d + 7T*c*d™2 - d~3)*cos(f*x + e))*sin(f*x
+ e))*sqrt(a*c)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289*a
*C~4 - 476*axc”3*xd + 230*axc”2*d"2 - 28*axc*d”3 + axd"4)*cos(f*x + e) + (ax
c”4 + 4xaxc”3*xd + 6xaxc”2xd"2 + 4*axc*d”3 + axd™4 + (axc”4 - 28*axc”3xd + 7
O*a*xc™2*d"2 - 28*axc*d™3 + a*d"4)*cos(f*x + e)~4 + 32x(a*xc™4 - T*a*xc™3*d +
Txaxc~2xd"2 - a*xcxd~3)*cos(f*x + e)~3 - 2x(65*axc™4 - 140*a*xc~3xd + 38*axc”
2%d"2 - 12*%axcxd~3 + a*d~4)*cos(f*x + e)”2 - 32x(9xaxc”4 - 15*a*xc”3*d + T*a
*c"2%d"2 - axckd"3)*cos(fxx + e))*sin(f*x + e))/(cos(f*xx + e)”5 + cos(f*x +
e)”4 - 2xcos(fxx + e)~3 - 2xcos(f*x + e)”2 + (cos(fxx + e)~4 - 2%cos(f*xx +
e)”2 + 1)*sin(f*x + e) + cos(f*x + e) + 1)) + sqrt(-a*xd)*log((128*a*xd~4*co
s(f*x + e)75 + axc™4 + 4xaxc”3*xd + 6*a*c”2*d"2 + 4xaxcxd”3 + axd”4 + 128%(2
xaxcxd"3 - axd~4)*cos(f*x + e)”4 - 32x(5xaxc”2+%d"2 - 14*a*c*d~3 + 13*a*d~4)
xcos(f*x + e)73 - 32x(axc™3*%d - 2*a*c”2*d"2 + 9kaxcxd~3 - 4xaxd~4)*cos(f*x
+ e)72 - 8%(16*%d"3*cos(f*x + e)”4 + 24x(cxd™2 - d"3)*cos(f*x + ¢)”3 - c”3 +
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17*c™2%d - 59*c*d"2 + 51*d"3 - 2x(5xc”2*d - 26*c*d”2 + 33*d"3)*cos(f*x + e
)72 - (c783 - 7*c"2%d + 31*xc*kd"2 - 25%xd"3)*cos(f*x + e) + (16*xd"3*cos(f*x +
e)”3 + ¢c"3 - 17*c"2*%d + 59*cxd”2 - 51*%d~3 - 8*(3*c*xd"2 - 5*%d"3)*cos(f*x + e
)72 - 2x(Bkc™2xd - 14*c*d”2 + 13*d"3)*cos(f*x + e))*sin(f*x + e))*sqrt(-axd
)*sqrt (a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (a*c™4 - 28xa*c”3xd +

230*a*xc”2xd"2 - 476xaxcxd”3 + 289*a*d”4)*cos(f*x + e) + (128*a*d"4*cos(f*x

+ e)74 + axc™4 + 4xaxc”3*d + 6*axc”2xd"2 + 4xaxcxd”3 + a*d”™4 - 256%(axcxd”
3 - axd"4)*cos(f*xx + e)”3 - 32x(5*xa*c”2*xd"2 - 6*a*cxd”3 + 5*a*xd~4)*cos(f*x
+ e)”2 + 32x(a*xc”3*d - T*akxc 2%d"2 + 1b5xaxcxd”3 - 9*a*d"4)*cos(f*x + e))*si
n(f*xx + e))/(cos(f*x + e) + sin(fxx + e) + 1)))/f, 1/4+x(2*xsqrt(-a*c)*arctan
(-1/4%((c™2 - 6%c*d + d"2)*cos(f*x + )72 - 9*%c™2 + 6*cxd - d”2 + 8x(c™2 -
cxd) *sin(f*x + e))*sqrt(-a*c)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e)
+ ¢c)/((axc™2*d - a*xc*d"2)*cos(f*x + e)~3 - (a*xc™3 - 3*a*xc™2%d)*cos(f*x + e)
xsin(f*x + e) + (2%a*xc™3 - a*c™2xd + akxc*d"2)*cos(f*x + e))) + sqrt(-a*d)*1
og((128*a*d~4*cos(f*x + e)”5 + axc™4 + 4*xaxc™3*d + 6*kakc™2%d™2 + 4*akxc*kd™3
+ a*d~4 + 128%(2*axc*xd”3 - a*d~4)*cos(f*x + e)”4 - 32x(5*xaxc™2+%d"2 - 14x*a*c
*d~3 + 13*a*d~4)*cos(f*x + e)”3 - 32x(axc”™3*d - 2*axc”™2*%d"2 + 9*a*c*d~3 - 4
*a*xd~4) *cos(f*x + e)~2 - 8x(16*%d"3*cos(f*x + e)”4 + 24x(c*xd™2 - d~3)*cos(fx*
X + e)”3 - c”3 + 17xc"2*%d - 59*c*xd”2 + 51*xd~3 - 2% (5xc”2*d - 26*cxd”2 + 33%
d"3)*cos(f*x + )72 - (c73 - 7xc™2*d + 31xcxd”2 - 25%d"3)*cos(f*x + e) + (1
6*%d~3*cos(f*x + e)”3 + c”3 - 17*c”2*d + 59*c*d"2 - 51*d"3 - 8*(3xcxd"2 - 5b*
d"3)*xcos(fxx + e)”2 - 2%(5xc™2%d - 14*xc*xd™2 + 13*%d"3)*cos(f*x + e))*sin(f*x

+ e))*sqrt(-axd)*sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (axc”
4 - 28xaxc”3*d + 230*axc”2*%d"2 - 476*a*cxd”3 + 289*axd~4)*cos(f*x + e) + (1
28*a*xd"4*xcos(f*xx + e)~4 + a*c™4 + 4d*xaxc”™3*%d + 6*xaxc”2%d"2 + 4*akckd”"3 + axd
~4 - 256%(axc*d”3 - axd"4)*cos(fxx + e)”3 - 32x(5*xaxc”2%d"2 - 6*a*cxd"3 + 5
xaxd~4)*cos(f*xx + e)”2 + 32x(a*c™3*%d - T*a*xc™2+%d"2 + 15*a*c*xd”3 - 9*a*d~4)x*
cos(f*x + e))*sin(fxx + e))/(cos(f*x + e) + sin(fxx + e) + 1)))/f, 1/4%(2x%s
qrt (a*xd) *arctan(1/4*(8*xd"2*cos(f*x + e€)72 - c™2 + 6xcxd - 9*xd"2 - 8x(c*d -
d~2)*sin(f*x + e))*sqrt(a*xd)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) +

c)/(2*xaxd~3*cos(f*x + e)~3 - (3*axc*xd™2 - a*d~3)*cos(f*x + e)*sin(fxx + e)

- (a*c™2xd - a*c*d™2 + 2%a*d~3)*cos(f*x + e))) + sqrt(axc)*log(((a*xc™4 - 2
8*axc~3*xd + TOxaxc~2*d"2 - 28*a*xc*d~3 + axd"4)*cos(f*x + e)”5 + axc™4 + 4xa
*Cc"3*d + 6%axc”2xd"2 + 4xaxcxd~3 + a*d™4 - (31*xaxc”4 - 196xaxc”3*%d + 154*ax
c72%d"2 - 4*axckd"3 - axd"4)xcos(f*x + e)”4 - 2% (81*kaxc”4 - 252%a*c”3*d + 1
50xa*xc~2*d"2 - 28xa*c*xd~3 + a*d~4)*cos(f*x + e)~3 + 2x(79xa*c”4 - 100*a*c”3
*d + T4*a*c™2xd"2 - 4*axcxd”3 - a*d"4)*cos(f*x + e)”"2 - 8%((c”3 - T*c™2xd +

T*c*d™2 — d"3)*cos(f*x + e)74 — 2x(5%c™3 - 14*c™2+d + 5*xc*d"2)*cos(f*x + e
)"3 + B1%c™3 - 59%c”2%d + 17*c*xd™2 - d~3 - 2%(18%c”3 - 33*%c”™2*d + 12%c*xd~2
- d"3)*cos(f*x + e)72 + 2%(13*%c™3 - 14*c”™2*d + 5xc*xd"2)*cos(f*x + e) + ((c~
3 - T*c™2%d + T*xcxd™2 - d~3)*cos(fxx + e)~3 - 51%c™3 + 59%c™2%d - 17*cxd™2
+ d73 + (11*%c™3 - 35*c™2*d + 17*c*d"2 - d~3)*cos(f*x + e)”2 - (25%c~3 - 31%
c™2xd + T*c*d™2 - d"3)*cos(f*x + e))*sin(f*x + e))x*sqrt(axc)*sqrt(a*sin(f*x

+ e) + a)*sqrt(d*sin(f*x + e) + c) + (289*axc™4 - 476%axc”3*d + 230*a*c”2x
d"2 - 28*axc*d~3 + a*d"4)*cos(f*x + e) + (a*xc™4 + 4*a*c”3*d + 6kaxc”2xd"2 +
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4*axcxd”3 + a*d”4 + (axc™4 - 28*xaxc”3*d + T7O*a*xc™2+%d~2 — 28*a*c*xd”3 + a*d”
4)*cos(fxx + e)”4 + 32%(a*c™4 - T*xa*xc™3*d + 7T*a*c™2*%d"2 — a*c*d~3)*cos(f*x
+ e)73 - 2% (65%a*xc”4 - 140*axc”3*d + 38*axc”™2*xd"2 - 12xa*cxd”3 + a*d"4)x*cos
(f*x + e)72 - 32x(9xaxc™4 - 1bxa*xc~3*xd + T*a*xc~2*%d"2 - axc*d~3)*cos(f*x + e
) *sin(f*x + e))/(cos(f*x + e)”5 + cos(f*x + e)”4 - 2xcos(f*x + e)”3 - 2xco
s(fxx + )72 + (cos(f*x + e)”4 - 2*cos(f*x + e)”2 + 1)*sin(f*x + e) + cos(f
*x + e) + 1)))/f, 1/2*(sqrt(-a*xc)*arctan(-1/4*((c"2 - 6*c*d + d~2)*cos(f*x
+ e)72 - 9%c”2 + 6xcxd - d72 + 8x(c”2 - c*d)*sin(f*x + e))*sqrt(-axc)*sqrt(
axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/((a*c™2*d - a*cxd~2)*cos(f*x +

e)~3 - (a*c™3 - 3xa*xc”2*kd)*cos(f*x + e)*sin(f*x + e) + (2xa*xc™3 - axc”™2x*d
+ axc*d”2)*cos(f*x + e))) + sqrt(a*d)*arctan(1/4*(8*d"2xcos(f*x + e)”2 - c~
2 + 6xc*xd - 9%d"2 - 8*(c*d - d"2)*sin(f*x + e))*sqrt(axd)*sqrt(axsin(f*x +
e) + a)*sqrt(d*sin(f*x + e) + c)/(2xaxd"3*cos(f*x + e)~3 - (3*a*c*d™2 - a*d
~3)*cos(f*x + e)*sin(f*x + e) - (a*c™2*d - a*xc*xd™2 + 2*xa*d~3)*cos(f*x + e))

))/1f]

Sympy [F]

/csc(e + fz)\/a+ asin(e + fz)\/c + dsin(e + fz)dzx

:/\/a(sin(e—l-fx)+1)\/c+dsin(e+f:v)
sin (e + fx)

dz

[In] integrate((ataxsin(f*x+e))**(1/2)*(c+d*sin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(a*(sin(e + f*x) + 1))*sqrt(c + d*sin(e + f*x))/sin(e + f*x),
x)

Maxima [F]

/csc(e + fx)\/a +asin(e + fx)\/c + dsin(e + fz)dzx

[ Vasin(fx+e)+ay/dsin(fr+e)+c
_/ sin (fx + e)

dz

[In] integrate((ata*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)
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Giac [F(-1)]

Timed out.

/csc(e + fr)y/a +asin(e + fx)y/c + dsin(e + fz)dz = Timed out

[In] integrate((ata*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")
[Out] Timed out

Mupad [F(-1)]

Timed out.

/csc(e + fz)\/a+ asin(e + fz)\/c + dsin(e + fz)dzx

/\/a+asin(e+fx) Ve+dsin(e+ fx)
= - dz
sin (e + f )

[In] int(((a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x),x)
[Out] int(((a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x), x
)
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3.36 f csc(e+fx)+/a+asin(e+fx) d

Vctdsin(e+fx) T
Optimal result . . . . . . . . . . . e 25T]
Rubi [A] (verified) . . . . . . . . 251]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... . ... ... 252
Maple [B] (verified) . . . . . . . . . 253
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 253
Sympy [F] . . o o 254
Maxima [F] . . . . . . o 254
Giac [F] . . 257
Mupad [F(-1)] . . . 255

Optimal result

Integrand size = 35, antiderivative size = 61

Va+asin(e+fz)\/c+dsin(e+fz)

Ve +dsin(e + fz) vef

vay/ccos(e+fx
/CSC(€+fw)\/a+asin(e+fz) e 2,/aarctanh ( et )

[Out] -2*arctanh(cos(f*x+e)*a”~(1/2)*c~(1/2)/(ata*sin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
))"(1/2))*a~(1/2)/f/c~(1/2)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 457 Ryjles used = {3022,
integrand size

212}
vay/ccos(e+ fz)
/ csc(e + fz)\/a +asin(e + fx) dp— — 2+/aarctanh < \/asin(e+fx)+a\/c+dsin(e+fx))
Ve +dsin(e + fz) vef

[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc + d*Sin[e + f*x]],x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[al*Sqrt[c]*Cos[e + f*x])/(Sqrt[a + a*Sin[e + f*x]
1#Sqrt[c + d*Sin[e + £*x]1]1)]1)/(Sqrt[c]l*f)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
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Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(sinl(e_.) + (f_.)*(x_)]1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - a*c*x~2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtl[c
+ dxSinf[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc - axd, O
] && EqQ[a”2 - ™2, 0] && NeQ[b*c + axd, 0]

Rubi steps

1 cos(e+fz)
(QG)SUbSt (f 1—acz? dz, z, Va+tasin(e+fz)\/c+d sin(e+fz)>

f

vay/ccos(e+fx)
2y/aarctanh ( Va+asin(e+fz)\/ctdsin(et fz) )

vef

integral = —

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.84 (sec) , antiderivative size = 367, normalized size of antiderivative = 6.02

/ csc(e + fzr)\/a + asin(e + fz) p
T
Ve +dsin(e + fr)
(1+i)es (\/ic(—1+ei(e+fw))+iﬁd(1+ei<e+fx>)—2¢¢6\/2cei(e+fw>—z’d(—1+e2i<e+fw>))f (1+i)es (—z’ﬁd(—:
log | — + log

Ve(l+eiletfa))

[In] Integrate[(Csc[e + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc + d*Sin[e + f*x]],
x]

[Out] -(((Logl[((-1 - I)*E~((I/2)*e)*(Sqrt[2]*c*(-1 + E~(I*(e + f*x))) + I*Sqrt[2]
*d*x(1 + E~(I*(e + f*x))) - (2+I)*Sqrt[c]*Sqrt [2%c*E~(I*(e + f*x)) - I*d*(-1

+ E"((2%I)*(e + £*x)))1)*£f)/(Sqrtlcl*(1 + E~(Ix(e + £*x))))] + Log[((1 + I
Y¥E~((I/2)*e)*((-I)*Sqrt[2] *d* (-1 + E~(I*(e + f*x))) + Sqrt[2]*cx(1 + E~(I*

(e + £*x))) + 2+Sqrt[c]*Sqrt[2*xc*E~(I*x(e + f*x)) - I*d*(-1 + E~((2*I)*(e +
fxx)))])*£)/(Sqrt[cl*(-1 + E~(Ix(e + £*x))))])*(Cos[(e + £*x)/2] - I*Sin[(e

+ £*x)/2])*Sqrt[ax(1 + Sin[e + £*x])]1*Sqrt[(Cos[e + f*x] + I*Sin[e + f*x])

*(c + d*Sinfe + f*x])1)/(Sqrt[cl*f*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sq

rt[c + d*Sin[e + f*x]]))
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 202 vs. 2(49) = 98.

Time = 2.04 (sec) , antiderivative size = 203, normalized size of antiderivative = 3.33

method | result

—vcV2 /(mm+ccot(fz+e)ccsc(fz+e)d) _1n (_2(\/5\/5,/ %(Jf;‘::)) sin

Va(l+sin(fz+e)) \/ct+dsin(fz+e) <ln (— NG —

default

f(cos(fz+e)+sin(fz+e)+1) \/%m Ve

[In] int((atax*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x,method=_RETU
RNVERBOSE)

[Out] 1/f*(ax(1+sin(f*x+e)))~(1/2)*(c+d*sin(f*x+e))~(1/2)*(An(-(-c~(1/2)*2~(1/2)*
((c+td*sin(f*x+e))/(1+cos(fxx+e)) )~ (1/2)+c*cot (f*x+e) -ckcsc(fxx+e)-d) /c~(1/2
))-1In(-2%(c~(1/2) %2~ (1/2) *((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin(f*x+e
)+c*ksin(f*x+e)-cos (f*x+e)*d+d) / (cos(f*xx+e)-1)))*27(1/2) /(cos(f*x+e)+sin(f*x
+e)+1)/((c+d*sin(f*x+e))/(1+cos(f*x+e)))~(1/2)/c~(1/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 171 vs. 2(49) = 98.

Time = 0.46 (sec) , antiderivative size = 1044, normalized size of antiderivative = 17.11

dxz = Too large to display

/ csc(e + fz)y/a+asin(e + fz)
V¢ +dsin(e + fz)

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] [1/4*sqrt(a/c)*log(((a*c™4 - 28xaxc”3*d + TOxaxc™2*%d"2 - 28xaxc*d”™3 + axd™4
Yxcos(f*x + e)”5 + axc™4 + 4xaxc”3xd + 6*a*xc”2*%d"2 + 4*axcxd”3 + axd”™4 - (3
1*a*c™4 - 196*a*c”3xd + 154*axc™2*xd"2 - 4xaxcxd™3 - axd~4)*cos(f*x + e)"4 -
2% (81*xaxc™4 - 252*xa*xc”3*d + 150*a*c”2xd"2 - 28*a*cxd”3 + a*d~4)*cos(f*x +
e)”3 + 2% (79*axc”4 - 100*a*c”3*d + T4*axc™2*xd"2 - 4xaxc*d”™3 - a*d™4)*cos(fx*
X +e)”2 - 8((c™4 - Txc™3*d + T*c™2*d"2 - c*xd"3)*cos(f*x + e)~4 + 51*xc™4 -
59xc”~3*%d + 17*c”2*xd"2 - c*d”3 - 2% (5%c™4 - 14%c™3xd + 5*%c”2*d"2)*cos(f*x +
e)”3 — 2*%(18%c™4 - 33%c™3*d + 12*%c”2*%d"2 - c*d"3)*cos(f*x + e)”~2 + 2% (13*c
4 - 14%c”3*d + 5%c”2*%d"2)*cos(f*x + e) - (51*%c™4 - 59%c”3*d + 17*c"2%d"2 -
c*d”3 - (c™4 - T*c™3*%d + 7*c"2*%d"2 - c*d"3)*cos(f*x + e)”3 - (11*c~4 - 35%
c"3xd + 17*c”2*xd"2 - c*d"3)*cos(f*x + e)~2 + (25%c™4 - 31%c~3xd + 7T*c~2*d"2
- c*xd"3)*cos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f
*x + e) + c)xsqrt(a/c) + (289xaxc™4 - 476xa*c”3*d + 230*a*xc™2xd~2 — 28*a*cx
d"3 + axd"4)*cos(f*x + e) + (axc™4 + 4*axc™3xd + 6*a*xc”2xd"2 + 4*axcxd”3 +
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axd™4 + (a*c™4 - 28*axc”3*d + TOxa*xc™2xd"2 - 28xa*xc*d~3 + a*d~4)*cos(f*x +
e)”4 + 32*%(axc”4 - T*axc™3*d + T*xa*xc™2*xd"2 - a*xcxd"3)*cos(f*x + e)~3 - 2x(6
5xaxc™4 - 140*a*c”3*d + 38*axc”2xd"2 - 12*axc*d~3 + axd"4)*cos(f*x + e)"2 -
32% (9*axc”™4 - 1bxaxc”3*d + Txaxc~2*d"2 - axcxd~3)*cos(f*xx + e))*sin(f*x +
e))/(cos(f*x + e)75 + cos(f*x + e)~4 - 2xcos(f*x + e)~3 - 2xcos(f*x + e)~2
+ (cos(fxx + e)~4 - 2*cos(f*x + e)”2 + 1)*sin(f*x + e) + cos(f*x + e) + 1))
/f, 1/2*sqrt(-a/c)*arctan(-1/4*x((c”2 - 6*%cxd + d~2)*cos(f*x + e)~2 - 9*c~2
+ 6%cxd - d72 + 8%(c”2 - cxd)*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d
xsin(f*x + e) + c)*sqrt(-a/c)/((a*c*d - a*xd~2)*cos(f*x + e)~3 - (axc™2 - 3%
axckd)*cos(fxx + e)*sin(f*x + e) + (2xa*c™2 - axc*d + a*d~2)*cos(f*x + e)))

/£]

Sympy [F]

/csc(e—l— fz)y/a+ asin(e + fx) e — Va(sin (e + fzr) +1)
Ve +dsin(e + fz) Ve +dsin (e + fz)sin (e + fx)

[In] integrate((at+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a*(sin(e + fx*x) + 1))/(sqrt(c + d*sin(e + f*x))*sin(e + f*x))
» X)

Maxima [F]
/csc(e—l—fx \/a-l—asm(e+fx asin (fr+e)+a i
Ve +dsin(e + fz) Vdsin (fz +€) +csin (fz +e)

[In] integrate((a+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),

X)

Giac [F]

dz

/csc(e+fm \/a—i-asm(e+fx asin (fr+e)+a
Ve +dsin(e + fz) Vdsin (fz + €) + csin (fz + €)

[In] integrate((a+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] sageO*x
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Mupad [F(-1)]

Timed out.

dzx

/csc(e+fa:)\/a+asin(e—l—fx) i _/ Va+asin(e+ fx)
Ve +dsin(e + fz) sin(e + fz) \/c+dsin(e+ fx)

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)), x
)
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3.37 f csc(e+fx)+/c+dsin(e+fx) d

Vatasin(e+fx) T
Optimal result . . . . . . . . . . . . e 256]
Rubi [A] (verified) . . . . . . . . . .
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... ... ... 258
Maple [B| (warning: unable to verify) . . . . . ... ... L 2591
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 250
Sympy [F] . . o o 261]
Maxima [F] . . . . . o o 261]
Giac [F(-1)] . . o o o 261]
Mupad [F(-1)] . . . 262

Optimal result

Integrand size = 35, antiderivative size = 140

, Vayecos(e fa)
/ csc(e + fz)\/c+ dsin(e + fx) dr = — 2\/Earctanh( \/a+a,sin(e+fw)\/c+dsin(e+fx)>
va+asin(e + fz) vaf

| vav/c—dcos(e+fx) )
\/5 ¢ — darctanh ( v2+/a+asin(e+fz)+/c+dsin(e+fz)

vaf

[Out] -2*arctanh(cos(f*x+e)*a”~(1/2)*c~(1/2)/(ata*sin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
)= (1/2))*c™(1/2)/f/a~(1/2)+arctanh(1/2*cos (fxx+e)*a~ (1/2)*(c-d) ~(1/2)*2~ (1
/2)/(ataxsin(f*x+e)) ~(1/2)/(c+d*sin(f*x+e))~(1/2))*2~(1/2)*(c-d)~(1/2)/f/a~

(1/2)

_|_

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, number of rules _ 0.143, Rules used

integrand size
= {3023, 2861, 214, 3022, 212}

A — vav/c—dcos(e+fx)
/ csc(e + fz)\/c+ dsin(e + fx) i — V2v/e darctanh(\/i\/a sin(e+fw)+a\/c+dsin(e+fz)>
va+asin(e + fz) vaf
Vay/ccos(e+fz)
2\/63.1'0'5&1’11’1 < \/asin(e+fz)+a+/c+dsin(e+fz) )

vaf

[In] Int[(Cscle + f*xx]*Sqrt[c + d*Sin[e + f*x]])/Sqrt[a + a*Sin[e + f*x]],x]
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[Out] (-2*Sqrt[c]l*ArcTanh[(Sqrt[al*Sqrt[c]*Cos[e + f*x])/(Sqrt[a + a*Sin[e + fx*x]

1xSqrt[c + d*Sinle + f£*x]1)1)/(Sqrt[al*f) + (Sqrt[2]*Sqrtlc - d]*ArcTanh[(S

qrt[a]*Sqrt[c - d]*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc +
d*Sin[e + f*x]]1)]1)/(Sqrt([al*f)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQlb, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- bxd)*x"2), x], x, b*(Cos[e + f*x]/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Si
nle + £*x]11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a~2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1]1/(sinl(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - axc*x"2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtlc
+ d*Sinfe + f*x]1)], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc - axd, O
] && EqQ[a~2 - "2, 0] && NeQ[b*c + axd, 0]

Rule 3023

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(sinl(e_.) + (f_.)*(x_)]1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1]), x_Symbol] :> Dist[(bxc - a*d)/c,

Int[1/(Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]), x], x] + Dist[a/
c, Int[Sqrtlc + d*Sin[e + f*x]]/(Sin[e + f*x]*Sqrt[a + b*Sin[e + f*x]]), x]
, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 - b~2,
0] && EqQ[c™2 - 472, 0]

Rubi steps

integral
c f csc(e-l—fx)\/t.z—i-asin(e—i-fx) dx 1
. Vctdsin(e+fz)
= +(—c+4d) : .
a \a+asin(e + fzr)\/c+ dsin(e + fx)

dz
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1 cos(e+fx)
(2C)SubSt (f 1—acz? d.’E, L, \/a—i—asin(e-l—fz)\/c—i—dsin(e-i-fm))

f

_ 1 acos(e+fzx)
(2(1,(6 d))subSt (f 2a2—(ac—ad)z? dCU, ) Va+tasin(e+fz)\/c+d sin(e-l-fw))
f

vay/ccos(e+fx)
2y/carctanh ( Jatasin(etfz)\/ctdsin(et f2) )

Vaf

| v/av/c—dcos(e+fx) )
+ \/ﬁ ¢ — darctanh ( v2+/a+asin(e+fz)/ct+dsin(e+fz)

Vaf

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 665 vs. 2(140) = 280.

Time = 10.59 (sec) , antiderivative size = 665, normalized size of antiderivative = 4.75

/ csc(e + fz)\/c+ dsin(e + fz)
va+ asin(e + fz)

csc(e + fx) (\/Elog (tan (3(e + fz))) — vV2v/c — dlog (1 + tan (1 (e + fz))) + y/clog <d +v/24/c, / oo

dz

fv/a(l +sin(e + fz)) | v/eesc(e+ .

[In] Integrate[(Csc[e + f*x]*Sqrt[c + d*Sin[e + f*x]])/Sqrt[a + a*Sin[e + f*x]],
x]

[Out] (Cscle + fxx]*(Sqrtlcl*Logl[Tan[(e + f*x)/2]] - Sqrt[2]*Sqrt[c - d]*Logl[l +
Tan[(e + f*x)/2]] + Sqrtlcl*Logl[d + Sqrt[2]*Sqrt[c]l*Sqrt[(1 + Cos[e + f*x])
~(-1)]1*Sqrt[c + d*Sin[e + f*x]] + c*Tan[(e + f*x)/2]] - Sqrtlcl*Loglc + Sqr
t[2]*Sqrt [c]*Sqrt[(1 + Cos[e + f*x])~(-1)]*Sqrtlc + d*Sin[e + f*x]] + d*Tan
[(e + £*x)/2]] + Sqrt[2]*Sqrt[c - d]l*Loglc - d + 2xSqrtlc - d]*Sqrt[(1 + Co
sle + £xx])~(-1)]*Sqrt[c + d*Sin[e + f*x]] + (-c + d)*Tan[(e + £*x)/2]])*Sq
rt[c + d*Sin[e + f*x]])/(f*Sqrt[ax(1 + Sin[e + f*x])]*(Sqrtlc]*Cscle + f*x]
+ (cxSqrt[Sec[(e + fxx)/2]172])/(2+Sqrt[c + d*Sin[e + f*x]]) - (Sqrtlc - d]
xSec[(e + f*x)/2]72)/(Sqrt[2]*(1 + Tan[(e + f*x)/2])) - (Sqrtlcl*(d*Sec[(e
+ £xx)/2]°2 + (Sqrt[2]*Sqrt[c]*((1 + Cos[e + f*x])~(-1))~(3/2)*(d + dxCos[e
+ fxx] + c*Sin[e + fx*x]))/Sqrtlc + d*Sin[e + f*x]]))/(2x(c + Sqrt[2]*Sqrt[
c]*Sqrt[(1 + Cos[e + f*x])~(-1)]*Sqrt[c + d+Sin[e + f*x]] + dxTan[(e + f*x)
/21)) + (Sqrt[2]#Sqrtlc - dl*(-1/2*%((c - d)*Sec[(e + f*x)/2]"2) + (Sqrtlc -
dl*((1 + Cosl[e + f*x])~(-1))"(3/2)*(d + d*Cos[e + f*x] + c*Sinle + f*x]))/
Sqrt[c + dxSin[e + f*xx]]))/(c - d + 2xSqrt[c - d]*Sqrt[(1 + Cos[e + fxx])~(
-1)]1*Sqrt[c + d*Sin[e + f*x]] + (-c + d)*Tan[(e + £*x)/2])))
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Maple [B] (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 325 vs. 2(113) = 226.

Time = 1.80 (sec) , antiderivative size = 326, normalized size of antiderivative = 2.33

method | result

2v/2c=2d V2 ,/ cl-ﬁ-dsini(fm-ke) sin(fz+e)+2csin(fz+e)—2dsin(fz+e)+2ccos(fr+e)—2cos(fz+e)d—2c+2
T +cos(fz+e)
ctdsin(fz+e) V2 (\/2c—2d In ( —cos(FrT o) TiTemfate)

default

2f(14-cos(

[In] int((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(at+a*sin(f*x+e))”~(1/2),x,method=_RETU
RNVERBOSE)

[Out] 1/2/f*(c+d*sin(fxx+e))~(1/2)*27(1/2)*((2*c-2*d) ~(1/2)*1n(2*x ((2*xc-2*d) ~(1/2)
*27(1/2) *((c+d*sin(fxx+e) )/ (1+cos (f*x+e))) ~(1/2) *sin(f*xx+e) +cksin (f*x+e) -d*
sin(f*x+e)+cxcos(f*x+e)-cos(f*x+e)*d-c+d)/(-cos(f*x+e)+1+sin(f*x+e)))*c~(1/
2)+1n((c™(1/2)*27(1/2) *((c+d*sin(f*x+e) )/ (1+cos (f*x+e))) ~(1/2) +cxcsc(f*+x+e)
—ckcot (fxx+e)+d) /c~(1/2) ) *c-c*In(-2*(c~(1/2)*2~(1/2) * ((c+d*sin(f*x+e) )/ (1+c
os(fxx+e)) )~ (1/2)*sin(f*x+e)+cxsin(f*x+e)-cos (fxx+e)*d+d) /(cos (fxx+e)-1)))*
(cos(f*xx+e)+sin(f*x+e)+1)/(1+cos(f*x+e))/(a*x(1+sin(f*x+e)))~(1/2)/((c+d*sin
(f*x+e))/(1+cos(f*x+e)))~(1/2)/c~(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 288 vs. 2(113) = 226.

Time = 0.61 (sec) , antiderivative size = 2791, normalized size of antiderivative = 19.94

dz = Too large to display

/ csc(e + fz)\/c+ dsin(e + fz)
va+asin(e + fz)

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] [1/4*(sqrt(2)*sqrt((c - d)/a)*1log(((c”2 - 14xc*d + 17*d"2)*cos(f*x + e)~3 +
4xsqrt(2)*((c - 3*d)*cos(f*x + e)”2 - (3*xc - d)*cos(f*x + e) + ((c - 3*d)*
cos(f*x + e) + 4*xc - 4*xd)*sin(f*x + e) - 4*c + 4*d)*sqrt(a*sin(f*x + e) + a
)*sqrt (d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13%c™2 - 22*c*d - 3*d~2)*cos(
fxx + €)72 - 4xc”2 - 8xcxd - 4xd"2 - 2%x(9%c”2 - 14*ckd + 9*d"2)*cos(f*x + e
) + ((c72 - 14%c*d + 17xd"2)*cos(f*x + e)72 - 4*xc™2 - 8*xcxd - 4*xd™2 + 2x(7*
c”2 - 18%cxd + 7xd"2)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)~3 + 3*cos(f
*x + e)72 + (cos(f*x + e)72 - 2xcos(f*x + e) - 4)*sin(f*x + e) - 2*cos(f*x
+ e) - 4)) + sqrt(c/a)*log(((c™4 - 28%c™3*d + 70*c™2xd"2 - 28*c*d~3 + d~4)x*
cos(f*x + e)75 - (31*xc™4 - 196*%c™3*d + 154*c”2*xd"2 - 4*cxd”3 - d~4)*cos(f*x
+ e)74 + ¢4 + 4%c”3*%d + 6%c”2%d72 + 4xc*kd”3 + d74 - 2x(81*xc”4 - 252%c”3*d
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+ 150%c”™2*d"2 - 28*c*xd”"3 + d~4)*cos(f*x + e)”~3 + 2% (79*%c™4 - 100*%c”~3*xd + 7
4%c™2%d"2 - 4*c*d”3 - d"4)*cos(fxx + e)72 - 8%((c™3 - 7*c"2%d + Txcxd"2 - d
~3)*cos(f*x + e)”"4 - 2% (5xc”3 - 14*c~2xd + 5*cxd~2)*cos(f*x + e)~3 + 51%c”3

- B9%c™2%d + 17*c*xd"2 - d”3 - 2% (18%c”3 - 33*%c”™2*%d + 12*xc*d~2 - d73)*cos(f
*Xx + )72 + 2x(13*%c”3 - 14*c”2*d + 5xcxd”"2)*cos(f*xx + e) + ((c”3 - 7*c™2xd
+ 7xcxd™2 - d”3)*cos(f*x + e€)”3 - 51%c™3 + 59*%c™2*%d - 17*c*d"2 + d°3 + (11
c™3 - 35%c72xd + 17*c*d”2 - d”"3)*cos(f*x + e)72 - (25%c™3 - 31*xc”~2*d + T*cx*
d"2 - d73)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(
fxx + e) + c)*sqrt(c/a) + (289*c™4 - 476%c™3*d + 230*c™2*%d"2 - 28*c*d~3 + d
“4)*cos(f*x + e) + ((c™4 - 28%c”™3*d + 70*c~2+%d"2 - 28*c*d~3 + d~4)*cos(f*x
+ e)74 + cT4 + 4%c™3*xd + 6*%cT2x%d"2 + 4*c*xd”3 + d74 + 32%x(c”4 - Txc"3*xd + T*
c”2xd"2 - c*d~3)*cos(f*x + e)”"3 - 2% (65*xc™4 - 140*c”3*d + 38*%c”2*xd"2 - 12*c
*d~3 + d"4)*cos(f*x + e)”2 — 32%(9%c™4 - 15%c™3*d + 7*c"2*%d"2 - c*d"3)*cos(
fxx + e))*xsin(fxx + e))/(cos(fxx + e)~5 + cos(f*x + e)”4 - 2*cos(f*x + e)”3

- 2xcos(f*x + e)”2 + (cos(f*xx + e)~4 - 2xcos(f*x + e)”2 + 1)*sin(f*x + e)
+ cos(f*x + e) + 1)))/f, 1/4x(sqrt(2)*sqrt((c - d)/a)*log(((c™2 - 14*cxd +
17*d"2) *cos(f*x + e)~3 + 4xsqrt(2)*((c - 3*d)*cos(f*x + e)~2 - (3xc - d)*co
s(fxx + e) + ((c - 3*d)*cos(f*x + e) + 4xc - 4*d)*sin(f*x + e) — 4*c + 4xd)
*xsqrt (a*xsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13%c™
2 - 22xckd - 3*%d"2)*cos(f*x + e)”2 - 4%c”2 - 8%c*d - 4*d"2 - 2% (9*c”2 - 14x%
cxd + 9*%d"2)*cos(fxx + e) + ((c72 - 14*c*d + 17*d"2)*cos(f*x + e)~2 - 4*c™2

- 8xcxd - 4%d"2 + 2% (7*c”2 - 18*c*d + 7x*d"2)*cos(f*x + e))*sin(f*x + e))/(
cos(f*x + e)”3 + 3*xcos(fxx + e)”2 + (cos(f*x + e)”2 - 2xcos(f*x + e) - 4)*s
in(f*x + e) - 2xcos(f*x + e) - 4)) + 2*sqrt(-c/a)*arctan(-1/4*((c"2 - 6%c*d

+ d"2)*cos(f*x + )72 - 9%c™2 + 6*ckd - d”2 + 8*%(c”2 - c*d)*sin(f*x + e))x*
sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c™2*d - c*d”
2)*cos(f*x + e)~3 - (c73 - 3*c”2*d)*cos(f*x + e)*sin(f*x + e) + (2%c"3 - ¢~
2xd + c*d"2)*cos(f*x + e))))/f, 1/4x(2xsqrt(2)*sqrt(-(c - d)/a)*arctan(1/4*
sqrt(2) *sqrt(axsin(fxx + e) + a)*((c - 3*d)*sin(f*x + e) - 3*c + d)*sqrt(d*
sin(f*x + e) + c)*sqrt(-(c - d)/a)/((c*d - d"2)*cos(f*x + e)*sin(f*x + e) +

(c72 - cxd)*cos(f*x + e))) + sqrt(c/a)*log(((c™4 - 28*c™3xd + 70%c™2*d"2 -

28*xcxd"3 + d"4)*cos(f*x + e)”5 - (31*%c™4 - 196%c™3*d + 154*c™2xd"2 - 4*c*d
"3 - d"4)*cos(fxx + e)74 + c™4 + 4%c”3*xd + 6%c”2*xd"2 + 4*cxd”3 + d74 - 2x(8
1%c™4 - 252*%c”3*d + 150*%c™2+%d"2 - 28%c*d~3 + d"4)*cos(f*x + e)73 + 2x(79*c”
4 - 100*%c”3*d + T4*c™2%d"2 - 4*xc*d"3 - d"4)*cos(f*x + e)”2 - 8%((c”3 - 7*xc~
2%d + T*xc*d™2 - d"3)*cos(f*x + e)”4 - 2x(5%c”3 - 14xc”2*d + 5xcxd~2)*cos(fx*
X + e)”3 + 51%c™3 - 59*%c”2+d + 17*c*d"2 - d”3 - 2% (18%c”3 - 33*c”2xd + 12%*c
*d~2 - d"3)*cos(f*x + e)72 + 2*%(13*%c™3 - 14*c™2xd + 5*c*d"2)*cos(f*x + e) +

((c™3 - T*c™2*%d + T*cxd™2 - d"3)*cos(f*x + e)~3 - 51%c™3 + 59*%c™2*%d - 17*c
*d"2 + 473 + (11*%c™3 - 35%c™2*%d + 17*c*d"2 - d"3)*cos(f*x + e)~2 - (25%c”3
- 31xc”2xd + Txc*d™2 - d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e)

+ a)*sqrt(d*sin(f*x + e) + c)*sqrt(c/a) + (289%c™4 - 476%c~3xd + 230%*c”~2xd
"2 - 28%c*d”3 + d"4)*cos(fxx + e) + ((c™4 - 28%c™3*d + 70*c™2xd"2 - 28*c*xd”
3 + d74)*cos(f*x + e)”4 + c™4 + 4%c™3*d + 6*%c”2+%d"2 + 4*c*d”3 + d74 + 32x(c
“4 - T*c”3%d + Txc"2*xd"2 - c*d"3)*cos(f*x + e)”3 - 2x(65%c”4 - 140%c”3*d +
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38xc™2%d"2 - 12xc*d”™3 + d"4)*cos(f*x + e)72 - 32%x(9%c™4 - 15%c”3%d + T*c"2*
d”2 - c*d"3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)~5 + cos(f*x + e)”4 -
2xcos(f*x + e)~3 - 2xcos(f*x + e)”2 + (cos(f*x + e)”4 - 2xcos(f*x + e)72 +

Dxsin(f*x + e) + cos(f*x + e) + 1)))/f, 1/2*(sqrt(2)*sqrt(-(c - d)/a)*arc
tan(1/4*sqrt(2)*sqrt(a*sin(f*x + e) + a)*((c - 3*xd)*sin(f*x + e) - 3*c + d)
*xsqrt (d*sin(f*x + e) + c)*sqrt(-(c - d)/a)/((c*xd - d~2)*cos(f*x + e)*sin(fx*
x +e) + (c72 - c*xd)*cos(f*x + e))) + sqrt(-c/a)*arctan(-1/4x((c”2 - 6*xcxd
+ d72)*cos(fxx + €)72 - 9%c”2 + 6*cxd - d72 + 8%(c”2 - c*d)*sin(f*x + e))*s
grt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c”2*d - c*d~2
)xcos(f*x + e)73 - (c”3 - 3%c™2xd)*cos(f*x + e)*sin(f*x + e) + (2%c”3 - c72
*d + cxd”~2)*cos(f*x + e))))/f]

Sympy [F]

/csc(e—l—fx )v/¢ + dsin( e—l—fz Ve +dsin (e + fz)
Va+asin(e + fz) Va (sin (e + fz) + 1)sin (e + fz)

[In] integrate((c+d*sin(f*x+e))**(1/2)/sin(f*x+e)/(a+axsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(c + d*sin(e + f*x))/(sqrt(a*(sin(e + f*x) + 1))*sin(e + f*x))
» X)

Maxima [F]
/csc(e+fm)\/c+dsin(e+fx) Vdsin(fz+e)+c
dr = dz
va+asin(e + fz) Vasin (fz +e€) +asin (fr+e)

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+taxsin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] integrate(sqrt(d*sin(f*x + e) + c)/(sqrt(a*sin(f*x + e) + a)*sin(f*x + e)),

x)

Giac [F(-1)]

Timed out.

dz = Timed out

/ csc(e + fz)\/c + dsin(e + fz)
va+ asin(e + fz)

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] Timed out
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Mupad [F(-1)]

Timed out.

/csc(e+fx)\/c+dsin(e+fx) i _/ Ve+dsin(e+ fx) i
Vva+asin(e + fz) ) sin(e+fz) \Ja+asn(e+ fx)

[In] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)),x)

[Out] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)), x
)



263

csc(e+fx)

3.38 f \/a-l-a sin(e+fz) \/c—l-d sin(e+fz)

Optimal result . . . . . . . . .. 263]
Rubi [A] (verified) . . . . . . ... . 263
Mathematica [B] (warning: unable to verify) . . . . . . ... ... ... . ... .. 265
Maple [B] (warning: unable to verify) . . . . . . ... ... Lo L 260
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........
Sympy [F] . . .
Maxima [F] . . . . . . o 269
Giac [F(-1)] . . o o o o 269
Mupad [F(-1)] . . . oo 269

Optimal result

Integrand size = 35, antiderivative size = 140

Vay/ccos(e+fz)
CSC(@ + f.’E) _ 2arctanh ( Va+asin(e+fz)\/ct+dsin(e+fz) )

/ Vva+ asin(e + fz)\/c+ dsin(e + fz) o= vavef

vayv/c—d cos(e+fx) )
\/iarCtanh ( V2+/a+asin(e+fx)/ct+dsin(e+fz)

Vave—df

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)*c~(1/2)/(a+a*xsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
N-@/2))/f/a~(1/2)/c”(1/2)+arctanh (1/2*cos (fxx+e)*a~ (1/2)*(c-d) ~(1/2)*2~ (1

/2) /(at+a*sin(fxx+e))~(1/2)/(c+d*sin(f*xx+e))~(1/2))*2~(1/2)/f/a~(1/2)/(c-d)~

(1/2)

_|_

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, Lumber of rules _ 0.143, Rules used

' integrand size
= {3026, 2861, 214, 3022, 212}

vavc—dcos(e+fz)
csc(e + fx) dr — v2arctanh ( v2+/asin(e+fz)+ay/ct+dsin(e+fz) )

/ Va+asin(e + fz)\/c+ dsin(e + fz) Vvafve—d

vay/ccos(e+fz)
2arctanh < Jasin(e+fz)ta/c+dsin(et fx) )

vavef

[In] Int[Csc[e + f*x]/(Sqrtl[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]),x]
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[Out] (-2*ArcTanh[(Sqrt[al*Sqrt[c]l*Cos[e + f*x])/(Sqrt[a + a*Sin[e + f*x]]x*Sqrtl(c
+ dxSin[e + £xx]]1)])/(Sqrt[al*Sqrt[c]l*f) + (Sqrt[2]*ArcTanh[(Sqrt[a]*Sqrt[

c - d]l*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sinl[e + f*x]]1*Sqrt[c + d*Sinl[e + f

*x]1)]1)/(Sqrt[al*Sqrt[c - d]*f)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2861

Int[1/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11*Sqrt[(c_.) + (d_.)*sin[(e
_) + (£_.)*(x_)11), x_Symbol] :> Dist[-2*(a/f), Subst[Int[1/(2¥b"2 - (axc
- b*xd)*x~2), x], x, b*x(Cos[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + dx*Si
nle + £f*x]11))], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a"2 - b"2, 0] && NeQ[c™2 - 472, 0]

Rule 3022

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)11/(sin[(e_.) + (£f_.)*(x_)]1*Sqr
t[(c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1]), x_Symbol] :> Dist[-2x(a/f), Subst
[Int[1/(1 - axc*x~2), x], x, Cos[e + f*x]/(Sqrtl[a + b*Sin[e + f*x]]1*Sqrtlc
+ d*Sin[e + f*x]])], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - a*d, O
] && EqQ[a”2 - "2, 0] && NeQ[b*c + axd, 0]

Rule 3026

Int[1/(sin[(e_.) + (f_.)*(x_)1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11%S
qrtl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)11), x_Symbol] :> Dist[-b/a, Int[1/(
Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]), x], x] + Dist[1/a, Int[
Sqrt[a + bxSin[e + f*x]]/(Sin[e + f*x]*Sqrt[c + d*Sin[e + fx*x]1), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && (NeQ[a"2 - b~2, 0] ||
NeQ[c~2 - 42, 0])

Rubi steps

csc(e+fz)/a+asin(e+fx) dr
V/ct+dsin(e+fz) 1

a _/ Va+asin(e + fz)\/c+ dsin(e + fz)

dz

integral =
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1 cos(e+fx)
2Subst (f 1—acz? dﬂ?, z, Va+asin(e+fz)\/ct+dsin(e+fz) )

f

1 acos(e+fz)
(20’) Subst (f 2a2—(ac—ad)z? d.CU, ) \/a+asin(e+fz)/c+dsin(e+fz) >

f

Vay/ccos(e+fz) Vav/c—d cos(e+fz) )
2arctanh ( Va+asin(e+fz)/ct+dsin(e+fz) ) ﬁarctanh ( V2+/a+asin(e+fx)+/ct+dsin(e+fz)

" Vavef ' Vave - df

+

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 885 vs. 2(140) = 280.

Time = 14.91 (sec) , antiderivative size = 885, normalized size of antiderivative = 6.32

/ csc(e + fz)
Va+asin(e + fz)\/c+ dsin(e + fz)

dz

1 (1
csc(e + fx) <log(tan(\2/(;+fw))) _ \/ilog(1+tac_(;(e+f

sec2(%(e+fac)) %csec%%(e—i—f:

. : csc(2 (e+fx)) sec(2 (e+fx)
f/a(l +sin(e + fz))\/c+ dsin(e + fx) ( ;\E (3 ) _ TVt (Lot 7a))

[In] Integrate[Csc[e + f*x]/(Sqrt[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]),
x]

[Out] (Cscle + f*x]*(Logl[Tan[(e + f*x)/2]]1/Sqrtlc] - (Sqrt[2]*Log[1l + Tan[(e + f*
x)/2]11)/Sqrtlc - d] + Logld + Sqrt[2]*Sqrt[c]*Sqrt[(1 + Cosl[e + f*x])~(-1)]
xSqrt[c + d*Sin[e + f*x]] + cxTan[(e + f*x)/2]]1/Sqrtl[c] - Loglc + Sqrt[2]*S
qrt[c]*Sqrt[(1 + Cos[e + f*x])~(-1)]1*Sqrt[c + d*Sin[e + f*x]] + d*Tan[(e +
f*xx)/2]11/8qrt[c] + (Sqrt[2]*Loglc - d + 2*Sqrtlc - dl*Sqrt[(1 + Cos[e + f*x
1)"(-1)1*Sqrt[c + d*Sin[e + f*x]] + (-c + d)*Tan[(e + f*x)/2]]1)/Sqrtlc - d]
))/(£xSqrt[a*(1 + Sin[e + f*x])]1*Sqrtlc + d*Sin[e + f*x]]1*((Cscl[(e + f*x)/2
1xSec[(e + f*x)/2])/(2%Sqrtlc]) - Sec[(e + fx*x)/2]172/(Sqrt[2]*Sqrtlc - dl*(
1 + Tan[(e + £*x)/2])) + ((cxSec[(e + £*x)/2]72)/2 + (Sqrt[c]l*d*Cos[e + f*x
1*Sqrt[(1 + Cos[e + f*x])~(-1)]1)/(Sqrt[2]*Sqrt[c + d*Sin[e + f*x]]) + (Sqrt
[cI*((1 + Cos[e + £*x])~(-1))~(3/2)*Sin[e + fxx]*Sqrtl[c + d*Sin[e + fx*x]]1)/
Sqrt[2])/(Sqrt[cl*(d + Sqrt[2]*Sqrt[c]*Sqrt[(1 + Cos[e + f*x])~(-1)]*Sqrtlc
+ d*Sin[e + f*x]] + cxTan[(e + f*x)/2])) - ((d*Sec[(e + £*x)/2]72)/2 + (Sq
rt[c]*d*Cos[e + f*x]*Sqrt[(1 + Cos[e + f*x])~(-1)])/(Sqrt[2]*Sqrt[c + d*Sin
[e + £xx]]) + (Sqrtlcl*((1 + Cos[e + £*x])~(-1))~(3/2)*Sin[e + f*x]*Sqrtlc
+ d*Sin[e + f*x]])/Sqrt[2])/(Sqrtlcl*(c + Sqrt[2]1*Sqrt[c]l*Sqrt[(1 + Cosle +
fxx])~(-1)]*Sqrt[c + d*Sin[e + f*x]] + d*Tan[(e + f*x)/2])) + (Sqrt[2]*(((
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-c + d)*Sec[(e + £*x)/2]172)/2 + (Sqrt[c - d]*d*Cos[e + f*x]*Sqrt[(1 + Cosle

+ £*x])7(-1)]1)/Sqrtc + d*Sin[e + fxx]] + Sqrtlc - d1*((1 + Cos[e + f*x])~
(-1))~(3/2)*Sin[e + f*x]*Sqrtlc + d*Sinl[e + £*x]]))/(Sqrtlc - dl*(c - d + 2
*Sqrt[c - d]*Sqrt[(1 + Cos[e + f*x])~(-1)]*Sqrt[c + d*Sin[e + f*x]] + (-c +
d)*Tan[(e + £*x)/2]))))

Maple [B| (warning: unable to verify)
Leaf count of result is larger than twice the leaf count of optimal. 346 vs. 2(113) = 226.

Time = 1.65 (sec) , antiderivative size = 347, normalized size of antiderivative = 2.48

method | result

Vctdsin(fz+e) V2 (1“ <_ AL mm+°c°t(fm+8)_ccscm+6)_d) V2c—2d—In (— ? (ﬁ V2y %YXL? sin(fa+e)+

NG cos(fz+e)—:
default

2f(1+4cos(f

[In] int(1/sin(f*x+e)/(at+axsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x,method=_RE
TURNVERBOSE)

[Out] 1/2/f*(c+d*sin(f*x+e))~(1/2)*27(1/2)*x(An(-(-c~(1/2)*2"(1/2) *((c+d*sin(f*x+e
))/ (1+cos(fxx+e))) " (1/2)+c*xcot (f*xx+e) —c*kcsc(fxx+e)-d) /c~(1/2)) *(2*c-2xd) ~ (1
/2)-1n(-2*%(c~(1/2)*27(1/2)*((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) ~(1/2) *sin (f*x+
e)+ckxsin(fxx+e)-cos (fxx+e)*d+d)/(cos (fxx+e)-1))*(2xc-2%d) ~(1/2)+2x1n (2% ((2*
c-2xd) " (1/2)*27(1/2) *((c+d*sin(f*x+e) )/ (1+cos(f*x+e))) " (1/2) *sin(f*x+e)+c*s
in(f*x+e)-d*sin(f*x+e)+c*xcos (f*x+e)-cos(f*x+e)*d-c+d) /(—cos(f*x+e)+1+sin(f*
x+e)))*c~(1/2)) *(cos(f*x+e)+sin(f*xx+e)+1)/(1+cos(f*x+e))/(ax(1+sin(f*xx+e)))
~(1/2)/((ctd*sin(f*x+e)) /(1+cos (f*x+e)))~(1/2) /c~(1/2) / (2%c-2xd) = (1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 290 vs. 2(113) = 226.

Time = 0.71 (sec) , antiderivative size = 3005, normalized size of antiderivative = 21.46

/ csc(e + fx)
Va+asin(e + fzr)\/c+ dsin(e + fz)

dx = Too large to display

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] [1/4*(sqrt(2)*a*xc*log(((c™2 - 14xcxd + 17*d"2)*cos(f*x + e)~3 - (13%c™2 - 2
2xckd - 3*%d"2)*cos(f*x + e)”2 + 4*sqrt(2)*((c™2 - 4xcxd + 3*xd"2)*cos(f*x +
€)”2 - 4xc”2 + 8kcxd - 4%d”™2 - (3%c”2 - 4*ckd + d"2)*cos(f*x + e) + (4%c™2
- 8xcxd + 4*d"2 + (c72 - 4*cxd + 3*%d”2)*cos(f*x + e))*sin(f*x + e))*sqrt(ax
sin(f*x + e) + a)xsqrt(d*sin(f*x + e) + c)/sqrt(axc - a*d) - 4*c™2 - 8*c*d
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- 4xd"2 - 2x(9%c”2 - 1d*xc*d + 9*xd"2)*cos(fxx + e) + ((c72 - 14xc*xd + 17+d"2
Ykcos(f*x + e)72 — 4xc™2 - 8*cxd - 4*d"2 + 2% (7*c”2 - 18*c*d + 7*d"~2)*cos(f
*x + e))*sin(fxx + e))/(cos(f*x + e)~3 + 3*cos(f*x + e)”2 + (cos(f*x + e)~2
- 2xcos(f*x + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4))/sqrt(a*xc - axd)
+ sqrt(a*xc)*log(((a*c™4 - 28xaxc™3xd + 7O*a*c™2*%d"2 - 28xaxcxd~3 + a*xd"4)*c
os(fxx + e)75 + axc™4 + 4xaxc”3*d + 6xaxc”2*d"2 + 4xaxc*d”™3 + axd"4 - (31*a
*Cc"4 - 196xaxc”3xd + 154*axc”2*%d"2 - 4*axcxd”™3 - a*d"4)*cos(fxx + e)”"4 - 2%
(81*¥axc™4 - 252xa*xc”3*d + 150%axc”2xd"2 - 28*axc*d~3 + axd"4)*cos(f*x + e)~
3 + 2x(79*%a*c”4 - 100*a*c™3xd + 74*a*c™2xd"2 - 4*axcxd™3 - a*d~4)*cos(f*x +
e)”2 - 8%((c”3 - 7T*c™2xd + T*xc*d"2 - d"3)*cos(f*x + e)~4 - 2*%(5xc”3 - 14xc
~2%d + Bkc*kd"2)*cos(fxx + e)”3 + 51*%c”3 - 59*kc”2xd + 17xcxd”2 - 4”3 - 2*(18
*C"3 - 33%c”2*d + 12%c*d”2 - d"3)*cos(f*x + e)72 + 2x(13*%c”3 - 14*c”2*d + 5
xcxd"2) *cos(fxx + e) + ((c™3 - 7*c™2xd + T*c*d™2 - d"3)*cos(f*x + e)”3 - 51
*C™3 + 59%c”2*d - 17*c*xd"2 + d~3 + (11*c™3 - 35*c™2xd + 17*c*d"2 - d~3)*cos
(fxx + e)72 - (25%c™3 - 31%c™2*%d + 7T*c*d™2 - d"3)*cos(f*x + e))*sin(f*x + e
))*sqrt (axc)*sqrt(a*xsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289%a*xc”™4
- 476%axc”3xd + 230*axc”2+%d"2 - 28*axc*d”3 + axd"4)*cos(fxx + e) + (a*xc™4
+ 4*axc”3*xd + 6*axc”2xd"2 + 4xaxckd"3 + axd"4 + (a*xc”4 - 28*a*c”3xd + TO*ax
c~2xd"2 - 28xaxc*xd”~3 + axd"4)*cos(f*x + e)”4 + 32x(axc”4 - Txaxc~3*kd + Txax
c"2*%d"2 - axc*d"3)*cos(f*x + e)~3 - 2x(65xakc”4 - 140*a*c~3*d + 38*axc”2xd”
2 - 12*xa*xc*d™3 + axd"4)*cos(f*x + e)72 - 32*%(9*a*xc™4 - 15%a*c”3*xd + T*a*xc™2
*d~2 - a*c*d"3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)”5 + cos(f*x + e)”
4 - 2xcos(f*x + e)”3 - 2*cos(f*x + e)”2 + (cos(f*x + e)”4 - 2%cos(f*x +